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A. Basic Set Theory (1.1)

Example1. n(AUB)=n(4)+n(B)—n(ANB)
160 = 90 + 100 — n(A N B)
160 = 190 — n(A N B)
~n(AnNnB) =30

Example 2. n(4°) = 140 —-50 =90

Example 3. a) n(AUB) =n(4) +n(B) —n(ANnB)
=10+8-4=14 OR n(AUB)=6+4+4 =14
b) n(B€ U A) = notin B orin A (or both)
=8+6+4=18

Example 4. a) A°={7,83 B¢ ={1,3,5,7}
n(A° U B) = notin A or in B (or both)
=n{2,4,6,78} =5
b) n(AnB°) =n{1,3,5} =3
c) n(BNA°) =n{8} =1

Example 5. n(ANB)=29-6—-8-10=5
n(A°) = n(U) — n(4) =29 — 11 = 18
A B
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Example 6. n(AUB) =140 —-50 =90
n(AUB) =n(A) +n(B) —n(ANB)
90 = 35 + 70 — n(A N B)
90 = 105 — n(4 N B)
n(AnB) = 15
n(A U B%) = in A or not in B or both = n(4) + n(B¢) —n(4A n B%)
=35+70—-20=85

AT T NGB
/ //H}”\ \
! £ ™,

I_.-'r \
20 |15 | 55
I.._l"‘.\- '.I"..\ lr.._.'l. } i

hS . \\ / /
-u-\..._____ _ _______.--"’(.______- - ----._____.. 5[]

Or use shading=20+15+50=85

Example 7.
AFUM B.Mn F¢ CFu(Pu |D.FFuMuU |EFNPNM

M) P

F UM = Female or has a meal — plan
He is neither of these so he does not belong to this group

MnN F¢=has meal-plan and is male. He is not in this set as he doesn’t have a
meal plan

F¢ U (P U M) isan “or” so he is in this set since his is not female.

F¢ UM U T says male or has a meal-plan or he is in psych and since he is in at
least one of these, he is in this set

F N P N M says “and” so he must be female and in psych and have a meal-plan
to be in this set, so he is not in this set.

Heisnotin A, B or E.
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Example 8.

L(SulL)¢ I (M nL)¢ LM N (L N S©) IV.MCUSUL

I. (SUL)¢ =S¢ N L means not in second year and not from London. She isin
this set as she is in first year and from PEI

II. (M nL)¢ = M® U L® means she is not taking finite on main or she is not
from London. She is not taking it on Main, so she is in this set.

III. M n (L¢ N S¢) means she has to be taking it on main and she isn’t so she
isn’tin this set

IV. M€ U S U L means she is taking it at an affiliate or she is in second year, or
she is from London, so since she is taking finite at an affiliate she is in this set.

So, sheisin |, Il and IV.

Example 9.
A.FCuM

B.B*NnMnF°¢

C.FUB

D.(F n B¢

E.(F¢nB)¢

F.BUMCUF®

A. says either male or has a meal plan...True since he has a meal plan and he is
male. (he is in both, but only needs to be in one)

B. says not taking business and has a meal plan and is male...True he is in all of
these groups

C. says he is female or taking business which, he is not in as he isn’t
female and he isn’t taking business.

D. Use the formula (F N B¢)¢ = F¢ U B says he is in the set of "not
female=male" or in the set of taking business...true, since he is male
E.(FCNnB)¢ = (F)¢ uUB‘=F UB¢ = female or not in business = true
since he is in the set "not in business"

F is true since it says in business or no meal-plan or male and he is male.

The answer is C).
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Practice Exam Questions on Set Theory and Venn Diagrams

Al.

a) n(A)= 5 since there are 5 numbers or elements in set A.

b) n(B)= 8 since there are 8 numbers or elements in set B.

c) AUB={1,2,3,4,5,6,7,8,9.10}

d) n(AUB)= 10 since there are 10 elements in the union between A
and B

e)n(ANB) =3since AN B ={5,7,9}

A2.

n(AUB) =n(A) +n(B) —n(ANnB)
75=30+50-n(ANB)
n(ANB)=80—-75=5

Therefore, n(AN B)=5.

Use the following information for questions A3, A4 and A5.

20

A3. How many elements are in B?

There are 30 elements in A, but not in B and there are 20 elements outside the
circles of both A and B, which are not contained in either of them.

The universe contains 120 elements, so the number in B is 120-30-20=70
The answer is B).
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A4. Find n(AUB).

The number in B is 70 and there are 30 elements in A, that are not in B, so the
total number of elements in the union of A and B is 30+70=100

The answer is B).

A5. Find n(A¢ U B).

To find the number not in A, or in B, or in both of these sets, we take all of the
elements in the universe, except those in A alone.

Therefore, 120-30=90
The answer is B).

A6.

Draw a Venn diagram and label the information.

First, label the centre where 8 elements are in A and B
Second, label 7 in A, but notin B

Next, label 5 outside the circles4

The number in B, but not in A will be 35-7-8-5 =15
The number in B will be 8+15=23

The answer is D).
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A7.
n(A€ N BS) = 100 — 15 — 6 — 9 = 100 — 30 = 70
A B
A8.
AMN(Wn |B.(MU CM‘Nn(Wu |[DMn (WU E. none of the
D) D)¢ D) D) above
The answer is D.
A9.
A.M¢n B¢ B.MnNnB C.(M nB)¢ D.M¢ n B¢ E.

none of the above

A. is the set not in mos who don’t take the bus.

B. is the set who are in mos and take the bus

C.is (M n B)¢ = M¢ U B¢ is the set who are not in mos or do not take the bus

D. is the set not in mos and do not take the bus

The answer is E. It should be M¢ N B
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A10.MuU (W nD)=Mu (W¢uD®

The answer is E. This is the set of students either in mos or the set of students
who don’t walk or don’t drive themselves.

A11.ANB = {2,4} AUB = {1,2,3,4,5,6}

a) (AUB) N C ={1,2,3,4,5,6}n {1,2,3,4,5} = {1,2,3,4,5}

b) (AU B)¢ = A° n B¢ ={6,7,8,9,10,11,12} N {1,3,5,7,8,9,10,11,12} =
{7,8,9,10,11,12}

) (An B)¢ ={1,3,56,7,8,9,10,11,12}

A12.n(U)=100
n(AUB) = 100 — n(A° N BS) = 100 — 30 = 70

n(AuUB) =n(A) + n(B) —n(ANB)
70=25+50-n(A N B)
n(AnB)=5

A13. When shading the regions, remember that Union= or, so it can be in
either place, but Intersection =AND which means it has to be in both places at
the same time

The answer is B). It represents the students who knit and crochet and do NOT
cross-stitch.

Al4.

A.Pn(MuHC) BHNM |CC(HNM)NP D.HUMUP |E.noneof
the above

A.Pn(MUH®

Means he is in psych and...and since he is not in psych, he can’t be in this set
B. H N M means he is in philosophy and mathematics and he is in both of
these, so he does belong to this set.

C. (H n M) N P says he is in philosophy and math and in psych, but he is not
taking psychology, so he is not in this set

D. Hu M U P says he is in philosophy or math or psych and since he is in
at least one of these, he is in this set.

The answer is both B and D.

10
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B. Tree Diagrams (1.2)

Example 1. 4B, 5W

<
<
<</

So, there are 5 possible sequences.
They are W,BW, BBW, BBBW, BBBBW

Example 2.
There are 6 sequences. WW, WLW, WLL, LWW, LWL and LL that result in a

best two out of three.

Example 3.

35
120 \BC

70

65 -5-25-30 =5 Bacon
A pizza place sells 120 pizzas on a particular evening... , find:

a) 5+5=10
b) Total - no toppings=120-10=110

11
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Example 4.
An ice cream store sold 200 sundaes on a hot summer afternoon.
15
S {T’o/ )
C — 105 N
120 ~gc 80 N
200 w ]
N
80

ceso_s BN

\sc 10 _--l\r:l
e

So, 15 people have chocolate with sprinkles and nuts...along the top of the
tree, the last entry

Example 5.

a) n(C)=10+16+12+ 12 =50

b)n(BNC) =5+ 18 =23

c) n(AUuC) =inAorinC or both
=40+ 18+ 18=76

Add any C’s not yet counted in A

d) n(B) =15+ 30 =45
e) n(BUC) =inB or C or both
=154+304+9+18=72

5 C
15 B =10 o
A =25 -
40 “BC g
100 w c
60 5 C
AC_E_*Q————'B e”'—/’

—_12
T ~C

w ¢ 18 _c
B —C

12
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Example 6.
Draw a tree as shown below. There are 7 different ways to make 40 cents

using quarters, dimes and nickels only.

$0.25 $0.10 $0.05

1 0 3

/ 1 1 1
/ 0 4 0
4 0 3 2
- — 0 2 4
§ 0 1 6
0 0 8

Practice Exam Questions on Tree Diagrams

B1.

Draw a tree diagram, to help you see what is going on.

Let W be the women and W€ is the women

Let P be the students passing the course and P¢ is the students not passing the
course

0.60(120)=72

30 P
70 WV c
120
50 42 P
W
8 C
p

From the tree diagram, the number of men failing the course is 8.

The answer is A)

13
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B2. There are 50 houses on Creston Street...

Gazebo
35 Garage
50 No Gazebo
15 Gazebo
No Garage
No Gazebo

30-15=15 is the number in G¢

Since there are 50 houses total, 50-15 = 35

So, the number of houses that have a garage is 35.
The answer is A).

B3. Draw a tree diagram where B represents drawing a black marble and R
represents drawing a red marble

S
<R<R/BX

From the tree, there are 4 branches, so there are 4 possibilities.

B, RB, RRB, RRRB, so the answer is C).

14
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B4. Fill in all of the unknowns directly on the tree.

n(B)=20+17=37

The answer is C).

7 C
20 B {3 o
A — -
30 0 BC4 C

50 —RBC 2> C

MATH 1228 Final Exam Booklet

Fill in the unknowns using the information given in the tree diagram above

find n(C©)=10+5+10+5=30
The answer is C).

15



©Prepl101 MATH 1228 Final Exam Booklet

Bé6.
Draw a tree diagram

20 F
N<
F
20 F
30
O<
F
20 10 F
R <
F

Let, N=number of students who never attended class
O=number of students who occasionally attended class
R= number of students who regularly attended class
FC=number of students who passed

F=number of students who failed

C
30

C
C

Occasionally and failed=20. The answer is B.

B7.

Let T be the number of students who have taken math before
Let T¢ be the number of students who have taken math before
Let P be the number of students who passed the exam

Let PC be the number of students who failed the exam

Draw a tree diagram

{P
T
40 2 oc

25 have taken it before and passed
The answer is B).

70

16
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B8.

Draw a tree diagram
Let B be the games that Dane wins
Let BC be the games that Dom wins or Dane loses

There are 6 branches on the far right of the tree, therefore there are 6 possible
sequences. They are BB, B BB, BBC¢ B¢, BC¢ BB, B¢ B B¢, BC B¢

The answer is d).

Consider the counting tree shown below to answer B9-12.

B9. Find n(E N C)=in E and in C= go to the far right of both of those letters
and we get 5.

Complete the tree.
20 B
A
50 0 .
80
30 c 20 B
A 10 5 D
C

The answer is B).

17
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B10. Find
n(A° N CNE)=5notinAandinCandinE

The answer is D) because we take the number to the far right in the tree to
find the number in A¢and C and E.

B11.n(AUB) =50+ 20 =70

** don’t count the B at the top because you already added it when you added
n(A).

B12.n(Bu () =20+30+ 20+ 10 =80

B13. Consider the tree given below:

Draw a tree diagram and fill in all of the unknowns.

a)n(C%=15+10+12+10=47

b)n(B nC%) =15+12=27

80 T=—pgc4l ¢

18
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B14.
30 B
60 S < 30 B
M = e
90 Hge10 B
120 &0 c
30 %
MC10 g >
20 HE}M BC
c 10
s- Y B
10
BC

From the tree:

Number taking math and bus, but not science=10

B15.
Exactly one=n(TV¢B¢) + n(TVB®) + n(T°V.B)
=7+5+3=15
10__—B
17 V =< 7 c
T <18
35 T=yc 13 B
60 N
25
TC13 vy yB
1 — 3
12 — B¢
ve 7 B
&
BC
B16.
3 R
4 B </1//
S T 5 T RC
9 <l R
20 N
11 F;
s¢6 g 2

~they made 9+11=20 smoothies!

MATH 1228 Final Exam Booklet
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C. The Fundamental Counting Principle and Subsets (1.3)

Review of Subsets
a) 2° b) 23 )25 -1

5 5 3\ _
c) 25— 2 e)(4) 0(3)_1
Example 1.

a) 2° — yes or no to each letter
b) 2° — 1 (subtract the case of the null set or empty set that contains no
letters)

c)2° — 2 (at least 1,not all,
means take out the null set and the set of all of the letters)

d) {i love math} hisin
i,e,a,oare all out
~ L, v,m,t are the 4 letters left .~ 2* =16

9 (3) =35

f) {i love math}a,tin .. only need 2 more letters
mout - letters left are {iloveh}

(g) to choose the other 2 letters

=6_!=6><5X4!:ﬂ=15
2'4! 24! 2
Example 2.

There are 5 possible numbers for the first digit to be even (0,2,4,6, 8) and 5
possible numbers for the last digit to be odd (1,3,5,7,9) and the middle digit
can't repeat either of the other digits, so once you pick a number for the first
and last digits, there will be 8 numbers left for the middle
ie.5x8x5=200

20
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Example 3.
0dd numbers less than 300 can be a 1, 2 or 3 digit number

=+ +

3_choices + 5x 3 +2x5% 3
The one digit number can be a “1” or a “3” or a “5”
The two digit number can end ina “1” or a “3” or a “5”to be odd and since
repetition is allowed, there are 5 choices for the first digit.
The three digit number must end in a “1” or “3” or a “5” to be odd. Then, it
must be less than 300

=~ can only start with a “1” or “2”

3+ 15+ 30 = 48 choices

Example 4.
6 X 5 X 10 = 300 choices he is having one of each type of dessert

So, this is the fundamental counting principle

Example 5.
6+5+ 10 = 21 desserts

~ 221 choices
This is like a subset question as he can say "yes" or "no" to each dessert and
there are 21 of them!

Example 6.
221 — 1 take away case of choosing no desserts

ie) saying no to all 19 desserts

Example 7.
221 2

Example 8.
a) 41° choices for each of 10 different candies to go to

b) 410 — 4
since we take away each case where all
candies go to each of 4 children

10 10!
M(ZL):m

21
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Example 10.
There are 5 choices for each candy - 4 kids or Courtney

~ 519 ways

Example 11.
4 X 2xX4=32ways

Here we have 4 choices of destination, 2 choices of mode of travel and 4
choices of what to do on vacation

Example 12.
4X2%X3X%X3%X2=144ways

Here there are 4 choices of daily special, two choices of soup or salad and 3
choices of potatoe and 3 choices of dessert and two choices of yes or no to ice
cream

Example 13.

She can say yes or no to each of 8 toppings for her pizza
no salad=28 choices of topping for pizza
Caesarsalad=28 x 1 x 1 =28
House salad =28 x 1 x 4

Total = 1x 28 + 1x 28 + 4 x 28 = 6 x 28

Example 14. {6,7,8,9}

At most twice= used 2,1 or 0 times but not all 3 times
-either do a bunch of cases and add them up, or to
Total ways - # ways that all numbers are the same

:43—(‘1‘)x1x1x1=64—4=60

where the 4 choose 1 is to choose the one number and then all of the
numbers have 1 choice

22
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Example 15. 5% js the number of ways, since there are 5 choices of mark for

each of 100 students

Example16. 1 2 3 4 5 6 7
Start with a 3 or start with a 4,5, 6, 7
1X3X7X7 + 4X7IX7Ix7

T KN T N

Start canbea  start with repetition is allowed so it can be any of
with 5,6,or 7 4,5,6,7 the 7 digits
a3

=3xX7244x%x73

Example 17. {SUC E F L} are the only letters
.26 =64

Example 18. There are 6 letters that are not vowels.
~ 26 — 1 = 63 since we take away the empty set.

Practice Exam Questions on The Fundamental Counting Principle

C1. The dessert table at a buffet has...
There are 19 desserts and a customer can either say yes or no to each one.
The answer is A).

C2. Refer to Question C1...In how many different ways can Matt select his
dessert?

He has 5 choices for cheesecake, 3 choices for pie, 4 choices for cake, 3 choices
of scones and 4 choices of yogurt.

Therefore, he can select his dessert in 5x3x4x3x4 ways.

The answer is D).

23
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C3...is going to the movies tonight... how many different ways could
dress for the dance?

She has 5 choices of outfit, 4 choices of shoes and 2 choices of whether or not
to wear a scarf

Therefore, she has 5x4x2=40 ways to dress for the dance.

The answer is B).

C4. The number of subsets is2" and here n=0,1,2,3,4,5,6,7,8,9,10,11,12 =13
elements

The answer is D).

C5.
10
There are ( 4 ) subsets....

The answer is D).

Cé. ...is also going out to the movies tonight...
Purple...black...shoes= 1x1x4
Other sweater...pants...shoes= 4x3x4=48

The total ways is 4+48=52. The answer is C).

24
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C7. How many (positive) even integers less than 5000 can be formed using
only digits which are in the set {2, 3, 4, 5}, if repetition is allowed?

For 4-digit numbers, we have 3x4x4x2=96 choices since the first digit has to
be less than 5 for 5000 and the last must be even, so 2 or 4

Now, three-digit numbers can be...

_ ____ thelast number has to be even, soitcan bea "2" ora "4" so 2
choices. Then, we can repeat, so there are 4 choices for the first number and
then 4 for the middle number ie. 4x4x2=32 choices

Now, for a two-digit number, we have 2 choices for the last digit and then we
can use the number we chose again for the first digit, so it will be 4x2=8
choices

For a 1-digit number, it can be only the "2" or "4" to be even, so 2 choices.

The final answer is 2+8+32+96=138 ways

C8. There are 5x4x2x2=80 ways to order his ice cream.

The answer is B).

C9. You can have 5x4x3 different passwords since repetition is not allowed.
The answer is D).

C10. There are 5x5x5 passwords, if repetition is allowed because there are
five letters to choose from for each digit of the 3-letter password.

The answer is A).

C11. Grampa has 16 different hockey cards...

Grampa has two choices for each hockey card of who to give it to, that is 21°
possibilities.

However, we must subtract the case where all of the hockey cards go to one
grandson as well as the case where all of the hockey cards could go to the

other.

The final answer is 216 — 2 ways.

25
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C12. Since there are 16 hockey cards, Grampa just has to choose 5 to give to
Joshua.

The answer is Gg)ways.

C13. There are 20 students in a theatre group...
Each student has 9 choices and there are 20 students, so there are 92° ways.

C14. Kate is a first-year student is choosing her courses for next year...

They can select their courses in (g) X (110) X (g) ways.

C15. 26is the number of subsets of these 6 letters.

C16. Put "a"in 1 way...put "f" out of the set in 1 way....so 24 ways=16 ways to
say "in" or "out" to each of the other 4 letters.

C17. 2% -1

C18.{a,b,c,d,e,f}
b-in
a,e - out

So, we need 2 more letters to have a subset of size 3 and there are 3 letters left
ie. {b,c,d}

So, the answer is (3) = 3 ways

26
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D. Permutations (1.4)

Example 1. 6!

Example 2. (6-1)!=5!

Example 3. SOPHIE has 6 different letters .. 6!

Example 4. COMPUTER has 8 different letters
a) Beginwith C - put cin front

=~ 7 other letters to arrange . 7!

b) COMPUTER -8 letters
Vowels are o,u and e - count them as one spot — all together
OUE ~ 5 other letters to be arranged
Total of 6 “units” to arrange = 6!
Then, we can arrange the 3 vowels in their group of 3

~ 6!3! isthe answer.

c) E,Rapart

# ways E,R apart = Total ways - # ways E, R together
Total ways = 8!
E, R together ER
Put E,R together, then there are 6 letters left to arrange
-~ there are 7 “units” to arrange

~ E, R together =7! x2! Since ER can be RE

~ # ways E,R apart = 8! -712!
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Example 5. 8 - circle
G, T and D together

Place Grant, Jason and Daniel together to start the circle
=~ 5 people left to actually be arranged in the circle

= 5! 3!'since the 3 boys can be arranged in their group of 3 in 3! ways

b) place the three boys together with Jason in the centre...so, 2! ways for Grant

and Daniel to switch places - 5!2! ways

Example 6. k=6 n =10 (only arranging some of objects in a line)

Formula p. 39
n! L 1_0'
(n-k)!  (10-6)! 4!
OR choose 6 of 10 books first, and then arrange them.

. 10
I
ie. (6)><6.
_ e =
T 46! T g

Example 7. 8 girls - circle
R, E across from each other

e Place Rosemary to start the circle and then there is 1 way to place
Elizabeth across from her NOTE: it doesn’t matter if you placed
Elizabeth first as it would still be the same arrangement

Now, there are only 6 girls left to arrange = 6!
NOTE: do not multiply by 2! Since switching R to E creates an identical
arrangement

Therefore, the total ways R, E are not across from one another=
Total ways to arrange the girls in a circle - # ways R, E are across
=7!-6!
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Example 8. 7 girls, 6 boys
a) To alternate, you must start with girls since it you start with boys,

you would have 2 girls left at the end and it wouldn’t be alternating.
GBGBGBGBGBGBG = 7!6!

b) 6 girls, 6 boys
GBGBGBGBGBGB OR BGBGBGBGBGBG
= 6!6!2! since starting with a boy and starting with a girl
is a different arrangement in a line
c) Ifyou did have 6 girls and 6 boys for example, place a girl to start the
circle and then arrange the rest of the kids so that they alternate
~ 516! since there are 5 girls left
to arrange and also there are 6 boys

Example9. k=5 n=20

Formula p. 39 -in a circle

1 n! 1 20! 1 .20!
k (n—k)! E((zo-s)!) - E(H) OR

Choose which 5 trophies of the 20 to arrange
Then, to arrange 5 trophies in a circle is 4!

F(A0) xar= 2 g = 2B 20

5 51151 - 151751 151 5x4l
SEUNERYEN
15! 7 5 5\15!
Example 10.
First split the group of 10 into groups of 4 and 6 people for each table. This
can be done in ( 10 ):1—0! ways
4 6) we VY

Then, the 4 people can be arranged in a circle in 3! ways and the 6 people can
be arranged in another circle in 5! ways, so the final answer is:

(4106) 3151
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Practice Exam Questions on Permutations

DI.
There are 7 different letters
So, there are 7! ways to arrange the letters.

The answer is B).

D2.

There are 6 different letters in the name “SAMUEL”.
So, there are 6! ways to arrange the letters.

The answer is B).

D3. There are 6 different books, so the answer is C).

D4. See Question D3.

First, put the 4 Calculus books together
C1 G GGy
There are 3 “groups” to arrange and then we have to arrange the calc books in their
own group in 4! Ways, so the answer is 3!4!

Therefore, the answer is D).

D5. There are 8 people, around a table, so there are 7! ways to arrange them.
The answer is C).

D6. **** draw a circle with M in one spot and 7 other spots

Place a man M, at the round table to occupy the first spot.
Then, beside the man, can be any one of 4 females. There are 4! ways to arrange
the females in every second spot

There are 3! ways to arrange the 3 men left in every second spot
Therefore, there are 4!3! ways to arrange them if men and women must alternate.

The answer is B).

Note: It would be the same answer if we had placed a female first.
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D7. Whenever you want people to be apart, always find the total ways without any
restrictions and then subtract the number of ways to put them together

Total ways= 7! (8 people in a circle) D7

Ben and Alyssa together...place Ben and Alyssa together
to mark the start of the circle

There are 6! ways to arrange the remaining people and 2!
ways for Ben and Alyssa to switch spots

Total ways together= 6!2!

The number of ways with Ben and Alyssa apart=7! - 6!2!
The answer is C).

DS8. There are 13 people total to arrange. The answer is B).
D9.

Put all of the girls together and count them as one spot

Since the girls don’t have to be first, there are 8 “things” to arrange.

Then, the girls can stay together, but can be arranged amongst themselves in 6!
ways.

Therefore, there are 8!6! ways to arrange them so the girls are all together.
The answer is E).

D10.
Since there are 7 girls and only 6 boys, we must start with a girl. If we started with
a boy, there wouldn’t be enough of them to alternate all the way down the line

GBGBGBGBGBG
Therefore, 7!6! ways to arrange them so they alternate.
The answer is A).
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D11. A pharmacy has eight new employees to assign...

Each employee can either be assigned to front cash or stocking shelves, so there
are two choices for each employee. This would mean 28 ways.

The trick is that each area must have at least one employee, so we must subtract the
case where all employees are assigned to “front cash” as well as the case where all
were assigned to “stock shelves”.

The answer is then D).

D12. Put the Calc book at the end in 1 way
. C
There are three other books to arrange...3! ways or 6 ways

D13. Place the three different math books together.

M; MM,

There are 6 "things" or "units" to arrange, because the math can move along the
line as they only need to be together, but not necessarily first.

These 6 units can be arranged in 6! ways.

Then, the 3 math can be arranged amongst themselves in their group of 3.
This can be done in 3! ways.
The total number of arrangements is 6!3! ways.

D14.The number of arrangements of "k" of a total of "n" distinct items in a circle is
1 n!

k (n—k)!

In this question, n=5 and k=3, so the number of ways is

1 5! _ 15_' _ 5(4)(3!)=20
3(5-3)! 32! 3!
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D15.

4 dogs
So, the 4 dog pictures count as one “unit”, so there are 4 things to arrange, in 4!
Ways and then the four dog pictures can also be arranged in their group of 4,
amongst themselves.

Therefore, there are  4!4! ways

D1e6.

4 dog and 3 cat pictures

4 dog 3 cat

There are two “units” to arrange because the dog pictures are all stuck together as
one unit and so are all of the cat pictures.

So, there are 4!3!2! ways because after the 2! For the two units to be arranged, we
can arrange the 4 dog pictures amongst themselves and we can also arrange the
3cat pictures amongst themselves

(2! 1s because the dog ones are first or cat ones first)

D17. Place one of them and then there is only 1 way to place the other one, right
across. So, there are 6-2=4 people to arrange in 4! ways. You do NOT multiply by

2, because it doesn't matter who you place first, if you shift the circle around, it is
the exact same arrangement of Helen and Tina.

D18. In how many ways can they sit in a circle so that Helen and Tina are NOT
side-by-side?

Total ways - # ways together= 5! — 412! (same idea as example 8)
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*D19. To find this we do:
# ways David and Gabriel are together - # ways both David and Gabriel are
together AND Benjamin and Samuel are together

=3121 —212121= 6(2) — 8 = 4 ways

NOTE: We get a 2! For the two spots left after David and Gabriel are placed to
start the circle together and we can arrange Benjamin and Samuel in one spot and
the 5™ person in the other, so 2! ways for who goes in which spot

Then, we get a 2! For DG to switch to GD and another 2! For BS or SB for
Benjamin and Samuel to switch places

let
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E. Combinations (1.5)

Example1. 5 women, 8 men
a) (133) X 3! since you have to put the 3 people into the 3 positions

in 3! ways
13!
=——x 3!
EEi 13x12x11x10!
13! x12x11x10!
=— or ———=13x12x11
10! 10!

b)subcommittee of 4 people
- atleast one man = 1,2,3 or 4 men
= too many cases
- we do:
# ways to get at least 1 man= total ways - # ways to have no men
13 8\ (5
- ( 4 ) - (0) (42
remember ( 0) =1
c) Austin - on Kristen - off
~8—1=7 menleft
5—1=4 womenleft - 7+4=11peopleleft
BUT, Austin is on the committee therefore we only need to choose 3
more people

(11
B ( 3 )
Example 2. 15 questions, 2 answers
At most 13 correct=0,1,2,3,4,5,6,7 or8,9,10,11,12 or 13 correct

= too many cases!
~ At most 13 correct = total ways - 14 correct - 15 correct

=215 - (1) - (12)=215 - 15 -1 =2 — 16

Example3. 10-DVD 12-CD

Buy 6 DVD, 4 CD =(160) and (142)

= (160) % (142)
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Example 4. 10 close friends - invite 4
3 cases: Sarah comes, Kerstyn doesn’t OR Kerstyn comes, Sarah doesn’t OR
neither are invited

If Sarah comes, you need to choose 3 more friends but there are
10-2=8 left since Kerstyn can’t come

3)

Same (g) for case 2

Case 3 = Kerstyn and Sarah both are not coming

-~ 8 left and choose 4 to invite =(2)

2(3)+ (2)

Example 5. 5DS, 35K, 2]JG
Choose 4 books with at least one of each
=2DS, 1SK, 1JG OR 1DS, 2SK, 1JG OR 1DS, 18K, 2]JG

-OEE-OOO-OCE)

213!
|
><6+10><%+15

_ 5x4x3!
2131
10x3x2!
> + 15

=?x6+
=60+ 30+ 15
=105
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Example 6.
a) true
b) true
707!
c) el false
7! _ 7X6X5X4X3X2%X1 7! _ 7X6X5X4X3%X2X1
31 3! 21 2!

Example 7. 5 of 12 pens
Pink and purple are 2 of the colours

~ 10 colours left and need 3 more - (130)

Example 8. a) (;) (418)

b) # ways to get at least 1 ace=total ways- no aces:(532) — (g) (438)
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Example 9.
A(5)
b) 13 hearts in the deck (153)

c) All hearts or all diamonds or all spades or all clubs
4 % (153)
d) 52—-8=44left
GOG)
) (133) (113) (216)
f) 3 hearts, 1 diamond, 1 other or 3 hearts, 2 diamonds

(133) (113) (216) n (133) (123)

12 1/ 12 12!
p . +3l== = + 3!
Example 10 (4 4 4) 3 3! (4 4 4 ) 41414 3
We divide by 3! since the three groups are indistinguishable i.e. doing the

same thing

Example 11. a) ( 4142 4) Here the groups are working on different papers, so

they are distinguishable, so we don't divide

12\, s
b) % since if groups are doing the same thing, we divide by 3! and if they
have to all do the same topic then there are 3 topics and we pick one for

everyone to do
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Example 12. 12 different coloured balloons (just like 12 different people!)
4 equal groups

12 Lo 12
(3 3 3 3)74!_3!3!3!3!4!

Since all groups of balloons are the same size and the groups are not
distinguishable, we divide by 4!

Example 13. 9 flute players - 2 First, 3 second, 4 third
9 \_ ¢
(2 3 4) T 21314

These groups are all different since they play different parts of songs, so we do
not divide

Example 14. Alina and Halee play First flute
~ 7 left - 3 second, 4 third

(374) - 37_;,'

Example 15. We divide by 5! Since the five groups are not distinguishable
from each other

(4 4 240 4 4)+5!

Example 16. First, we divide the books into 5 piles of 5 books. We don’t need
to divide by 5! Since the people are distinguishable, so the groups of books are
distinguishable. i.e. We need a group of books for student A, a group for
student B, etc.

Then, to pick a report, each student has 5 choices of which book to pick and
there are 5 students, so we have 5x5x5x5x5 total choices, or 55 choices.

(5 5 255 5 5)X55
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Example17.  ( . 155 6) x 3!

We have to multiply by 3! to assign 3 dif ferent duties
to 3 dif ferent groups, since the groups are all dif ferent sizes.

Example 18. (i) .

_3 15 y_1/ 15
6 (5 5 5)_2(5 5 5)
They are all doing the same duty. .- We must divide by 3! for 3
indistinguishable groups. Then, multiply by (51)) to choose which duty all 3

groups will do.

Example 19. (5 155 5)

Here, the groups are all distinguishable so this divides the 15 officers into
3 distinguishable groups and there is no need to divide or multiply.

Example 20. (g) x 2% since he can choose yes or no for each science book

on whether or not to donate each one.

Example 21. E23. 7 people
First person shakes with 6 people

6+5+4+3+2+1=21 handshakes

Example 22. E24.5 marks, 50 students
Atleast 1 A, but not more than 3 A’s = 1A, 2A’s or 3A’s
_ 50 49 50 48 50 47
—(1)x4 +(2)x4 +(3)x4
*After you choose the 1 person to get an A, there are only 4 grades left (B, C,

D, F) for the other 49 people, etc.
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Practice Exam Questions on Combinations

E1. **Any time you need to find the ways containing at least one of anything,
take the total ways and subtract the ways containing none (in this case no
women)

The answer is C) since the total ways to choose a committee of 5 is 13 choose
5 and we take away the case of getting 0 women, which means to choose 5 of
the 6 men.

E2. This means there are 3 men and 2 women on the committee
The answer is B).
E3. At a dance there are 12 women and 15 men without dance partners...

Since there are too many men, we must choose 12 of them from the 15 men

We do this in (g) ways. Then, we can arrange the 12 women with 12 of the

men in 12! ways.
The answer is B).

E4.... has 4 mystery novels and 5 romance books he wants to read...

There are 9 books and he wants to choose 3 of them to take with him.
9l

This can be done in (g) = 6'—5" ways

ES5. See Question E4. In how many distinct ways can he choose 3 of these
books if...

Now, he has to choose 1 of 4 mystery novels AND 2 of 5 romance books OR he
can choose 2 of 4 mystery and 1 of 5 romance books

Whenever we want one thing AND another, we multiply the two answers.

Therefore, there are (;L) X (g) + (;) X (i) ways
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E6.... has to choose 4 courses for next term...

There are (g)ways to choose 2 of 5 math courses

There are (2

1)Ways to choose 1 of 2 applied math courses

There are (?)Ways to choose an 1 of 6 science courses

5\ (2)(6) _5" _ 5x4x3!(12) _ _
Therefore, there are(z) (1) (1) =1 (2)(6) = g = 10(12) = 120to

choose all of the courses.
The answer is D).

E7. It doesn’t say the two groups of equal size are doing different tasks, so we
assume these two groups of six are indistinguishable.

So, there are(6126)

students. We divide by 2! since there are two groups of 6
The answer is A).

<+ 2! ways to divide the 12 students into two groups of 6

E8. The two groups of 4 students are not distinguishable from each other and
neither are the two groups of 2 students.

The answer is D).
E9. In how many ways can 12 students be divided into two groups of 4 students
and two groups of 2 students, if each group is doing a different duty?

Since the groups are now distinguishable because they have different duties,
we don’t divide by 2! 2! for the two groups of 4 and two groups of 2 students.

The answer is A).
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E10. In how many ways can a president, secretary and treasurer be chosen...
First, we have to choose 3 of the 15 students to take on a position.

Then, we have to arrange the 3 students into the 3 positions of president,
secretary and treasurer.

The total ways is

(1) x 3131 = 25 = IABIIAR _ 455 14 13
3 3112! 12! 12!
E11. In how many ways can invite 6 of his 9 friends...

Let the two who are not on speaking terms be A and B

Z) ways because if he doesn’t include A

or B, there are 7 people left to choose from.

He can either invite neither A or B in (

OR

He can invite A and NOT B in(g) ways since A is already going, so only 5 need

to be chosen from the 7 remaining people, not including A and B...

OR

He can invite Band NOT A in(g) ways since B is already going, so only 5 need

to be chosen from the 7 remaining people, not including A and B

Therefore, the total ways is 2 (g) + (Z)

The answer is D).

E12. In how many distinct ways can 20 soccer players...
The answer is D) since the 4 groups are indistinguishable from each
other.
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E13. In how many ways can the 21 employees be divided into three groups of
7 and all assigned to “front cash”.

They all have the same duty, so the 3 groups are indistinguishable.
: 21
+ 3!
So, the number of ways is (7 . 7) 3

The answer is C).

E14. In how many ways can the 21 employees be divided into three groups of
7 and be assigned to different duties?

Since the groups are assigned different duties, they are distinguishable from
one another, so we don’t divide by 3!. We don’t multiply be 3! either as they
are all distinguishable groups, so dividing them up is done in the grouping into
3 groups of 5. NOTE: if the groups were of 3,4,5 people in each and they were
assigned different duties, you would multiply be 3! Since the groups are now

distinguishable. (7 271 7)

The answer is A).

E15. In how many ways can the 21 employees be divided into three groups of
7 and each be assigned the same duty in a given week?

They are assigned the same duty, but we don’t know which duty.

First, because the 21 employees are divided into three groups of 7 that are

21
- 2l
7 7 7) - 3! ways.
Now, there are 3 duties to choose from or (i

indistinguishable in (

) = 3 ways to choose the duty

they will all do.

21 s /21 s (%)
Therefore, there are (7 . 7) X = (7 . 7) X== S ways.

The answer is E).
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E16. Since each group is assigned a different duty, the groups are
distinguishable from one another.

Therefore, there are (5105) ways.

E17. In how many ways can 12 soccer players be divided into 6 groups of 2
and all groups run the same practice drill?

Since the five groups are the same size and they are doing the same thing, they
are NOT distinguishable from one another. Since there are "6" groups of the
same size, we divide by 6!

(2 2 2122 2 2)

6!
indistinguishable groups of 2 players.

Therefore, there are ways to arrange the players into 6

E18. Since it doesn't tell us the two groups of 4 are given different jobs, these
two groups are indistinguishable. However, we can tell the groups of 6 from
the group of 2, because they are different sizes. Since there are two
indistinguishable groups, we divide by 2!

( 6 o)
So, there are ~2—5—5- ways.
2!

E19. This time, the groups are all different sizes, so they are all distinguishable
from one another. After we divide them into groups, there are 3! ways to
arrange the three coaches.

The total number of ways is (4 16 2) x 3!

E20. B) is the answer since v) is the only one that is false.

[. True

[I. True (2) =8 and(g) = 5?—;'
51

I True (;) == and (2 g 1) =

5\ _ 5! _ 5(#)3! _ 20 _
V. (3)_3!2!_ 3120 2 10
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E21. There are 7 men and 8 women in a particular class. We need to choose 6
people to form a committee. In how many ways can this be done if...

In order to find the number of ways to have at least one man, you find the total
ways subtract the ways to have NO men. This is much faster than adding the
casesof1, 2, 3,4,5, or 6 men.

Total ways to select 6 people from 15 people is (165)

[f there are NO men, we choose all 6 from the 8 women in (2) ways

The answer is (165) B (3) (2)

**Note: (7

0) = 1 so you don't have to include it!!!

E22. See E21. In how many ways can a committee of 6 people be chosen if
there is to be at least three men, but...

The choices here are 3 or 4 men.

We have to do both cases:

The answer is (Z) X (g) + (471) % (g)

**Note: We multiply these answers because we need 3 men AND 3 women to
make a total of 6 people. The word "AND" always means MULTIPLY!!!
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F. Labeling Problems (1.6)

2'_2'1 put the T first - 2 M’s
- 2A’s

Example 3. Put the IC together first
IC multiply by 2! for IC or CI

0!

1
Example 4. T

Example 5. PIN / EA /PP /LE =9 letters
a) Put 2 E’s together therefore 6 other letters left

EE
~ 8 "units" to arrange, 3 repeating PPP’s free to move throughout the
line

Total ways with 2 E’s together = &
3!

NOTE: we do not multiply by 2! for EE to switch as it would always stay the
same

b) # ways N,L apart = total ways - # ways N, L together

# ways N, L together = NL

8! | _ 8
3207 7T 3
*multiply by 2! since NL can be LN
ways N,L apart = total ways - # ways N, L together = 3?—;' — 2_:
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Example 6. POSSUM= 6 letters

4 letter words=no S, 1-S or 2-S, so three cases
No “S”, choose all 4 of POUM ...1 way...arrange the 4 different letters in 4!
ways

1 letter “S”= S plus choose 3 of POUM...so (4

3) X 4! since you can arrange all

the 4 different letters in 4! ways
2 letter “S” plus choose 2 from POUM...so (;L) X :—: since there are 4 letters and
2 of them are the same, ie. SS PM for example

41+ (‘3*) X 41 + (3) x 2

Example 7. MATHEMATICS

M’s together = 2 MM __ .
212!

M’s together and T’s together = % MM TT

# ways M’s together = total ways - # waysM’sand T’s

And T’s apart M’s together together
10! 9!
T2 2

Example 8. MATHEMATICS

Vowels before consonants - put vowels first

AAEl_______
T

212! 2!

T \

2T's,2M’s 4 vowels, 2 A’s repeat

Example 9. 11 letters

IT_
10!

2121

MA
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Practice Exam Questions on Labeling Problems

F1.In how many ways can the letters of the word "BABBOON" be arranged so
that...
Put the "A" in the first spotin 1 way.

A

There are 6 letters left two arrange, and "3" are B's and "2" are O's.
6!
Therefore, there are — ways.
213!

F2. How many different 11 digit codes can be made by permuting the digits ...

Thereare

Sraaiz WAYs to permute these digits.

The answer is B).

F3. There are 7 letters in BABBOON with 3B’sand 2 O’s
Put the B’s together and there are 4 other letter to arrange, so 5 “units” total to
arrange

|
% we divide by 2! For the two O’s that are free to switch about with each

other. We don’t multiply by 3! as BBB looks the same as BBB
The answer is D).

F4. There are 11 letters in “MATHEMATICS” with 2 M’s, 2 T'’s,and 2 A’s

11!
212121

The number of ways is
The answer is C).

F5.
There are 9 letters with 3P’sand 2 E’s

9l

The number of ways is —
312!

The answer is C).
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F6. There are 9 letters with 3 P’s, 2 E’s

First, we put the 3P's together

No, since the 3P's don't have to be first, they can move too!

So we have 7! for 7 "units" to arrange...then we divide by 2! for the 2E's. We
don't multiply by 3! because no matter how you switch around the 3P's they
still give the exact same arrangement.

The answeris 7! /2!

F7.Find the number of permutations of the word “MATHEMATICS” that
begin...

First, put an “T” at the beginning and end spots (these T’s look alike, so there
is only one way to do this)

Now, there are 9 letters to arrange, with 2M’s and 2 A’s that look alike

.9l
The number of ways is —
212!

F8. Find the number of permutations of the word “CANADA” that have....

First, find the total number of permutations without any restrictions=6!/3!

Second, find the number of permutations with the “C” and “D” together
CD

= 5121

3!

Multiply by 2! for CD or DC and divide by 3! for 3 A's that are identical
Then, the number of permutations with the “C” and “D” apart is :—: — %
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F9. Find the number of permutations of the word "OTTAWA" which begin...
First, put the "T" in the first and last spots in one way
T T

Now, there are 4 letters left to arrange, with 2 A's.

|
The total number of permutations is %

F10. Find the number of permutations of the word "STATISTICS" that have...
There are 10 letters in the word STATISTICS, with 3 T's, 3 S'sand 2 I's

When letter have to be apart, we find the total ways - # ways together.

10!

3!1312!

The total number of permutations with no restrictions is

Number of ways with A, C together

First, put the AC together.

AC

There are 9 units to arrange, because Ac are stuck together as one "unit

There are 3T's, 2S's and 2 I's AND we can arrange AC in 2! ways

| |
The answer is —— 2! = iways
21313! 313!
10! 9!
The total # ways for A, C apart= ——
313121 313!
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F11. There are 8 paintings to be hung on a very long wall. If there are 5
different landscape paintings and 3 different portraits...

Put all of the landscape pictures together
Lilolslals

The landscape paintings don't have to be first, they just have to be together.
So, they can move down the line, as long as they are all beside each other.

Therefore, there are 4 "things" or "units" to arrange.
Now, the 5 landscape can be rearranged amongst themselves in 5! ways.

The total number of ways is 5! 4!

F12. A dorm has four positions to fill: President, Vice-President, Secretary and
Treasurer. At this point, they are only looking to fill two of the four positions...

First, we choose 2 students of 100 to fill positions in (1(2)0) ways

Since they have 4 positions and only want to fill two, we must choose which

two positions to fill in (42}) ways

Now, we arrange these 2 people into the 2 positions, for example P, VP in 2!
ways

The total # of ways is (1(2)0) X (;) X 2!
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F13. A class at Huron contains only 15 students. The prof can assign grades ...
At most two A's means he can assign no A's, one A, or two A's.

We do each of these cases and then add them up.

If he assigns no A's, there are 4 choices of grades for each of 15 students, so
415 ways.

If he assigns 1 A, we have to choose which of the 15 students gets the A, and
then there are still 4 choices of grades for the other 14 students. Therefore,

15 14
(1)x4
If he assigns 2 A's, we have to choose which of the 15 students get the A's, and

then there are 4 choices for the remaining 18 students. Therefore, (125) x 413

The final answer is 4'° + (115) x 414 + (125) x 413

F14. A class of 30 students is running a race for a fundraiser...
First, we have to choose which of the 30 students will win the race in (330)
ways

Now, we have the three students chosen to win first, second and third, but we
don't know which student wins first, which wins second, etc.

We can order these three students into these three places in 3! ways.
The total number of ways is (330) x 3!

F15..has six lunches to pack and he has 3 chocolate chip cookies, 2 oatmeal
cookies...

Since all cookies of the same type are indistinguishable, it is like 3 C’s, 2 P’s
and 2 O’s

|
The number of ways to do this is S
31212!

The answer is E).
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F16. Consider the letters of the word “GLASSES”.

a) How many 7- letter words can be made from these letters? (Each letter is
used as many times as it appears in the word)
7 letters, with 3 S’s identical

71 .
So, there are o possible words

b) How many 5- letter words can be made?

** this is tricky, because a 5-letter word can have one “S”, two “S
MS"}S

Case 1 one S...then we must have all of the other letters GLAE, so 5 different
letters can be arranged in 5! Ways

”

s, or three

Case 2 SS plus 3 of the letters left of GLAE
So, choose which 3 of the other 4 we have and then arrange the five letters, 2
are alike

4\ S!
(3) 2!
Case 3
SSS plus 2 of the letters left of GLAE
So, choose which 2 of the other 4 letters we have and then arrange them, 3 are
alike
4\ 5!
(2) 3
Add them all up and you get 120 + 240+120=480 words

c) Put the 3 S's together and count them as one "spot”

SSS So, we have 5 "things" to arrange

5! and we DO NOT multlply by 3! to mix up the 3S's because they all look
identical, so there is only one arrangement of them

d) To find the total ways the 3S's are NOT all together, we take:
Total ways - # ways (3S together)

Therefore, Z—:— 5!
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F17. DESSERTS

a) There are 2 E's and 3S's...So, — Ways to arrange all of the letters

7 2131
b) Put the 3S's together

SSS

Now, there are 6 "things" to arrange in 6! ways, and we still divide by the
repeating E's.

We don't multiply by 3! for arranging the 3S's because they all look the same,
so there is only one arrangement

6!
So, we get: P

c) The total ways for the 2E's apart= total ways from a) - # ways the 2E's are
together
2E's together....

EE and then we divide by 3! for the 3S's

7!
So, we get: Total ways - — =
8! 7!

213! 3!

d) To find the 3S's together and the 2E's NOT together, use the total ways as
your answer to part b) and then subtract the ways the 3S's and the 2E's are
together.

The 3S's and 2E's together would be... SSS EE __ _ __ So,5!and we

don't divide by anything, because the 2E's are not spread out through the line.
We also don't multiply by anything because the 3S and the 2E look the same.

|
So, we get: g _s51
2!
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G. Practice Test (Ch. 1)

G1. (B€)=20+20=40

15
100 \CC

G2.n(AnBnNC)=15
far right branch at the top

G3.Findn(4 U C©).

n(AuC) ={inAornotinC orinboth} = 60+ 10+ 10 = 80

** don't add any Cc that have already been counted in A at the top of the tree....
otherwise you will be double counting

G4. Find n(B n €€)=25+10=35

G5. {choose Alia not Erica OR choose Erica not Alia OR choose neither}

-0E+DER+E)
or2(3) +(3)

G6. The candies are different...you have 3 children for each of the 15 candies to
go to so 3x3x3x...x3 fifteen times.
Therefore, 315

G7.In how many ways can 15 different candies be distributed among three
children if any number of candies can be given to each child and all of the
candies are given away?

So, 315-3 since there are 3 kids and none of them can get all of the candies
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G8. In how many ways can 18 students be divided into 2 groups of 6 students
and 2 groups of 3 students?

(3 3186 6)

212!
For two groups of 3 that are indistinguishable)

(divide by 2! For 2 groups of 6 that are indistinguishable and 2!

G9. In how many ways can 14 students be divided into 2 groups of 6 students
and 2 groups of 3 students if each group is assigned to a different task?

(3 318 6 6) They are assigned different tasks, so they are distinguishable

and we don’t divide.

G10.

Find the number of subsets of the letters {a,b,c,d,e,f}.

We can either put each letter in or out of the set, so 2 choices for each letter...
# subsets = 26

G11.“a"-in (1 way)

“t”- out (1 way)
Therefore, 24ways to say “in” or “out” to each of the other 4 letters

G12. Find the number of permutations of the letters of the word "STATISTICS"
that have the 3T's together and the 3S's not all together.

The number of ways to put the 3T's together is...
rhr__ _ _ _ _ __ __

3?—;' where we divide by 2! for the 2 I's and 3! for the 3 S's.

To find the 3T's together and the 3S's not all together, we find the ways the
3T's are together and the 3S's are together as well and then subtract from our

first answer

SSS TTT _

2—: ways because we divide by 2! for the 2I's. We don't multiply by anything

else, because the SSS will only be one arrangement and the same goes for the
TTT.
gl 6!

So, we get: s o
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G13. Find the number of permutations of the letters of the word
“MATHEMATICS” that begin and end with "M"

Place the M at the start and at the end.

There are now, 9 letters left to arrange and there are 2T's and 2A's.

We don't multiply by 2! for the two M's because they would still be the same
arrangement.

We get: ﬁ

G14. How many permutations of the letters of the word “WESTERN” have the
“R”and “N” apart?

RN 6! for 6 "units" to arrange and then divide by 2! for the

2E's...then multiply by 2! for RN and NR switching

Total ways - # ways together

7! 6!
=Z_%x2

G15. Given A and B are subsets of a universal set U with n(4 N B)=8, n(A)=20
and n(B)=30. Find n(AUB).

n(AUB) =n(A) +n(B) —n(AUB) =20 + 30 — 8 = 42
A B
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G16.
Given A and B are subsets of a universal set U with n(4A¢ n B¢) = 25,
n(U)=100, n(A)=40 and n(B)=50, find n(4 N B).

n(AU B) = 100 — 25 = 75 ...since the union is everything except the "outside"
of the circles in the Venn diagram

n(AUB) =n(A) + n(B) —n(AnB)

75=40+50-n(A N B)
n(AnB) =15

G17. How many even 3-digit numbers less than 400 can be formed using only
the digits 2,5,6 and 8, if repetition is allowed?

[t has to start with a "2" otherwise it can't be less than 400. Now, it also must
endina"2"ora"6" oran "8" to be an even number

So, there are 3 choices for the last digit and 1 choice for the first digit. The
middle digit can be any of the 4 numbers since repetition is allowed

1x4x3=12 numbers

G18. How many numbers less than 5000 can be made using the digits
1,2,3,4,5,6 if repetition is NOT allowed?

One-digit numbers= 6 choices

2-digit numbers=6x5=30 since there are 6 choices for the first digit and 5 for
the second since there is no repetition

3-digit numbers=6x5x4=120 since there is no repetition

4-digit numbers=must be less than 5000...start with a 1,2,3 or 4...second digit
can't repeat, so there will be 5 numbers still left

4x5x4x3=240
The total numbers= 6+30+120+240=396
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Test Two Material
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A. Sample Spaces and Events (2.1)

Sample Space

1. complete with all possible outcomes
and
2.no overlapping outcomes, i.e. mutually exclusive

Example 1. An experiment consists of tossing an ordinary coin 3 times. Which
of the following sets would qualify as possible sample spaces for this
experiment?

S1={zero heads, one head, two heads, three heads}

Yes, this is complete with all possible outcomes and mutually exclusive as
there is no overlap

S2={no heads, no tails, at least one of each}

Yes, this is complete and mutually exclusive..remember at least one of each is
NOT the same as "at least one head", "at least one tail" which would result in
tons of overlap

S3={no heads, no tails, at least one head, at least one tail}

No, these overlap...at least one head contains the outcome 1H and 2T and at
least one tail contains that same outcome...not mutually exclusive so not a
sample space

S4={more heads than tails, more tails than heads}

Yes, since the coin was tossed an odd number of times, there is no "equal
number of heads and tails needed".

S5={ at most one head, exactly one tail, three heads}
OH, 1H 1T (2H) 3H
It is complete and mutually exclusive.
~ It is a sample space.

So, S1, S2, S4 and S5 are all sample spaces.
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Example 2. A box contains 5 blue, 2 green and 4 purple marbles. Three
marbles are selected without replacement. Which of the following are NOT
sample spaces?

S1={all blue, all green, all purple}
No, it is missing lots of outcomes...ex 1 blue, 1 green, 1 purple...incomplete
S2={at least one blue, at least one green, at least one purple}

No, there is overlap because at least one blue could be the outcome 2 blue and
1 green and so could "at least one green"...not mutually exclusive

S3={no green, one green, two green, three green}

No, there is no replacement so it is not possible to get 3 green since there are
only 2 green in the box...not possible

S4={no blue, one blue, two blue, three blue }
Yes, it is complete and mutually exclusive
S5={no blue, atleast one blue}

Yes, it is complete and mutually exclusive

So, S1,S2 and S3 are NOT sample spaces
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Example 3. An experiment consists of tossing an ordinary coin eight times.
Which of the following are possible sample spaces for this experiment?

S1={more heads than tails, fewer heads than tails}

No, it is missing the case of getting an equal number of heads and tails, since
the coin is tossed an even number of times....incomplete

S2={at least 2 heads, more than 2 tails}

No, the outcome 3T, 5H occurs in both of these...overlap...not mutually
exclusive

S3={no heads, at least one head}

Yes, this is complete and mutually exclusive
S4={no heads, no tails, all heads, all tails}

No, this is missing several outcomes, ex. 2H,6T

Therefore, only S3 is a sample space.

Example 4. S1 not a sample space as it is missing outcomes and it overlaps
S2 there is overlap since 1 red and 4 black are in both

S3 yes, it is a sample space

S4 0 Queen, 1 Queen, 0 Jack, 1 Jack overlap, so not a sample space

S5 is not complete, so not a sample space

S6 yes, it is a sample space

Example 5.

S2 is an equiprobable sample space meaning all sets have equal probabilities.
The answer is D).
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Practice Exam Questions on Sample Spaces and Events

Al.
S1 contains all possible outcomes and there is no overlap, so it is correct.

S2 is missing lots of possible rolls, as it only contains the rolls of all odd or all
even and you could roll 3 even, 2 odd number, etc.

S3 has overlap since at least one even number and at least one odd number are not
mutually exclusive. For example, 2 even, 3 odd would belong to both of these sets.

The answer is a).

A2. S1 contains all possible outcomes and they are mutually exclusive.

S2 is a sample space

S3 contains all outcomes and there is no overlap

The answer is a). All of them are sample spaces.

A3. S1 = {zero heads, exactly one head, exactly two heads, exactly four heads, five
heads} The outcome of getting exactly 3 H is missing

S2 = {no heads, no tails, at least one head} At least one head contains the outcome
of all 5SH and this outcome is the same as 0T, so they are NOT mutually exclusive

S3, S4, S5 and S6 are possible sample spaces.
A4. S1={no 4, one 4, two 4's, three 4's} is a sample space

S2= { no 5's, one 5, two 3's, three 3's} is not because there is overlap since it talks
about the number "5" and then switches to the number "3".

S3={ sum of three dice is an odd number, sum of the three dice is an even number}

is a sample space
The answer is d).
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AS. A coin is tossed four times. Which of the following are possible sample
spaces?

S1={even number of heads, odd number of heads} is a sample space because even
and odd are the only two possibilities.

S2={ more heads than tails, more tails than heads}is NOT a sample space because
there are an even number of tosses, there could also be "equal number of heads and
tails".

S3={ all heads, all tails}is NOT a sample space because it is missing lots of
outcomes, for ex. 1H, 3T, etc.

S4=1s 2,3,4H or 3T(1H) or 4T(0H) so it is complete and mutually exclusive
The answer is d).

A6. A die is rolled 3 times. Which of the following is NOT a possible sample
space for this experiment?

S1={sum of the numbers on all rolls is odd, sum of numbers on all rolls is even}
S2={6 does not appear on any rolls, 6 appears on at least one roll}

S3={sum of all rolls is divisible by 5, sum of all rolls is not divisible by52}
S4={sum of all rolls is divisible by 2, sum of all rolls is not divisible by 5}
S5={first roll is less than the second roll, first roll is greater than or equal to the

second roll}
The answer is a) S4 only
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A7. A box contains 5 purple, 3 red and 6 green marbles. Three marbles are drawn
without replacement. Which of the following is NOT a possible sample space for
this experiment?

S1={all purple, all red, all green} is not a sample space because there are lots of
combinations of three marbles missing, ex. 1P, 2R

S2={at least one red, no red} is a sample space because you either get no red, or at
least one red and they are mutually exclusive.

S3={0red, 1 red, 2 red, 3 red}is a sample space

S4={ more green than purple, more purple than green, same number of purple and
green}is a sample space because it contains all possibilities and there is no overlap.

S5={at least one red, more than one purple}is not a sample space because these are
not mutually exclusive. At least one red can give you the same outcome as more

than one purple. For example, 1R, 2P belongs to both.

The answer is a).

A8. S3 is not a sample space because it is not mutually exclusive. At least 1 club
contains the event (1 club, 1 spade). At least one black card contains the same
event. Remember, if there is any overlap, it is NOT a sample space.

The answer is d).

A9. In S1, at least one head contains the event (1H, 3T). More than one tail
contains this same event, so they are NOT mutually exclusive.

S2, the second option is correct as a sample space.
S3 is a sample space.

The answer is ¢).
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A10. S1 is not because you could have 2 loonies and 2 toonies...not complete

S2 is not because there is overlap...2 loonies is the same case as 2 toonies...not
mutually exclusive and you also can’t get four loonies as there is no replacement.
S3 is not because an odd number of loonies contains the outcome 3 loonies and 1
toonie and it overlaps with another case...not mutually exclusive

S4 is a sample space since it is mutually exclusive and complete...odd number of
loonies contains the outcomes [1 loonies, 3 tooonies] and [3 loonies, 1 toonie],
while even number of toonies contains the rest of the possible outcomes.

Only S4 is a sample space.

A11. S1 doesn't represent this experiment of drawing two cards
S2 not all of these are equally likely

S3 not a sample space...missing outcomes

S4 is a sample space, but they are not equally likely

The answer is E).

A12. A box contains 3 loonies and 3 quarters. Four coins are selected without
replacement from the box. Which of the following are sample spaces?

S1={even number of loonies, more loonies than quarters, odd number of quarters}
No, for example odd number of loonies could be 1 loonie and that is a case that
also comes up in more loonies than quarters i.e. 3 loonies, 1 quarter

S2={one loonie, two loonies, three loonies}
Yes, since there is no replacement and there are only 3 quarters, 0 loonies is
impossible, so this contains all possibilities and there is no overlap

S3={four quarters, four loonies, no quarters, no loonies}
No, they are missing the outcome 2 quarters and 2 loonies...not complete

S4={more loonies than quarters, more quarters than loonies}
No, it is missing the outcome where you could get 2 of each coin

S5={even number of loonies, odd number of loonies}

Yes, it is a sample space because you can only have even or odd and they are not
the same

So, only S2 and S5 is a sample space
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A13. 1.Set of all marks out of 25 of all the students. It is not equiprobable since
more than one student could get the same mark

Equiprobable

Set of all student numbers of students
Set of all individual students
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B. Basic Properties of Probability (2.1, 2.2)

Review of Subsets
Example 1.

a) 28
b) a- in and e-out
26
c) 28-1 with at least one letter
d) 282

) (,)

f) a-in  f-out
So, we need three more letters and there are {b,c,d,e,g,h} left since the a is already
in the set and f'is out

()

Example 2.
a)The total number of subsets for five numbers, with no restrictions is 2°

The number of subsets that contain the number 3 and 4 and don't contain the
6, is 23 (since the 3 is in, the 4 is in and the 6 is out)

3
Probability=§—6 = %

b) here we can have all cases except the empty set and the set that contains all
7 numbers
So, the probability is

26-2 62
26 64

c) here the number "3" is in the set and "6" is not, so we need to pick 2 more
numbers from {1,2,4,5 }

LG
)

So, the probability is
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Example 3.
(a) Since Pr(A¢ n B¢) = 0.20, we know that Pr(AUB)=1 - 0.20=0.80

From the union formula,

Pr(AU B) = Pr(A) + Pr(B) — Pr(ANn B)
0.80=0.7+0.4-Pr(A N B)

Pr(A n B)=0.30

b) Pr(B U A%)¢ = Pr[B* n (A9)¢] =Pr(B*nA) =0.7-0.3=0.4

Example 4.
Let x be the probability that "b" occurs

Note: the total of cand d is 0.4

Event Probability
A 3X

B X

C 0.4

D

E 6X

Since Pr(b)=1/3 Pr(a), then Pr(a)=3Pr(b)

Total probability =1
3x+x+ 0.4+6x=1
10x+0.4=1

10x=0.6

x=0.06
Pr(a)=3x=3(0.06)=0.18

A

Example 5.

Draw a Venn diagram
Pr(A) =1—-Pr(4) =1-(0.4+0.3)
=1-07=03

0.2

Pr(A¢ U B) = not in A or in B or in both of these
=0.2 + 0.3 = 0.5 or use formula for union
=Pr(4%) + Pr(B) — Pr(4°nB) =03+ 0.5—-0.1 = 0.7
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Example 6.
a) Pr(ace)=4/52=1/13

b) Pr(red face card)= 6/52=3/26 since there are only 6 red face cards= queen
of diamonds, queen of hearts, king of diamonds, king of hearts, jack of
diamonds, jack of hearts

Example 7. a) Find the probability of getting two diamonds and one club.
(13) (13)
2/\1
52
(5)
b) Find the probability of getting at least one club.
3\(39
()5
52
(5)
c) Find the probability of getting exactly one ace.
D)
1/\2
52
(5)

1- Pr(no clubs)=1 -

d) one diamond, 1 heart, 1 other or 1 diamond and 2 hearts
_HHE)G)E)
_ (5)

3
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Example 8.
Given Pr(AU B) = 0.9,Pr(A) = 0.6 and Pr(B) = 0.4

Pr(AuU B) = Pr(A) + Pr(B) —Pr(ANn B)
09=06+04-Pr(AnB)
Pr(AnB) = 0.1

a) No, because if they were mutually exclusive, Pr(A and B)=0.
b) for independence, we need that Pr(A and B)=Pr(A)xPr(B)
Pr(A and B)=0.1

Pr(A)xPr(B)=0.6x0.4=0.24

Therefore, they are NOT independent.

Example 9.

a) Pr(E and F)=Pr(E)xPr(F) since they are independent

Pr(E and F)=0.3(0.5)=0.15

b) Pr(E U F¢) = Pr(E) + Pr(F¢) — Pr(E N F©)

=Pr(E) +Pr(F¢) — Pr (E) Pr(F©)
0.3+0.5 - 0.3(0.5) = 0.65

c) Pr(E¢ nF¢) = (0.7)(0.5) = 0.35 E

Example 10.

Since they are mutually exclusive, Pr(E and F)=0.
Pr(EENF¢) =1-0.6—-03=0.1

Pr(EUF) =Pr(E)+Pr(F) —Pr(ENF)
=0.6+0.3-0=0.9
Pr(ENF® =Pr(E) = 0.6
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Example 11.

(%)

— 52\
(%)

a)Pr(exactly 2 hearts )=

(103)X(359)

b) Pr( at least one club)=1 - Pr(no clubs) =1 -

c) Pr(at least two hearts)= 1- Pr(no hearts) - Pr(1 heart)
_1- (103)x(359) ] (113)X(349)
= 52 52

) )

Example 12.

Pr(2 clubs) =13/52(13/52) or (1/4) (1/4) = 1/16 since there is replacement
you CANNOT use choose

Example 13. Draw a circle and place Laura and Vesna must go across from
her. They don’t count in the arrangement, because someone has to “start” the
circle. So, there are 12 people to arrange around the circle and remember, if
you had placed Vesna first, instead of Laura, they would still be in the same
arrangement with one another.

The denominator is the total ways to arrange the 12 people in a circle, 11!

10! 1
So, we get —=—
11! 11
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Example 14.

Pr(Iris, Frances and Hailey not all together)=1 -
Pr(they are all together) KMIN

There are 3! ways to arrange the three girls together in
their own group of 3.

_1_ﬁ_ _izl_lzé
7! 42 7
Example 15.
F1F2F3FAF5F6
6'6!

11!
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Practice Exam Questions on Probability

B1.There are 13 clubs and we want to choose 3 of them. There are 13 hearts
and we want to choose 2 of them. The total number in the denominator is 52
cards and we want to choose 5 of them.

(133)(123)
(5)

B2. Five of the same suit... Choose one of four suits and then choose 5 of those
13 cards.

G(5)
(5)

Therefore, the answer is

B3.If Jason and Daniel are both on the committee, there are 6 people left and
we need to choose one more person to have a committee of 3 people. The
denominator is the total ways with no restrictions to choose a group of 3
people from a total of 8 people.

RE)
(3)

The answer is

B4. Place and together to start the circle.
Then, there are 8 people to arrange. Also, and can switch places,
but still be together.

The total ways to arrange 10 people in a circle with no restrictions is 9!

. 8121 8l2l 2
The answeris— =— ==
9! 9x8! 9
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B5.
Probability
A X
B 3x
C 4x
Total 1

Since the total probability must always add to 1, we get
8x=1

So, x=1/8

The Pr(b)=3/8

The answer is c).

B6. Whenever we need people apart, we do 1- Pr(together).

Pr( M and ]J)=1 - Pr(M and ] together)

-1 182
19!
_, 1812l
- 19(18!)
—1 2 _ 17
19 19

B7. Pr(at least one diamond)
1 — Pr (no diamonds)

L _®)
T

B8.
Pr(at least 2H)= Pr(2H) + Pr(3H)

:(123)(319)+(133)
(5)
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BO.
Put Rachel in a spot to start the circle. Then, there is only one spot to put
Bianca right across from her. The total ways with no restrictions to arrange
10 people in a circle is 9!.

8l 1

Pr(Rachel across and Bianca):z—: = oxe = 5

The answer is b).

B10.
Event Probability
A 0.6
D
B 3X
C X
Total 1

Since the total of A and D is 0.6, it doesn't matter what each of them are equal
to, just the total.

0.6 +3x+x=1

4x =04

x=0.1
Pr(b)=3x=3(0.1)=0.3

The answer is b).

B11.
Since A and B are mutually exclusive, Pr(AN B) = 0

Therefore, Pr(AU B) = Pr(A) + Pr(B) = 0.3+ 0.5 =0.8
The answer is d).
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4 B
B12.
Pr(AnB¢)=1-02-03-0.1
= 0.4
Pr(A)=0.4+0.2=0.6
The answer is d). 0.1

B13.

There are 2 red aces and 52 cards total.
The probability is 2/52=1/26

B14.

GGGGG

There are 5 units to arrange, because the girls are stuck together as one unit.
Also, the girls can be arranged amongst themselves

5!5!

The answer is T

B15.

To find the probability of Erin and Kaitlyn apart, we do 1 - Pr(together)
There are 9 people, so the total ways to arrange them in a line is 9!

EK _ _ _ _ _ _ _
There are eight units to arrange since Erin and Kaitlyn are together as one
unit.

Also, Erin and Kaitlyn can switch places in 2! ways.

1 — Pr(together) =1 8!2!—1 2_7
r(together) = T 3=79

78



©Prepl101 MATH 1228 Final Exam Booklet

B16. The total ways to arrange six people in a circle is 5!.

Place Logan to start the circle. Then, Ryan has only one spot to go in, across
from Logan.

There are only 4 people to arrange in 4! ways.

. 4! 4! 1
The answeris— = — = -
51 5x4! 5

B17.
a) There are 7 women and we want 4 of them.
The denominator is 11 people and we want to choose 4 of them.

(3)

12
()
b) An equal number means 2 men and 2 women

5\ (7
(;)(5)

12

()

c) There are only 1 way to put Jeff on the committee. If Jeffis on and Kate is

not on, there are 10 people left and we need to choose 3 more people, in
addition to Jeff.

(5)
The answer is =%

(4)

B18. Pr(at least 2 heads)=Pr(2heads)+Pr(3 heads)

= draw a tree or write out cases!!
HHT, THH, HTH, HHH
Pr(at least 2 heads)=4/8=1/2 or 0.50
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B19. Pr(ABC together)= # ways together/# ways total to arrange the letters
= % the 3! is to arrange the ABC, while still keeping the 3 letters together

)*
45

B20. Pr(2 customers choose Tiena)=

The denominator is 4x4x4x4x4 since each of the five customers can choose
any of the four salespeople to deal with

On the numerator, we have 5 customers and we want two of them to choose
Tiena and then the other 3 can choose from the other 3 salespeople

B21. Pr(E and F)=0

Pr(ECNF¢)=1-05-0.1=04

B22.
a) No, if they're independent, then Pr(E and F)=Pr(E)xPr(F)#0 since neither
Pr(E) or Pr(F) are equal to 0.

b)

Pr(EUF)=Pr(E)+Pr(F) —Pr(ENF)
=0.4 + 0.5 - (0.4)(0.5) since they are independent
=0.90-0.20
=0.70

Pr(ECNF¢) =1—-Pr(EUF)=1-0.70 = 0.30

Pr(E¢ n F¢) = Pr(E)Pr (F©)=0.6(0.5)=0.30 Multiply since they are
independent

80



©Prepl101 MATH 1228 Final Exam Booklet

B23.
Since E and F are mutually exclusive, Pr(E and F)=0.
Pr(EUF) =Pr(E)+Pr(F) —Pr(ENF)

=Pr(E) + Pr(F) -0
=0.5+0.3
=0.8

Pr(ENF¢) =1-08=0.2

B24. Since A and B are independent, Pr(A N B) = Pr (4) X Pr (B)

0.2= 0.4 Pr(B)
Pr(B)=0.5

Pr(AuB) = Pr(A) + Pr(B) — Pr(AN B)
Pr(AUB) =Pr(A) + Pr(B) -Pr(A) X Pr(B)
=0.4+0.5-0.2
=0.9-0.2
=0.70

B25. The letters of "SOPHIE" can be arranged in alphabetical order in only 1
way.

Pr(alphabetical order) :% = %

6xX5%x4 20 5

63 36 9

B26. Pr(3 different numbers)=

(61 04)
(66

2!

B27. Pr(Liam and Cayden are on the same team)=

* The denominator is divided by 2! since the 2 groups are indistinguishable
from one another

* The numerator involves putting and on one team...so that team
only needs 4 more people and the other team needs 6 people...these are
distinguishable because one team has Liam and Cayden and the other team
doesn't.

81



©Prepl101 MATH 1228 Final Exam Booklet

B28.

Let A=event that interviewer A will pass a candidate
Let B= event that interviewer B will pass a candidate

A B
Pr(A)=0.30 and Pr(B)=0.25 and
Pr(4¢ n B¢) = 0.50
Pr(AU B) = Pr(A) + Pr(B) — Pr(ANn B)
1-050=0.30+0.25-Pr(ANnB) 0.5
Pr(An B) = 0.05 -

Pr(A n B¢) = Pr(4) — Pr(An B) = 0.30 — 0.05 = 0.25
Therefore, the probability a candidate will be passed by A but not by B is 0.25.

B29. Put them together and count them as one spot

CTC
So, there are 6 “things” to arrange and then Tanya must be in the middle, but
Celine and Chad can switch....so 2!

The total for the denominator is the total ways to arrange the 8 people in a
line with no restrictions

612! 612! 2 1
So, we get— = =—=—
8! 8(7)6! 56 28

B30.
Pr(AUB)=1-0.3=0.7

Pr(AUB) =Pr(A) + Pr(B) —Pr (AN B)

0.7=03+0.5-Pr (AN B)
Pr(AnB) = 0.1
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13 4 48
b) Pr(four of a kind):( 1 )X(4)x( 1 )

(%)

First, choose one of 13 types of cards to have three of...then of those cards,
there are 4 and we want all four of them.

Now, there are 48 cards left and we need one more card

c) Full house is like KKKAA

13 4 12\ /4
pr(full house)= 21 )G)

52
(%)
B32.
E F
Event Prob
A 1/2
B 1/6=2/12
C ¥%=3/12
E=a, b and F=b, c...draw a Venn
diagram
Pr(ECUFS) =Pr(ENF)=1-Pr(ENF) = 1—1—2—1—2—E
B B B 12 12 12 12 6
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C. Conditional Probability (2.3)

Example 1.

_Pr(EnF)
Pr (E/F)= v
1 0.1

2~ Pr(F)
0.5Pr(F)=0.1
Pr(F)=1/5

Example 2.

Pr(A/B) = M

Pr(B)

1 Pr(AnB)

3 Pr(B)

1 Pr(AnB)

3 1/2
1
PF(A N B) = § X

1
6

N =

Pr(AnB) _

Pr(B/A) = — D

SNEE [N
AN~
X
=
W N

Example 3.
Since A and B are independent, we know Pr(A and B)=Pr(A)xPr(B)...substitute

into the top of the equation
Pr(B)=0.6
Pr(B9)=1-0.6 =0.40

Pr(AnB) Pr(4)xPr(B)

Prid/B) = —5cy = Pr (B

= Pr(4) = 0.35

Pr(Au B¢) = Pr(A) + Pr(B®) — Pr(An B

=Pr(A) + Pr(B®) — Pr(A) Pr(B¢) since they are independent
-0.35+0.40- 0.35(0.4)

=0.75-0.14=0.61
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Example 4. Remember that:
P(A and B) = P(A) x P(B|A)

----- = 06x05=03

\ /"3’_(_,' Yeg ===~ = 04x03=012

Pr(play goal)=Pr(Sam and goal) + Pr(Alex coaches and play goal)

=0.3 + 0.12 = 0.42 probability of being a Goalkeeper today

Example 5.
Pr(G or H) = Pr(G) + Pr(H) — Pr(G n H)
0.7 =0.40+0.45—-Pr(GnNnH)

Pr(G N H)=0.15

_Pr(GnH) _ 045 _ 15 _ 1
Pr (G/H)= Pr(H) 045 45 3
Example 6.

You can draw a tree and/or use the conditional formula. But, you can just
reason your way through it by reducing your sample space. If the first card is
a heart, then you then have only 51 cards left and 12 hearts (one has been
removed).

So, the prob. the second card is a heartis 12/51
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Example 7.
Here we will reduce our sample space...since it is known or given the first roll

is a 3, we only look at the sample space of the first roll is a 3 i.e. S={ (3,1)
(3.2) (33) (34) (3,5) (3.6)}

Now, we circle which ones have a sum greater than 7, which would be the last
three, so we get 2/6 or 1/3.

Example 8.
We know that they have a least one girl...so the only possible outcomes for the

3 kids are the ones that have at least one girl.
Reduced sample space={BGG, GGG, GBG, GBB, GGB, BGB, BBG}}...exclude BBB

So, look at these 7 outcomes and our answer is the ones that have all 3
girls...So, the probability is 1/7.

Example 9. Let E=sum is odd = 1/2

F=5on first toss=6/36=1/6

G=sum greater than 8 = sum9, 10, 11 or 12=
P(3,6)(6,3)(4,5)(5,4)(5,5)(4,6)(6,4)(5,6)(6,5)(6,6)}=10/36=5/18

E and F=5 first and odd...Pr(E and F)=3/36=1/12
{(5,2)(5:4)(5,6)}

1
Pr(E and F) = 17

Pr(E) = %and Pr(F) =

X

N

So, Pr(E) X Pr(F) =

N |-

12

So,Pr(E and F) = Pr(E) X Pr(F) and E and F are independent
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Practice Exam Questions on Conditional Probability

C1.
Pr(2 tens)=((52%))
C2.

Pr(fail stop and not signal) _ 0.15 _ 15
Pr(not signal) 020 20

Pr(fail stop/not signal)= z

C3.

n(E U B) = 200 — 50 = 150

Pr(E)=100/200=1/2
Pr(B)=90,/200=9/20

n(EUB) =n(E)+n(B) —n(ENB)
150=100 +90 - n(E N B)
n(E N B) = 40

50
C C —_ —
Pr(E° nBS) = = 1/4

Pr(Eand B) _ 40/200 _ 4

a) Pr(E/B)= Pr(B)  90/200 9

b) Pr(E or B but not both)=60+50/200=110/200=11/20

C4.

Pr(AnB) 0.1

PriA/B) = — By 06

1/6
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C5.

Pr (E/F):Pr (ENnF)

Pr (F)

2/3_Pr (ENF)

1/3

Pr(ENF)=2/9
The answer is a).

Ce.

Pr (ENF)
Pr (E/F)==,

040 = - 5
Pr(F)=1/2

C7.
Pr(sum 12 given same
#)=Pr{(6,6,6)}/Pr{(1,1,1)(2,2,2))(3,3,3)(4,4,4)(5,5,5,)(6,6,6)}

|~

21

o))

o

6

N
o)}

1

or reduce sample space S={(1,1,1)(2,2,2)(3,3,3,)(4,4,4)(5,5,5)(6,6,6)} since
they have to have the same number on all three dice...circle ones with a sum of
12=1/6

C8.

o Pr(BG) 1/4 1
Pr(2nd girl given at least 1 boy) = T Pr (no boys) =1= 174 =3

or reduce the sample space S={at least 1 B}={ GB, BG, BB}...three outcomes
and you want the prob. the 2nd is a girl, so, the prob.is 1/3
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Co.

. Pr2 boys and has one son 1/4 1
Pr(2 boys given one son)=( 4 ) L4 _1

Pr (has a son) - 3/4 T3

or reduce the sample space S={GB, BG, BB} since you know they have a son, so
it can't be GG...then circle the outcomes with two boys...ie 1/3

C10.

Pr(2rd ace/ 1st ace)=

4\ 3
Pr(2nd ace and 1st ace) (E)E 3 _ 1
Pr(1st ace) 54—2 51 17

C11.
. Pr (sum greater than 9 and same #
Pr (sum greater than 9/ same # on dice)= (sum 9 : ) =
Pr (same # on all dice)

w w
m|°|m|”

1
T3

or reduce sample space S={(1,1)(2,2)(3,3)(4,4)(5,5)(6,6)} and circle the ones
that have a sum greater than 9 =2/6=1/3

C12.

Pr (1 spade and 2 hearts) __ (113)(123)/(532) 13
Pr (2hearts) - (123)(39)/(52) 39

Pr(1 spade/2hearts)=

C13.

PI‘(F/E) :Pr (EnF)

Pr (E)

Pr (ENF)
0.20

0.30=

Therefore, the probability both E and F occur is 0.2x0.3=0.06
The answer is a).
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C14.
not in F and also in E is just E, since they are mutually exclusive

c _Pr(ESnF)_Pr (F)
Pr(E¢/F)= Pr(F) Pr(F)

= 1 since E, F are mutually exclusive

The answer is c).

C15.

_Pr(EnF) _ 045 _ 15 _ 1
Pr(F/E)= Pr(E) 060 60 4
C1e.

Pr(EUF) =Pr(E) + Pr(F) = 0.1 + 0.9 = 1 since E, F are mutually exclusive.

The answer is d).

C17.

Since F occurs whenever E fails to occur, Pr(F)=1-Pr(E)=1 - 0.60 = 0.40
The Pr(EUF)=0.4+0.6 =1

The answer is b).

C18.
E
Since F cannot occur unless E also occurs, F is
inside of E.
Pr(EUF) = 0.65
C109.

If A and B are independent, Pr(4 n B) = Pr (4) X Pr (B)=0.30x0.20=0.06
Pr(AUB)=0.3 + 0.2 - 0.06 = 0.44
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C20. They are mutually exclusive, so there is no overlap of circles
Pr(B)=1-0.3-0.25=0.45

The answer is b).

C21.

Pr (spade and not a diamond __ Pr(spade) _ 1/4
Pr (not a diamond) 3/4 3/4

Pr(spade drawn/not a diamond)=
1/3

Or reduce your sample space and once you take a card that isn’t a diamond,
you have 39 cards left and 13 of them are spades, so we have 13/29 =1/3

C22. Pr(B)= 0.3(0.6) + (0.70)(0.80)= 0.18 + 0.56 = 0.74

c23. 2

/my_PTOWENB) _ 0.7(0.8) _ 56 _ 28 W ——_ 0.
Pr(W¢/B)= Pr(B) 074 74 37 y — B¢
.-"'--H-'- B
C24. . 2
_Pr (EnF) T —
Pr(E/F)==, (F) W \-\&%BC

Pr(E N F) =Pr(E/F) Pr(F)

111
5

1

4 20
The answer is b).

C25.If Pr(A U B) = 0.85 and Pr(4) = 0.5 and Pr(B¢) = 0.6, find Pr(4 n B).
Pr(B)=1-0.60=0.40

PrAUB) = Pr(A) + Pr(B) — Pr (AN B)

0.85 = 0.50 + 0.40 - Pr(A N B)

Pr(ANn B) = 0.05
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13/13
. . _ Pr(both diamonds) 5(5_2)
C26.Pr(2nd diamond/1st dlamond)—Pr (Lot card diamond) — Y RETED)
52\52 52\52 16
or after you take the first card out, you replace it...so there are still 52 cards
and still 13 diamonds...prob. of getting another diamond is just 13/52 =1/4

1
_16 1
=2

13/52 C
C
13/52
39/52 o4
13/52 C
39/52 CC
C27.a) Pr(ENF) 39/52 ce
Draw a Venn diagram.
c27
E F

Pr(ENF)=1—04—0.25—0.25
=0.10
0.25

Pr(EnF) _ 040 _ 40 _ 8

Pr(F¢) ~ 065 65 13

b) Pr(E/F¢)=

Pr(FNE) _ 0.1 _

¢) Pr(F/E)=

Pr (E) 0.5

vl

C28. A and B are independent, so Pr(A and B)=Pr(A)xPr(B)

Pr (AnB) _ Pr (A)XPr (B)
Pr(4)  Pr(A)

Pr(B/A)= =Pr(B)=1/6
So, Pr(B)=1/6
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C29.Pr(A U B)=Pr(A) + Pr(B) - Pr(A and B)
0.50=0.2 + 0.4 - Pr(A and B)
Pr(A and B)=0.1

_Pr(anB) _ 01 _ 1
Pr(B/A)= Pr(d) 02 2

C30. Brutal Question...find the probability that Leah and Jena are across
from one another in a circle of 6 people, if you know they are not side-
by-side

This is a conditional probability...
Pr(across/not side by side)= Pr(Across and not side by side)/Pr(not side by
side)
=Pr(across)/1-Pr(side-by-side)
4! 1
Tl 1 5 1

To find the probability they are across, place Lindsay and then there is only
one space across to place Jessica, so there are 4 people left to arrange. The
denominator is the total ways to arrange 6 people in a circle, which is 5!
The Pr(side by side)= put them together to start your circle, so there are 4
people left to arrange and then you multiply by 2! for L] and JL to switch.

412!

5!
C31.Let E=sumisodd =1/2

F=5on first toss=6/36=1/6
G=sum greater than 8 = sum 9,10, 11 or 12=
P(3,6)(6,3)(4,5)(5,4)(5,5)(4,6)(6,4)(5,6)(6,5)(6,6)}=10/36 =5/18

Pr(E and G) = — = = ({(3,6)(6,3)(4,5)(5:4)(5,6) (6,5}

1 5
Pr(E) = Eand Pr(G) = 18
So, Pr(E) X Pr(G) = % X~ = =

18 36

So,Pr(E and G) # Pr(E) X Pr(G) and E and G are DEPENDENT
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D. Probability Trees and Conditional Probability (2.4)

Example 1.

a)Pr(T) =Tr(Box1andT)+

Pr(Box 2and T) + Pr(Box 3 and T)

_1X1+1X1+1X2

373 372 374
1 4 6 6 16
6

1,11
9 6 36 36 36 36

Pr2ndnt) _ 1/3x1/,
Pr(T) 4,

b) Pr(2nd|T) =
1/(9 9 3
E(Z) T 24 8

Example 2.

1/3

Box 1

8 4
18 9

_ Y6 _

=37 =

a) Pr(B) = Pr(W n B) + Pr(W¢ n B)
= 0.60 X 0.50 + 0.40 x 0.30

= 0.30 + 0.12
= 0.42
b prcly < PT(MNB) _040x030 012 12
IPr(MIB) = — ==~ 04z 04z 22
0.5 B
0.6 0.5
BC
0.4 c 0.3 B
W
0.7
BC

1/3

2
7

Box 3
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Pr(k) + Pr(kk) + Pr(k°k k) + Pr(k°k“kk) OR

1- Pr(kckckckck)
4 3

=1—-=X= x X = x1
6 5 4 3

Example 4.

a)
Pr(R) = Pr(Box A and R)
+ Pr(Box B and R)

<
=1_5><4><3 <
=1_i < < /

2/4 R
1 Box A o 5
3/7
172 Box B
47 B
1/ (2
/2(4) . 1/4

1 2 1 3
=—X—-4 - —_
2 4 2 7
_1+3
4 14
b)
Pr(BoxA|B) = Pr (BoxAand B) _
r(Box = Pr (B)

_-1/2(2/4)4'1/2(4/7)__1/4'*4/14
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E. Bayes’ Theorem (2.5)

05 —E
Example 1. o
A —__ 0.5 .
a) 0-3 T E
Pr(E€) = Pr(4A N E€) + Pr(B N E°) 1 __E
=03x05+0.7%0 —— 0.7 5 C o
=0.15 \\{]‘\EC
b)
Pr(E|A) = 0.5
c) Pr(E U A€) =Pr(A°UE) = 0.7+ 0.3(0.5) = 0.85
a)Pr(alE) = AL
_ 0.5(0.3)
~0.3(0.5) + 0.7(1)
015 015 15 3
- 0.15+0.70 085 85 17
Example 2. 1;13 E
1/1 1 A //176 F
) PriAn®) =5(3) =4 1/3 WG
2/3 1/2_—-E
B Pr(AV6) = 1+3() =3+ 2
1/2
¢) Pr(E|A) = § G
_pr(E|A)Pra) _ 1/3(%) . % _ 3 1.9 1
d) PI'(AlE) - Pr (E) _§(1/3)+§(1/2)_ %+§ —g—gxz—z

e)Pr(AnG®) =Pr(ANE)+Pr(AnF)

_11+11_1+1_2+1_3_1
_3(3> 3(6)_9 18 18 18 18 6
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Example 3.

Pr(G/D)Pr(D)_  3(3) =
a)Pr(D/G) = = 5\3 5

Pr@ @40 s

b) Pr (D€/G€)=3/4

C)Pr(DuGC)=l+§(E)=1 6 4 6 _10 _5
3 4 312 12 12 12 6

3

cy=1(3 2_1,2_3 ,10_13
d)PF(FUD)_3(5)(1)-I_3,_5-|_3_15-|_15_15

0.0
Example 4: A
Pr(D|A) Pr(4) 0.9
Pr(A|D) =

Pr(D) 0.20

0.10
~ (0.05)(0.20) 030 g
~ 0.2(0.05) + 0.3(0.10) + 0.5(0.08) 0.90
0.50 0.08
E ple 5:
Xampie C 092
a)
Pr(G) =Pr(BNG)+Pr(PNG)
3.3 5 2
87778710 .
= i + E Blue
) 56 ' 80 » ~
Pr(S|P) Pr(P
Pr(ps) = 21 1|>r()5)r( )
_ 3/10 (5/8) _ 15/80 5/8 2/10
3 (*/7) +3/g(3/10)  1%/56+ /g0 FaTpls %
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Practice Exam Questions on Conditional Probabilitv/Baves Theorem

E1.

a) Pr(F/E)=0.20 0.2 F

Pr(F/E©)=0.10 E

Pr(E)=0.40 0.4 0'8?: C

Find Pr(E N F) 0.6 c 0.10 —F
E

Pr (E N F)=(0.40)(0.20)=0.08 O'QDF c

The answer is C.

Pr (ENF)

b) Pr(E/F)="5, >

0.08 008 _ 008 8

0.4(0.2)+0.6(0.10)  0.08+0.06  0.14 14 7

P
E2.
Draw a Tree diagram < 0.20 C
_Pr(cnp) _ 0.05(0.80) 0.15
Pr(C/P)= Pr(P)  0.05(0.80)+0.95(0.15)
0. 85
E3.

Pr(red) = Pr(red from Box A) + Pr(red from Box B) + Pr(red from Box C)

S PN P 1
3\3 3 \4 3\5 9 6 15
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E4.

Pr(C and 2nd red) = Pr(C and BR) + Pr(C and RR)

:lxixz+lxle:i+i:i+i:i:i
37574 37574 30 30 15
< < R
0.05_~ E
ES.
0.7 M
Let E=earn more than $30000 , 0.95 EC
_Pr(MnE) _ 0.70(0.05) 0.03
Pr(M/E)= Pr(E)  0.3(0.03)+0.70(0.05) 0.3 W
0.97 EC
Eé6.
_Pr(suns) _ 0.30(0.40)
Pr(SU/S)= Pr(s)  0.3(0.25)+0.4(0.3)+0.3(0.4)
04_-S
su<
Pr (S/SU)Pr(SU) 0.30 0.6 8°
or use Bayes Pr(ST/S)= e =same '

03 _~-s
answer 040 <
0.7 >s¢€
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E7.
a) Hadafall. (Do NOT simplify)

0.24¢
Pr(F /D)zPr(D/F)Pr(F) _ )

Pr(D) 0.4(3)+0.24(2)+0.05(75)+0.04(55)+027()

b) Stung by a bee. (Do NOT simplify)

0.05(=
Pr(B/D)=Pr (D/B)Pr (B) _ e

Pr (D) "~ same as a)

or use conditional

1
_Pr(BnD) _ 100005
Pr(B/D) == @) 04(3)+0.24(2)+0.05(%)+0.04(55)+027()

E8.

Pr(all 4 cheese/at least 1 did):Pr (all# and at least 1) _ Pr(all 4)

0.6(0.6)(0.6)(0.60)
1—(0.4)%

Pr (at least 1) "~ 1-Pr (none did) -

MATH 1228 Final Exam Booklet
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E9. Find Pr(A). 0.1 _— A
;’f
£ 0.2 B
0.6 0
Pr(A)=Pr(E and A) + Pr(not E and A) T~ C
=0.6(0.1) + (0.40)(0.30)
=0.06 + 0.12=0.18 A
0.3 _—
0.4 fﬂfﬁf
EC < 0.5 B
R“‘m
EHH[E];Z
—C

E10. Find Pr(A/E).

Pr(A/E) = 0.1 directly from the tree diagram

E11. Find Pr(E/A)
Use Pr(A) from EO.

Use Baye's Theorem

_Pr(A/E)Pr(E) _ 0.10(0.6) _ 006 _ 6 _ 1
Pr(E/A)= Pr(4d) 018 018 18 3

Or use conditional

_Pr(End) _ 06(0.1) _ 006 _ 6 _ 1
Pr(E/A)= Pr(4) 018 018 18 3

E12. Pr(EUB)= Pr(E) + Pr(E€ N B) = 0.6 + (0.40)(0.5) = 0.6 + 0.2 = 0.8
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E13.

prwp) = 8 LVQ;)F W)

B 0.45(0.4)
~0.6(0.25) + 0.4(0.45)

Or use conditional

Pr (W N B)

Pr(W|B) = Pr (B)

_ (0.4)(0.45)
~0.6(0.25) + 0.4(0.45)

E14
Pr(L|B) Pr (B
Pr(BIL) = P')r)(L)r( )
0.2(1/5)

1505 +1/302) + 1/5 (0.01)
Or use conditional

Pr(BNnlL)
Pr (L)

(1/3)(0-2)

Pr(B|L) =

MATH 1228 Final Exam Booklet

0.25_~ B

A

0.8 0.75™ ge

045_- B
0.4

A

0.5

0.50

0.50
1/3

1/3

" 1/,(05) + 1/5(0.2) + 1/5 (0.01)

0.80

173
0.01

0.99
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a) 1—3) b) 0 (no diamonds)

c) Pr(both clubs | 1st card club)
_ Pr(both clubs + 1st card club)

Pr(1st card club)
Pr(both clubs) (?) (i)/(lf) _ 6x5 30 5

~ Pr(ist card club) _ (6) (12)/(13) “6x12 72 12
VACUIAY,

or reduce sample space...1st card club and take it out...leaves 5 clubs, 4 hearts
and 3 spades
Now, the prob. of getting a club=5/12

E16.
a) 0.2 0.2 B
0.4 R 0.8
b) Pr(B)=Pr(R)Pr(B/R) + BC
Pr(R¢)Pr(B/R¢) 6 0.3 B
-0.4(0.2)+0.6(0.3) : R<
=0.08 + 0.18 = 0.26 7
B C
c) Pr(R and B) =0.4(0.2) =0.08
A
1/5 _—
r(B|R) pr
d)Pr(R/B) = % 5 15
. 02(0.4) 1/3 T~ 3/5
~0.26 —C
~0.08 N
0.26 2/3 1/4 _—
_E_4 o 14
26 13 —
~—_1/2
L2
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pr(B|D)pr (D)

E17.2) Pr(D/B) = ——,=

2
_ 15 _ 30 _1(2)_3
— 1 12 5 " 30\7) 7
1576 30130

b) Pr(B/D)= 1/

1 1 2 5 7

1 2 1 1
C)Pr(A)=§(—)+§x—=E+g=_+_=_

5 4 30 30 30

d)Pr(DorB)=§+§><i=§+12—2:_=1

1

e)Pr(AUB) =inAorin B or in both = %(—)

5
4 2 1 2 5 7
—_— =t -=—4 —=—
12 15 3 15 15 15

or use conditional Pr(D/B)=

MATH 1228 Final Exam Booklet

Pr (DNB)
Pr (B)

(thisisin D and A, in D and B, in D€ and in A, in D€ and in B)

E18.
a) Pr(D/A)=1/,

Pr(C |A)Pr (A)
b) Pr(A/C) = ﬁ

d) Pr(A N B%) = Pr(4 and C) + Pr(4 and D)

=2/3 (1/2) +2/3 (1/4)
=1/3+1/6=2/6+1/6=3/6=1%

2/3 ~__1/4

1/3 13 _—B
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E19. P=tests positive

S= use steroids

Pr (S/P):Pr (P/S)Pr(S)_ (0.90)(0.10)

Pr(P)  0.10(0.90)+0.90(0.15)
Or you can use the conditional formula:

Pr (SNP) _ (0.10)(0.90)

Pr (§/P)=

MATH 1228 Final Exam Booklet

0.9 P

0.10
P C
0.15 P

85

E20.

Pr (F¢/A)Pr(4) (0-95)@

Pr(P)  0.10(0.90)+0.90(0.15)

Pr (4/FO)="0

E21.

Pr(PPR) + Pr(PR)

_4+12
35 42
_4,2__4 10 _ 14
" 35 7 35 35 35

2(0.95)+2(0.9)+(2)(0.85)
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F. Bernoulli Trials...Independent Trials (2.6)

Example 1.
50 20 30_(50 50 . . _
(20) (0.5)=%(0.5) —(20) (0.5)°"..multiplying with same base=add

exponents

Example 2.
Pr(at least 1 head)=1-Pr(no heads)= 1 — (205) (0.5)°(0.5)%> = 1 — (0.5)?°

Example 3
n=10

p=1/4 correct
q=3/4 incorrect

Prox=9)=(g') () ()

Pr(at least 9 correct) = Pr(X=9) + Pr(X=10)
()6 O+ 6
()6 O +6)

Example 4.
p=0.40 heads

g=0.6 tails
n=10
x= 4 tails...x and p must be the same thing...both heads! or you can do both

tails!
Pr(4 tails)=Pr(6 heads):Pr(X=4)=(140) (0.6)*(0.4)° NOTE: (10) (160) -

4

10!

4l6!
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Example 5.
=30 (s 32 2006 (e) () Cle)”

Example 6.
p=0.02 defective

g=0.98 not defective
n=10

Pr(X < 8) = 0,1,2,3,4,5,6,7 or 8
= too dif ficult,souse 1 —Pr(X =9) — Pr (X = 10)

—1- (190) (0.02)%(0.98)" — (}8) (0.02)1°(0.98)°

—1- (190) (0.02)°(0.98)" — (0.02)™

Example 7.
3 red, 3 purple and 4 blue...Pr(red)=3/10, Pr(purple)=3/10 and

Pr(blue)=4/10 or 2/5
n=20
Pr(5 red and 5 purple..means of the 20 draws, 10 are red)

5

(206 ) 6

Example 8.
n=10

10

(4 4101 ) (%)4 (%)4 G)l G)l or (4 4101 ) G)

Here, we want 4 hearts, 4 diamonds, 1 club and 1 spade and the probability of
eachis 1/4.

10
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Example 9.
p=1/5=0.2 correct

g=0.8 incorrect
n=?

1-0.4=0.6
at least 40% chance of getting at least one question correct=
less than 60% (or equal) chance of getting no questions correct

n 0.8n
1 0.8

2 0.64
3 0.512

Therefore, to be at least 40% sure, the student would need to answer at least
3 questions.
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Practice Exam Questions on Bernoulli Trials

F1.
a) p=0.8

q=0.2
one graduate = 4 that do graduate

Pr(1 graduate)= (i)(0.80)1(0.20)4 or (i)(0.80)1(0.20) (same answer)

b)Pr(3 not graduate) = Pr(2 do graduate)=
(;) (0.8)2(0.2)% or @ (0.8)2(0.2)3

F2.
n=10 p=4/5 q=1/5

Pr(X=>8)=Pr(X=8)+Pr(X=9)+Pr(X =10)

()OO +(DOE +@E 6@

Pr(no hits):(g) G)O (§)6= (5)6

b)

Pr(atleast 1 hit)=1 - Pr(no hits)
2\ 6
-1-(5)

g prix=2)=(5) (1) (&)
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F4.

n=10 Bernoulli
p=ace=4/52=1/13
q=12/13

Pr(exactly 1 ace) :(110) (i)l (2)9

13 13

The answer is b).

F5.Pr(atleast 1 heart =1 - Pr(no hearts)

- (D)) ®)"

The answer is d).

F6. Bernoulli with n=10 p=4/52=1/13 four and q=48/52=12/13 (not a four)
Pr(at least one four)=1 - Pr (no fours)

-()G) @) =)
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F7.n=?

p=0.10 prize
g=0.90 lose

It is too difficult to figure out the probability directly to be at least 70% sure to
win at least once because we could win once, twice, three times, etc...
1- 0.30=0.70

We need less than or equal to 70% chance of not winning any prize at all.

Complete a chart with n and q» and keep increasing n until the answer is less
than 0.70

n q"n=(0.90)"n
1 0.90

2 0.81

3 0.729

4 0.6561 <0.70

Therefore, since it took until n=4 to get equal or below 70%, she must play for
4 weeks in order to be at least 30% certain of winning a prize at least once.

F8.

a) n=10 questions, p=1/5 correct answer and q=4/5 incorrect answer
_ _ 10 1\° /4\°

Pr(x=5 Correct)—( c ) (E) (E)

b) Pr(at least one of five)= 1 - Pr(none of five correct)

RICRCREEC)
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FO.

n=?

p=0.20 prize
g=0.80 lose

It is too difficult to figure out the probability directly to be at least 50% sure to
win at least once because we could win once, twice, three times, etc...

1- 0.55=0.45
We need less than or equal to 45% chance of not winning any prize at all.

Complete a chart with n and q» and keep increasing n until the answer is less
than 0.45

n q"n=(0.80)"n
1 0.80>0.45

2 0.64

3 0.512

4 0.4096< 0.45

Therefore, since it took until n=4 to get below 45%, she must buy 4 tickets in
order to be at least 55% certain of winning a prize at least once.

F10.
a) she will get exactly 4 shots in

n=12 Pr(x = 4) = (12) (0.4)%(0.6)
p=04 4

q=0.6

x=4

b) she will get at least 2 shots in (means 2, 3, ..., 10,11 or 12)

Pr(x=>2)=1—-Pr(x=0)—-Pr(x=1)
—1- (100) (0.4)°(0.6)12 — (110) (0.4)1(0.6)
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c) How many shots should he take on the net to be at least 80% certain of
making at least one shot? from a) q=0.6 prob. of failure on any one shot

<0.20 certain to make no shots

n q" =0.6"
1 0.6

2 0.36

3 0.216

4 0.1296<0.2

Therefore 4 shots on net

F11.
At least 80% sure means < 0.20 certain of no bullseyes

p=0.30 n 0.7n
- 0.70
a 0.7
2 0.49
.\ S chots 3 0.343
4 0.2401
5 0.16807 <
0.20
F12.
n =30 Pr(x = 10) = (30) (0.5)10(0.5)2°
p=05 10
q=0.5

x=10
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F13.

— 20 12 8
g:?/f Pr(x =12) = (1) (Vo) " (1/)

q="
x=12

F14.

n=80 (s0 10 202" (e (/)"

P, = odd = > = =
1 =08 =e=3

1
P, =geta?l2=-—

6

P, = geta4 6-2'—

. =getadora =z=3
F15.
n=10

PN NEN )

4 3 3/\15 15 15
F16.n=60

20 10 25

(o 1" DG & @ 6

15
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F17.

MATH 1228 Final Exam Booklet

We have 6 red, 4 green, 3 orange and 8 purple...so 21 total

(a) no replacement= CHOOSE
2ERG)
()

b) with replacement= BERNOULLI

2 2 2

G ." )& @ @ @)

F18. n=10
a) p=heart=1/4
g=not heart=3/4

== () Q)

b) Pr( at least one ace)=1 - Pr( no aces)
0 10 10

(&) & =16

AWy 5y D& G E G

2

Here, we want one 10, 3 face cards, and two sixes.
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G. Extra Practice Exam Questions (Ch. 2)

G1. Pr(2B's together)=# ways 2 B's together/total ways to arrange the word

| e . 111
Total ways to arrange the word "probability” is Y

_10!

T 21
10!

Therefore, the probability the 2B's are together is: %

212!

G2. The answer is A). The rest either have overlap or they are incomplete.

G3. C) since there are only 5 green, you can’t get all 6 balls green, so you must
have at least 1 ball that is red or purple.

G4. If Pr(E)=0.30, Pr(F)=0.70 and Pr(E€ n F¢) = 0.2, find Pr(E N F).
Pr(EUF)=1-0.2 =08

Pr(EUF) =Pr(E)+Pr(F) —Pr(ENF)

0.8=0.3+ 0.7 — Pr(E N F)

Pr(ENF) = 0.2

G5. If E and F are mutually exclusive, with Pr(E)=0.4 and Pr(F)=0.2, find
Pr(E N FC).
Pr(E N F¢) = Pr(E) since they are mutually exclusive

=04

G6. There are 5 red and 4 green balls in a box. Two balls are drawn out of the
box at random, without replacement. What is the probability they are
different colours?

Pr(RG) + Pr(GR)

20+20 40 20

72 72 36

X

+4X5_ 5
N 978 9

ol Ul
Q|
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G7. The letters of the word “dentist” are arranged in a line at random. If the
first 4 letters placed in the line spell out, in order, the word “dent”, what is the
probability that when the line of letters is completed the letters spell out the
word “dentist” in that order?

ey = L 1
dent __ _ _ Pr(lst)—gl—6
already spelled

out (1 way)

G8. Gail and Tina are sitting in a circle with 6 other people. What is the
probability that if everyone chooses their seats randomly, that Tina and Gail
do NOT sit beside one another?

Pr(not together) = 1 — Pr (together) Put Gail and Tina to start
circle, 6 to arrange

_, &m_l 2 5
B 7

7! 7

G9. To check independence...Pr(E and F)=Pr(E)xPr(F)

Or in this case look for the one where E involves a suit and F involves the
denomination of a card or vice versa. If both involve a suit, like diamonds and
hearts, they won’t be independent and if both involve the number on a card,
like queens and “not aces” they won’t be independent. The answer is D).

G10. If Pr(E€) = - and Pr(F) =
%, and E and F are independent events, find Pr(E U F).

Pr(EUF) =Pr(E)+Pr(F) —Pr(ENF)
Pr(E U F) = Pr(E) + Pr(F) — Pr(E) X Pr(F) since independent
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G11.If Pr(E/F)=2/3 and Pr(E/F¢)=1/2 and Pr(F)=3/5, find Pr(E).

Pr(E N F) E

Pr(E/F) = — G
Pr (ENF)

2/3= 35

6 2
PI‘(EnF)=E=§

Pr(E/FC) = Pr(E N F%)

r(E/F") = =50y
_Pr (EnF©)

1/2=—— s

1
Pr(EnF€) =¢

Pr(E)=Pr(E N F) 4+ Pr(E N F¢) =

vl N

PER
5
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G12. Use the following diagram to answer the questions below:

A
o
a) Find Pr(A) = - x++2x =1 41= 1/3_~
5°3 5 4 15 5 —
1,34 — 13 g
15 15 15 D —
1/5 —_1/3
—C
b) Find the probability that C occurs, A
given that event D occurs 4/5 1/4 _—
c_— 1/4
Pr(C|D) = 1/, D —— B
EH“‘H___H_]:-KZ
¢) Find Pr(C N D) —C
_ 1 o 1 _ 1
375 15
d) Find Pr (D¢/A)
4 1
CprAp Pr09)  Yals) 5 115 3
= = 4 = = —(—) = —
Pr (4) Ea /s 5 4 4
G13.
n=10 = pr(7heads) = Pr(3 tails) = Pr(x = 3) = () (0.30)?(0.70)’
p = 0.30 tail 0 3
q=0.70 or ( ) (0.30)3(0.70)7 ( same answer)
7
heads
x=7
G14.

417 _~R
Pr (three draws to get red) < 4/6 R
= Pr (BBR) 3/7 B
4/5_~R
206 B < .
4/4
15 B /

-5(6)6) -3
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G15.

n=10 Pr(sum 6 at least once) = 1 — Pr (no sum 6)
p=sum 6 =5/36 = 10n 7 5\° 31\
q=31/36 =1-(9)(35) (36)

31 10
e
36

G16.Pr(F,U Team A) + Pr(F,U Team B) + Pr (F,U Team C)
(8D GY )G
(3 153 5) (3 153 5) (3 153 5)

Distinguishable teams, so we don’t divide by 2!

G17. The probability that will see a bear....
Pr (no more than 3 visits) 0.2 B
= Pr(1 visit) + Pr(2 visits) 02_~B
+ Pr (3 visits) 08 B¢
0.2 B
= 0.2+ 0.8(0.2) + (0.8)(0.8)(0.2) 0.8 ~B°
=02+ 0.16 +0.128 = 0.488 0.8 ™~ g°
G18.
n=38 8 1 1 1 5
0.01)(0.05)*(0.10)"(0.84
P; = 0.01 (win $15000) (1 11 5)©OD}©05)'010)'(084)

P, =0.05 (win $500)

P3 =0.10 (win ticket)
P4=1-0.16=0.84 (not
win)
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G19. p=0.20 to win a prize and q=0.80

a) Pr(win at least one prize)= 1 - Pr(win no prize)=1 — (3) (0.20)°(0.80)7 =
1 —(0.80)7

b) at least 60% sure of winning at least one prize= 1-0.60 or less than 0.40
sure to win NO prize

n 0.80n

1 0.80

2 0.64

3 0.512

4 0.4096

5 0.32768 <0.40

So, you have to be 5 coffees to be at least 60% sure to win at least one prize

G20.
Pr(Jess and Sam together) =% = %

5!is on the denominator because in a circle there are (n-1)! ways to arrange
the people

After we place Jess and Sam together on the circle to start the circle, there are
4 people left to arrange in 4! ways. We multiply by 2! because ]S and S] can
switch places.

G21.
Event Prob
A 8x
B 4x
C X

Since probabilities add to 1, 8x+4x+x=1
x=1/13
Pr(A)=8/13
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G22.

Pr(AUB) =Pr(A) + Pr(B) — Pr (AN B)

0.45=0.5+0.2-Pr(A and B)
Pr(An B) = 0.25 A

G23. Pr(AUB) =1—10.15 = 0.85
Pr(AUB) =Pr(4A) + Pr(B) —Pr (AN B)
0.9 = 0.60 + Pr (B) — 0.30

Pr(B) = 0.60

Pr(B N AS) = 0.6 — 0.3 =0.3

G24.
Pr(sum 7) ={ Pr((1,6(6,1)(2,5)(5,2)(3,4)(4,3)}= 6/36=1/6

G25.

Pr(sum greater than 9 /first roll was a “5")=
=Pr (sum greater than 9 and first roll 5) _ Pr {(5,5)(5,6)}

Pr (first roll 5) T Pr{(5,1)(5,2)(5,3)(54)(5,5,)(5,6)}
_ 2/36 _ 1

- 6/36 3

OR Reduce your sample space and say that since the first die was a 5, we only
look at the cases that start with a 5.ie...{ (5,1)(5,2)(5,3)(5,4)(5,5,)(5,6)Now,
we see how many of these have a sum greater than 9...2 of these 6...s0,
2/6=1/3

G26. Pr(M nC) = Pr(M) x Pr(C) = 0.7 x 0.8 = 0.56 pass both

Pr(fails both) =0.3x 0.2 =0.06

122



©Prepl101 MATH 1228 Final Exam Booklet

G27. A box contains 4 red balls, 2 green balls and 4 yellow balls. Three balls
are drawn without replacement. Find:

a) The probability of getting all three yellow

4
RANE E=2—4=ioryoucando%
1 9°°8 720 30 (3)

b) Pr(2 red and 1 yellow)=Pr(RRY) + Pr(RYR) + Pr(YRR)
=(4/10)(3/9)(4/8)+(4/10)(4/9)(3/8)+(4/10)(4/9)(3/8)=48/720 + 48/720 +48/720 =
4\(4
144/720=1/5 or you can also do %

(5)

¢) Pr(RRR) + Pr(YYY) + Pr(GGG)

= (4/10)(3/9)(2/8) + (4/10)(3/9)(2/8) + 0 (can’t get all G)
—24/720 + 24/720
(3)+(3)+0

(5)

=48/720=1/15 or you can do
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*G28.

Pr(P) + Pr(BP) + Pr(BBP)

=1/6 +(5/6)(1/5)+5/6(4/5)(1/4)=1/6+1/6+1/6=1/2

No more than 3 pens means she either got purple on the first try, or second
try or third try. So, she got purple right away, or one blue and then a purple, or
blue, blue and then purple.

1/6__— Py
5fﬁB 1/5_ Py
4/58 1/4 Py
3/4  1/3 Py
B
2/3 172 Py
B 1/2
B’}’f,,_fo
G29.1n=10

Pr( 5 comes up at least once) = 1- Pr(no 5 comes up)

1-()0 Q-0
w0y 3 )6 6 Q)

This is the more complicated form of the Bernoulli equation...Here, we have
more than one "success" because we want an even number twice and a "5"
three times.

nl=2 even=2,4,6
n2=3 geta5
n3=10-2-3=5rolls getalora3

The numbers in the brackets are the probabilities of getting an even number, a
"5"anda "1 or 3".
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Pr(AnB) 02 _ 2

Pr(B) 03 3

G31.Pr( A/B) =

G32.1f Pr(E/F)=2/5 and Pr(F)=1/4, where E and F are independent events,
what is Pr(E)?

Recall, for independence, Pr(E and F)=Pr(E)xPr(F)

So, the conditional formula becomes...

Pr(E/F) = % **Here the Pr(F) cancels
Pr(E) = =
nEIEs

G33.If E and F are mutually exclusive events with Pr(E)=0.35 and Pr(F)=0.2,
find Pr(E/F).

They are mutually exclusive, so Pr(E/F)= PEF 92—

Pr(F) 0.2
So, Pr(E/F)=0
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Post-Test Two Material
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A. Discrete Random Variables (3.1)

Example 2
X Pr(X)
2 1/36
3 2/36
4 3/36
> 4/36
6 5/36
’ 6/36
8 5/36
7 4/36
10 3/36
11 2/36
12 1/36

a) Pr(X=4)=3/36=1/12 from table

b) Pr(X<4)=Pr(X=2) + Pr(X=3)=3/36=1/12

Example 3.
X Pr[X=x] Cumulative Distribution Function (c.d.f)
0 1/16 1/16
1 1/4=4/16 |116+4/16=5/16
2 %=4/16 5/16+4/16=9/16
3 6/16 9/16+6/16=15/16
4 1/16 1
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Example 4. P
3/5
X=number of red=0,1,2
X Pr[X=x] P
4/6 25 >R

0 PP=4/6(3/5)=12/30=2

/5
1 16/30=8/15 2/6 - 4/5 P
2 RR=

2/6(1/5)=2/30=1/15

/6(1/5)=2/30=1/ 15°N R

Example 5.
a) Pr(Y=5)=F(5)-F(4)=0.9-0.55=0.35
b)Pr(Y<4)=Pr(Y< 3) =F(3)=0.45

c)Pr(Y=4)+Pr(Y=5)=(F(4) - F(3) +0.35=0.55-0.45+0.35=0.45

Example 6.
Pr(x>7)=1—-Pr(x <6)
=1—-F(6)
=1-0.80
= 0.20
-. The answer is [C]
Pr(X>7)=1—-Pr (x < 7)
=1—-F(6)
=1-0.85
= 0.15
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Practice Exam Questions on Discrete Random Variables

A1l. X=Number of Red Disks

Pr(X = 1) = Pr(1R) = Pr(RB) + Pr(BR)
2 5 5 2 20 10
=Ix242xi=2=—

7 6 7 6 42 21

1/6 R
R
5/6
2/7 / 5
5/7 2/6 R
B g
B

A2. Given the following probability distribution function, find Pr(X=2).

X Pr(X)
0.1
0.2
0.4
0.2
0.1

U (W (IN |

Pr(X=2)=1-01-04-02-01=1-0.8=0.20
Prob(X at most 3) =F(3)=0.1+0.2+0.4=0.7

A3.See A2. Find F(2).

F(2) = 0.1+0.2=0.3
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*A4. If X is a discrete random variable with Pr(X=0)=0.2, Pr(X=1)=0.1,
Pr(X=2)=0.4 and Pr(X=3)=0.3 and E is the event that X has the value of 0 or 1,
find Pr(E).

X Pr(X) F(X)
0 0.2 0.2
1 0.1 0.3
2 0.5 0.8
3 0.2 1

Pr(E)= Pr(X=0) + Pr(X=1)=0.20 + 0.1 = 0.3

A5. See A4. Find F(2).
F(2)=0.80

*A6. A 6-card hand is dealt from a standard deck of cards. The discrete

random variable X counts the number of diamonds in the hand.
a) Find n(S).

n(s) = (562)

b) Find the number of sample points in the event (X=2).
x=2 means we get 2 diamonds and four other cards that are NOT diamonds

_(13\ (39
n(E)'( 2 ) ( 4 )
A7. The discrete random variable X has the probability distribution function
shown below:

X Pr(X=x)
1 1/9 2/7 R
2 2/9 e R 5/7
3 6/9 / >
Find Pr(X<3). 5/8 3/7 R
P 4/7
=Pr(X=1) + Pr(X=2)=1/9 + 2/9=3/9=1/3 P
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A8. 3 red, 5 purple
X=number of purple=0,1,2...can get RR, PR, RP or PP

Pr(X=1)= Pr(get one purple)
=Pr(PR) + Pr(RP)

5.3 3_5
== X=-+=-X=

87 877

30
56
15

28

A9.
Y Pr(Y) F(Y)
2
3 0.40
4 0.15 0.55
5 0.30 0.85
6 0.15 1

* Remember the last entry in the cumulative column is 1, but in prob.
the entries alladd up to 1

a) Pr(Y=4)=F(4)-F(3)=0.55-0.40=0.15
b) Pr(Y=5)=F(5)-F(4)=0.85-0.55=0.30

Pr(Y<5)=Pr(Y< 4) =F(4)=0.55

c) Pr(Y=4)+Pr(Y=5)+Pr(Y=6)=0.15+0.3+0.15=0.60

ORF(6) - F(3)=1-0.4=0.6
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A10.
W Pr(W)
1 1/4
3 1/2
-1 1/4
All.
X Pr[X=x] Cumulative Distribution Function (c.d.f)
0 0.15 0.15
1 0.25 0.15+0.25=0.4
2 0.20 0.4+0.2=0.6
3 0.35 0.6+0.35=0.95
4 0.05 1

Pr(X<3)=Pr(X< 2) = F(2) = 0.6

A12.
X=number of purple=0,1,2
X Pr[X=x]
3/5
0 RR=2/5x1/4=2/20=1/10
1 6/10 2/5
2 | PP=3/5x2/4=6/20=3/10 R

2/4

3/4

2/4

1/4
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A13. Find the cumulative distribution for the probability distribution function
given below:

X Pr(X) F(X)

1 0.1 0.10

2 0.25 0.10+0.25=0.35
3 0.45 0.35+0.45=0.80
4 0.20 1

b) Pr(X < 4) = 0.1 + 0.25 + 0.45 = 0.8

¢) F(3)= 0.1+0.25+0.45= 0.8

A14. Pr(X=6)= F(6)-F(5)=0.60 - 0.40 = 0.20

A15.
X Pr[X=x] Cumulative Distribution Function (c.d.f)
0 1/16 1/16
1 3/8=6/16 |1/16+6/16=7/16
2 4/16 7/16+4/16=11/16
3 4/16 11/16+4/16=15/16
4 1/16 1
Al6.

Pr(X=6)= F(6)-F(5)=0.67 - 0.5 = 0.17

A17.
a) Pr(X=3)=F(3)-F(2)=0.75 - 0.35=0.40

b) Pr(2<X<5)=Pr(X=3)+Pr(X=4)
=F(3)-F(2) + F(4)-F(3)

=0.40 + 0.85-0.75 from a)

=0.50
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B. The Mean and Standard Deviation (3.2)

Example 1. net winnings, so you take away the $1 you pay from your
winnings

X Pr[X=x]
2-1=1 3/6 (even #)
-2-1=-3|2/6 (roll 1 or 3)

4-1=3 |1/6(rolla5h)
E(X)=1(3/6)+(-3)(2/6)+3(1/6)=$ 0 So, it is a fair game!

Example 2.
X=number of draws = 1, 2, 3 or 4 draws to get a purple

X Pr[X=x]

1 P=2/5=4/10

2 GP=
3/5(2/4)=6/20=3/10

3 GGP=
(3/5)(2/4)(2/3)=1/5=
2/10

4 GGGP=
(3/5)(2/4)(1/3)(1)=2/
20=1/10

E(X)=1(4/10)+2(3/10)+3(2/10) +4(1/10)=(4+6+6+4)/10=2
2 X

{
35  2/4 P
G / X

2f4G 2/3 Py
1/3 2/2=1 _p,
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Example 3.
X Pr(X) X2
0 1/3 0
1 1/3 1
2 1/3 4
Total =1
1 1 1 3
E(X)=0><—+1><§+2><— §=1
E(XZ)—O<1>+1(1>+4<)—5
B 3 3
, 2 5 , 5
V(X)=E(X)—(E(X)) 5—(1) =3
2
°= 13
Example 4.
X Pr(X) X2
-1 14=3/6 1
0 1/3=2/6 0
2 1/6 4
Total=1
E(X)=-1 3 +0 2 +2 _ 1
0 =-1(g)+0(g) +2(5) =~
E(XZ)—1(3>+0(2>+41 _’
B 6 (6)_6
Vix 7 1> 71 42 B
()_6 6/ 6 36 6 36 36
41
= [— =441
o 36 \/_/6

MATH 1228 Final Exam Booklet

Example 5. Given E(X)=5, E(Y)=2 and V(X)=5, find each of the following:

a) E(2X-3Y)=2E(X) - 3 E(Y)=2(5) -3(2) = 4
b) E(4X-1)=4E(X) - 1=4(5) - 1= 19

c) V(2X-3)=22V(X)= 4(5)= 20

d) V(-X+2)= (-1)2V(X)=1(5)=5

o(—X +2)=V5
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Example 6.
Y=-2X+4 Y=-2X+4
E(Y)=E(-2X+4) VY)=V(-2X+4)
3=-2E(X)+4 V(Y) = (=2)?V(X)
3—4=-2E(X) V(Y)=4(5) =20
—1=-2EX) o(Y) =20
Ex) =1/,
Example 7.
Y=3X-5 Y=3X-5
E(Y) =E(BX-5) V({Y)=V(3X-5)
E(Y)=3E(X)-5 V() =3%V(X)
2=3E(X)-5 10 =9V (X)
= 10
7 3E();) V(X = -
Example 8.
V(x) = E(x?) —(E(x) =10-22=10-4=6
o(x) =V6
Example 9.
X Pr(X=x)
0 0
6-a 0.4
6+a 0.6

If E(X)=6.4, find the value of "a".
6.4=0(0)+(6-a)(0.4)+(6+a)(0.6)
6.4=2.4-04a+3.6+0.6a
6.4-24-36=02a

0.4 =0.2a

a=2

Example 10.0(X) =9, soV(X) =81
V(X) = EX?) - (E(D)°

81= E(X?) — (5)2

E(X?) =81+ 25 =106
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Practice Exam Questions on Mean and Standard Deviation

B1.
X Pr(X)
L{P) 3_6
5 10
dwey |23 63
> 51 43_ 202_ 101
3 {RRP} 2
1)
+6+
£ =1(g5) +2(35) +33 (f0)="15=10=1°
Pr(X<2)=Pr(X=1) = =
3/5 Py
&5 34 P
R f 1/4 ' 3/3=1
R —— X
B2.
Y =—-2X+5 Y =—2X+5
E(Y)=—-2EX)+5 V(Y) = (-2)2V(X)
5=—-2EX)+5 V(Y) = 4(6)
0=—-2EX) V(Y) = 24
EX)=0
B3.
Y =3X—4 Y =3X—-4
E(Y)=3EX) -4 V(Y) = 3%V (X)
3=3EX) -4 7 =9V (X)
7 = 3E(X) 7
EX)="/q VX =3
o= [
B4.

V(X)= EX?) - (EX)) =15-22=15—-4 =11

o(X) =11
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B5.

O| 0| 9| o] 1] | W N[
N
~—
Lo
o\

=
el =)
N W
\
Lo
@)

12 1/36

EX) =2(Y/36) +3(%/36) +4(3/36) + -+ 12(1/3¢)

252
E(X) = % =7
OrE(X+Y)=EX)+E(Y){X=#on1stdieand Y = # on 2nd die}
:g + % = % = 7 (using chart fromex.1p.130 booklet)

Bé6. X Pr(X) X2
1 0.3 1
2 0.2 4
0 0.5 0

1 =1(0.3) +2(0.2) + 0(0.5) = 0.3 + 0.4 = 0.7
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B7.
X Pr(X) X2
1 0.3 1
2 0.2 4
0 0.5 0

E(X)=pu = 1(0.3) + 2(0.2) + 0(0.5) = 0.3 + 0.4 = 0.7
E(X?) = 0.3(1) + 4(0.2) + 0(0.5) = 0.3 + 0.8 = 1.1

V(X)=E(X?) - (E(X))?

=1.1-0.72
=1.1-0.49
=0.61
BS.
X Pr(X)
0 3/7x2/6=6/42
1 3/7x4/6+4/7x3/6=24/42
2 4/7x3/6=12/42

X=0 means we got no purple, which means RR
X=1 means we got one purple, which could be PR or RP
X=2 means we got two purple, or PP
E(X)=0+1(24/42)+2(12/42)=48/42=8/7
2/6 R
3/7 R 4/6

P
a4/7 3/6 R

P 3/6
P
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*B9. V(X)=72=49

V(X)=E(X?)-(E(X))?
49=E(X?) - 32
E(X2)=9+49=58

B10. V(-2X+1)=(-2)2V(X)=4(10)=40
o(—2X + 1) =40

*B11. V(-2X+5)=(-2)2V(X)=4(5)=20

B12. Given E(X)=2, E(Y)=4 and V(X)=5, find each of the following:

a) E(2X-5Y)=2(2)-5(4)= 4-20=-16
b) E(-2X-1)=-2(2)-1=-5

¢) V(-2X-5)=(-2)2V(X)= 4(5)=20

d) V(—2X + 1) )=(-2)2V(X)= 4(5)=20
o(—2X + 1)=V20

*B13. Given E(X)=5, E(Y)=2 and V(X)=6, find each of the following:

a) E(2X-4Y)=2E(X) - 4 E(Y)=2(5) -4(2) = 10-8=2
b) E(-X+3)=-1E(X) + 3=-1(5) + 3 =-2

c) V(4X-3)=42V(X)=16(6)=96

d) V(-X+5)= (-1)2V(X)=1(6)=6

o(—X + 2)=V/6

*B14. Given E(X2)=10, E(X)=3, E(Y)=5, find each of the following:
V(X)=E(X?) - (E(X))?

V(X)=10- 32

V(X)=1

a) E(-2X-3Y)=-2E(X) -3E(Y)=-2(3) -3 (5)= -6 -15 = -21
b) V(-2X+3)=(-2)2V(X)= 4(1)=4
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B15.
X Pr(X) X2
-1 1/2
0 1/4 0
1/4

E(X) = 1X1+0><1+1><1— 1-|-1—
B 2 4 4 24

=1 o)1)=

/00 = 00 - G0y =3 () 5 -5

o(X) = E
16
B16.
X Pr[X=x]
1 1/6
2 1/6
3 1/6
4 1/6
5 1/6
6 1/6

E(X)=1(1/6)+2(1/6)+..6(1/6)=21/6 = 7/2 = $3.50
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*B17.
X Pr(X)
0 RR 2/5 (1/4)=2/20
1RP, PR 12/20
2 PP 3/5 (2/4)=6/20

X=0 means we got no purple, which means RR
X=1 means we got one purple, which could be PR or RP
X=2 means we got two purple, or PP

Pr(1 Purple)=1-2/20-6/20=12/20

2/4
E(X)=0+ 1 (12/20) + 2(6/20) = 24/20 = 12/10 =
P
6/5 a5 2/4
2/5 3/4
R
1/4
B18.
3 5 1 34+10+43 16
w=E@ =1(3)+2(3)+3(5) =52 =7%
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B19.
X Pr(x) X2
0 BB 6/42=1/7 0
1 BR, RB 4/7 1
2 RR 12/42=2/7 4
E(X)=mean=0(1/7)+1(4/7)+2(2/7)=8/7
3/6 R
V(X)=0(1/7)+1(4/7)+4(2/7) - (8/7)?= .
12/7 - 64/49 = 84/49 - 64/49 = 20/49 i T B
3/7 4/6 R
B
B20.
206 g
X Pr(X=x) X2
1 3a=3/9 1
0 2a=2/9 0
2 2a=2/9 4
4 2a=2/9 16
TOTAL 1
3a+2a+2a+2a=1
a=1/9
a) Pr(X=2)=2/9
bYEX)=—1(3)+0(3) +2(3) +4(3) =2=1
QEXD)=1(3)+0(3)+4(3) +16(2) ==
43 43 9 34
VX =EX) - (EX) =5 - WP =5 -5=%
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B21. Given E(X)=4, E(Y)=3 and V(X)=7, find each of the following:
a) E(3X-4Y)=3E(X) - 4 E(Y)=3(4) - 4(3) = 0

b) E(-X+6)= -1E(X) + 6= -1(4) + 6 = 2

¢) V(-4 +X)=V(X -4)=12V(X)= 1(7)=7

d) V(-X+8)= (-1)2V(X)=1(7)=7
o(—X +8)=\7

B22.

a) Y=-2X+7
E(Y)= E(-2X+7)
5=-2E(X)+7

-2 =-2E(X)
E(X)=1

b) Y=-2X+7
V(Y)=V(-2X+7)
V(Y)=4V(X)
V(Y)=4(6)=24
a(Y) =24

B23.

a) Y=5X -3
E(Y)= E(5X- 3)
5= 5E(X) - 3

8 =5E(X)
E(X)=8/5

b) Y= 5X -3
V(Y)=V(5X -3)
V(Y)=25V(X)
16=25V(X)
V(X)=16/25
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B24.
V(X) =E(X?) — (E(X))2 =20—-4>=20—-16=4
o(X)=V4=2
B25.
X Pr(X) X2
-1 0 1
0 1/2 0
1/2
1 1 1
E(X)=_1XO+OX§+1X =3

E(X?) = 1(0) + 0 (1) 12

2
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C. Binomial Random Variables (3.1)

Example 1.

1 4
a) n=20,p=§,q=§

1
EX)=np=20x=-=4

5
4 16
b) V(X) =npq =4 X T=T

c)o(X) = V(X) —\/;

Example 2.
1 3
= 48’ = -, = —
n P=p1=7

1
U=np= 48(—) =12

1 3
V(X) =npg=48Xx—-Xx—-=9

4 4

V(X)=E(X?)-(E(X))?
9= E(X2)-122
E(X2)=9+144=153

MATH 1228 Final Exam Booklet
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Practice Exam Questions on Binomial Random Variables

X= # baskets she gets in
a)E(X)=np=18(1/3)=6

b) V(X)=npq=18(1/3)(2/3)=4
o(X) = J/npqg =V4 =2

C2.n=60
p=geta "4"=1/6

a) Pr(X=3)=(630) (%)3 (2)57 this is Bernoulli

b) Pr( 4 atleast once)=1 - Pr(no 4)=1 — (60) (1)0 (5)60

0
c) E(x)=np=60(1/6)=10 times v
d) V(X)=npq=60(1/6)(5/6)=50/6=25/3

25 5
G(X)=W=\/;=\/—§

C3.n=100

X=odd #

p=1/2 (oddisa 1,3,5)
q=1/2 (evenis 2,4,6)

a) E(X)=np=100(1/2)=50

b) V(X)=npq=50(1/2)=25

) o(X) = npg=+v25=5
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C4. X=# times a 3 comes up
n=60

p=1/6 (geta"3")
E(X)=np=60(1/6)=10

1

C5.p = T = 0.2, =08,n=75
1

E(X)=np = 75<§) =15
C6.n=72, p= %,q = —-,x = # of times odd number comes up
a) E(X) =np =72 x =36
b)V(X)=npq=72x%x%= 18
o) o(X) =JV(X) =18

)

” N |-
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D. Independent Random Variables (3.3)

Example 1.

E(XY) = E(X)E(Y)
X Pr(X)
1 1/6
2 1/6
3 1/6
4 1/6
5 1/6
6 1/6

oo =123} o(3)- 2]

E(XY) = % X ; = %

Example 2.

Let X and Y be two independent random variables where E(X2)=10, E(X)=2,
E(Y)=5 and V(Y)=4.

a) Find o(X)
V(X)=E(X2) - (E(X))2= 10 - 22=6
a(X) =6

b) Find E(2X-4)
E(2X-4)=2E(X) - 4 = 2(2) - 4 =0

c) Find V(9 - X)
V(-X+9)=(-1)2V(X)=(1)(6)=6

d) Find V(-X+4Y)
V(-X+4Y)=(-1)2V(X)+(4)2V(Y)= (1)(6) + 16(4)=70

*e) Find E(X2Y)=E(X?) (E(Y)=(10)(5)=50
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Example 3.

X is binomial with n=4, p=4/10=0.4
a) E(x)=np=4(0.4)=1.6

Y is binomial with n=12, p=0.5 and q=0.5
b) E(Y)=np=12(0.5)=6

c) E(XY)=E(X)E(Y) since they are independent
=1.6(6)=9.6

Example 4.

V(X)=15, E(Y)=3, E(Y?)=18

Find V(Y)=E(Y?)-[E(Y)]?= 18 - 32=18- 9=9

X, Y independent, so V(X-Y)=12V(X) + (-1)2V(Y)=1(15)+1(9)=24
Example 5.

Since they are independent, E(XY)=E(X)E(Y)

a) 12=4E(Y)
E(Y)=3

bV (Y) = E(Y?) — (E(Y)) =4—-(3)2=4—-9=—5

Q) V(=1X +3Y) = (—1)2V(X) + 32V (Y) = 1(3) + 9(-5)
=3 —45=—42

o(—1X + 3Y) = V=42

= undefined since we can'take the square root of a negative number
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Example 6.

X Pr(X) Y XY X+Y (X+Y)?

1 0.4 -1 -1 0 0

2 0 0 0 2 4

3 0.6 1 3 4 16

a) E(X) =1(0.4) +2(0) +3(0.6) =04+ 1.8 =22

b) E(Y) =—-1(0.4) + 0(0) + 1(0.6) = —0.4+ 0.6 = 0.2

c) E(XY) = (XY)Pr(XY) = —-1(0.4) + 0(0) + 3(0.6) = -04+18=1.4
No, they are not independent.

d) E(X+Y)=E(X)+E(Y)=2.2 +0.2=2.4
E(X+Y)2=0(0.4)+4(0)+16(0.6)=9.6
V(X+Y)=E(X+Y)?- [E(X+Y)]?

=9.6 - 2.42=9.6 - 5.76=3.84 NOT independent

Example 7.

E(aW +b) =aE(W)+b
~ E(XY +12) = 1(E(XY)) + 12
= E(X) - E(Y) + 12 since XY are independent
=(-4)(6) + 12=-12 The answer is D.
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Example 8.

U=4V + 6 U=2W-20
E(U) =E(4V +6) E(U) = E(C2W — 20)
E(U)=4E(V)+6 E(U)=2E(W)—20

Set E(U) = E(U)
AE(V) + 6 = 2E(W) — 20
Substitute E(V) = 4
4(4) + 6 = 2E(W) — 20
204+ 16+ 6 = 2E(W)
42 = 2E(W)

EW) =21
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Practice Exam Questions on Independent Random Variables
D1LV(X) = E(X?) — (E(X)) =12 -22 =38
a)V(2X + 4Y) = 22V (X) + 42V (Y)
=4V (X) + 16V (Y)
=4(8)+ 16(3) =32+48 =80
b) V(X +2Y) = 1?2V(X) + 22V (Y) = 1(8) + 4(3) = 20
o(X +2Y) =20
OEXY)=EX)E(Y)=2%x3=6

*D2.Find each of the following:
a) E(X?)

V(X)=E(X?) - (E(X))?
5=E(X2) - 22

E(X?)=9

b) V(4X - Y)

V(4X-Y)=(4)2V(X) + (-1)2V(Y)=16(5) + (1)(6)= 80+6=86

c)o(—2X + 5Y)

V(-2X+5Y)=(-2)2V(X) + (5)2V(Y)=4(5)+25(6)=20+150=170

o(—2X +5Y) =+v170

D3.a) E(XY)=E(X)E(Y)=(6)(2)=12

b) E(2X+3Y)=2E(X) + 3E(Y)=(2)(6) + (3)(2)=18

) V(X-Y)=12V(X) + (-1)?V(Y)=(1)(1/2) + (1)(1/3)=3/6 +2/6 =5/6
d) o(X + 2Y)

V(X +2Y) = (1D*VX) + (2)2V(Y)
=(1)(1/2) + (4)(1/3)=3/6 +4/3=3/6+8/6=11/6

o(X +2Y)= \/%
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D4,
A)E(-3X+4)=-3E(X)+4=-302)+2=—-6+4=-2
b) E(Y?) =?

V(Y)=E(Y?) - (E(Y))?

8=E(Y2) -42

E(Y2)=8+16=24

OE(XY) = E(X)E(Y) =2(4) =8

A VEX —1) =32V (X) = 9(6) = 54

&) V(=2X = Y) = (=2)2V(X) + (—=1)2V(Y)
= 4(6)+1(8) =24+ 8 = 32

D5.
V(3X — 4Y) = 32V(X) + (—4)2V(Y) = 9(6) + 16(5) = 54 + 80 = 134
o(3X — 4Y) = V134

D6. ..For example, when event E occurs, X has value -1 and Y has value 2.

Outcome Probability X Y X-Y (X-Y)?2
E 0 -1 2 -3 9
F Y 0 1 -1 1
G Y2 2 0 2 4

IFE(X)= 1, E(Y)= 1/2, V(X)=1 and V(Y)=1/4, find V(X-Y).

**They are NOT independent so you can't use
V(X-Y)=(1)2V(X) + (-1)?V(Y)
So, we use: V(X-Y)= E(X-Y)2 - (E(X-Y))?

a) E(X-Y)=(-3)(0) + (-1)(1/2) + 2(1/2)=-1/2+ 2/2=1/2
b) E(X-Y)?

=9(0) + 1(1/2) +4(1/2)

=5/2

V(X-Y)= E(X-Y)? - (E(X-Y))?
=5/2 - (1/2)?

=10/4 - 1/4

=9/4
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D7. X is binomial with X=# white with n=4 and p=4/9
E(X) = 4 (§)=16/9
E(Y)=np=10><%=5
E(XY) = EXE(Y) =72(5) =2

D8.
X is binomial with n=60, p=2/6=1/3 and q=2/3
E(x)=np=60(1/3)=20

Y is binomial with n=20, p=0.4 tails and q=0.6 heads
E(Y)=np=30(0.4)=12

E(XY)=E(X)E(Y) since they are independent

=20(12)=240
DO.
X Prob Y X+Y (X+Y)2
1 0.3 0 1 1
2 0.5 1 3 9
3 0.2 2 5 25

a)E(X+Y)=0.3(1)+0.5(3)+0.2(5)= 0.3+1.5+1=2.8
b)E(X+Y)2=1(0.3)+9(0.5)+25(0.2)=0.3+4.5+5=9.8

V(X+Y)=9.8 - (2.8)?

*D10. E(XY - 4X).
E(aX+bY)=aEX)+bE(Y)
« E(1XY — 4X) = 1E(XY) — 4E(X)
=E(X)-E(Y) —4E(X) since X &Y are independent
=6-5—4(6)
=30 — 24
=6
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*D11. find 6 (X —Y).
V(X) = 5% = 25 V(Y)=32=9
~V(aX + bY) = a?V(X) + b2V (Y)
VX -Y) =12V (X) + (—=1)?V(Y) since X, Y are independent
V(X —Y) = 1(25) + 1(9) = 34

cX-Y)=/V(X-Y) =34

D12. If X and Y are independent random variables with E(X) = -7 and E(Y)=5,
find E2XY+3).

E(aW +b) =aE(W)+b
~ EQXY +2) =2(E(XY)) +3
= 2E(X) - E(Y) + 3 since X,Y are independent
=2(-7)(5) +3=-70+3= -67
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E. Final Exam Questions on Sections A to D (3.1 to 3.3)

E1l.
w=4vVKx) =12
o=+V(X) =12

E2

V(X) = EX?) — 2
25 = E(X?) — 52

E(X?) =50
E3.

Y =10-2X

Y =-2X+10

E(Y) = —2E(X) + 10
E(Y)=-2(6)+10=—-12 + 10 = —2

E4,
V(Y) = V(=2X + 10)
V(Y) = (-2)2V(X) = 4(2) = 8

oY) =,V(Y) =8

ES.
c=3VX)=32=9
V(X) = E(X?) — p?
E(X?) =V(X) + u?
E(X?)=9+64=73

E6.V(5X + 1) = 52V(X) = 25(3) = 75
E7.
i)  EXY)=EX)E() =5(6) = 30 true

i) EX+Y)=E(QX+1Y)=1EX)+1E(Y) =5+ 6 = 11 true
i) E(X—-Y)=1EX)—1E(Y)=5—6 = —1true

So, all of them are always true and the answer is A).

157



MATH 1228 Final Exam Booklet

©Prepl01
E8.
X Pr(X) X2
-1 0 1
0 1/2 0
1 1/2 1

1 1
u=-100)+0 (§> +1(1/2) =5

, 1. 1y 1
E(X)=1(O)+O(§)+1<§)=E

v0-3-@ -

2

E9.
E(X) = 1.2

0(0.7)+01(5+a)+0.2(5—-a) =12

1 1

0+05+01a+1-02a=1.2
—01la=12-15

-0.1a=-0.3
a=3
E10.
Roll \W% Pr(W)

1 -2 1/6
2 3 1/6
3 -2 1/6
4 1/6
5 6 1/6
6 1/6

EW) = =2(/¢) +3(Y/g) + 2(Yg) +3(Yg) + 6(/g) +3(Y/6)

E(W —$11
W) =$—
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E11.1fY=7X-3 and V(X)=1, find o (Y).

V(Y)=V(7X-3)

V(Y)=72V(X)

V(Y)=(49)(1)

V(Y)=49

oY) =V49 =7

*E12. Use the following table below to answer the questions below:
Outcome Probability | Value of X Value of Y XY
E 0 -1 2 -2
F 0.3 2 1 2
G 0.7 5 0 0

a) Find the value of Pr[(X=-1)N(Pr(Y=2)]=0

b) Find the value of Pr(XY=0)

Pr(XY=0) =0.7

c) Find E(XY) ** notindependent, so you can't use E(XY)=E(X)E(Y)
E(XY)=(-2)(0) + 2(0.3) + 0(0.7)=0.6

E13.
AEX) =-1(1/5)+0(3)+1(5) =
b) E(Y) —0(1/3)"‘1( )+2

1

~V(Y) = E(Yz) - [E()]?
V) ==t 2=t
3 3 3
Outcome Probability | Value of X | Value of Y | X-Y
E 1/3 -1 0 -1
F 1/3 0 1 -1
G 1/3 1 2 -1

JEX-Y)=EX)—E(Y)=0—-1=—1

F -1z = (-2 (5) + (02 (5) + 02 (3)
:I}(X—Y)=1—(—1)2=1—1=0
»o(X—=Y)=v0=0
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F. Probability Density Functions (4.1)

Example 1.
Find the probability the salad weight is between 12 and 15 ounces.

Pr(12<X<15)=area under the rectangle= Length x Width= (3)(1/10)=0.30

Example 2. Given the graph, find the Pr(X<8).
Pr(X<8)= 1 - Pr(X>8)= 1 - Area of the triangle= 1 - 2* = 1 — 2009 =
1—-0.08=0.92

f(x)
Example 3. Graph f(x)=x/50 for 0 < x < 10,

where f(x)=0 otherwise 10/50

Use the graph to find Pr(X<4).

: bh (4)(%)
PrX<4)= area of tr1angle=7 =— = 0.16 4/50 ——

Example 4. Continuous random variable X has probability density function
f(x)=x/2
if 0 < x < 2 and f(x)=0 otherwise. Find Pr(1<X<2).

!
Prix<1)=2 = 22 = 0.25

Pr(1<X<2)=Pr(X>1)=1-0.25=0.75
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*Example 5. Continuous random variable X has probability density function
f(x)=cx for
0 < x < 8. Find the value of c.

f(x)

8¢c ——
Total Area=1
bh _
> =

ac ——
®)(8) _

2 | []
A 8 X

64c=2
c=2/64=1/32

*Example 6.

f(x)
1/2—+—
/1/4
I [
2 | 2

x ="
-2 0
0 Ya
2 1/2
1 3/8

Pr(X<1)= %bh = %(3) (Z) 2

16
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Practice Exam Questions on Probability Density Functions

F1. Using the graph below, find the Pr(X<0.75).
Pr(X<0.75)=0.5

F2. Using the graph below, find Pr(X=1) and Pr(X<1).
Pr(X=1)=0 (can't equal one number, there is no area to find!)
Pr(X<1)= 1-Pr(X>1)=1-bxh/2

=1-(1)(0.5)/2

=1-0.25

=0.75

F3. Using the graph below and the probability density function f(x) = 1/8, find
Pr(3<X<6).
Pr(3<X<6)=LxW=(3)(1/8)=3/8

F4. Continuous random variable X has probability density function f(x) = =

50
if 0<x<10 and f(x)=0 otherwise. Find Pr(1<X<6).

Pr(1<X<6)= Area of Triangle + Area of rectangle

Or Area of triangle between 0 and 6 - Area of triangle from 0 to 1
=(6)(6/50)/2 - (1)(1/50)/2

=36/100-1/100

=0.35 f(x)
10/50 ——
6/50 —
1/50 ——
-
1 6 10 X
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F5. Continuous random variable X has probability density function f(x) = %8,
if 0<x<6 and f(x)=0 otherwise. Find Pr(1<X<2).

Find Pr(1<X<2)= Area Triangle 0 to 2- Area Triangle 0 to 1

=(2)(2/18)/2 - (1)(1/18)/2
=4/36-1/36
=3/36=1/12

f(x)

6/18 ——

3/18 ——

*F6. The probability density function f(x) of a continuous random variable X is
defined by f(x)=kx if 0<x<9 and f(x)=0 otherwise. Find the value of k.

The total area under the graph must be equal to 1.

bh/2=1
(9)(9Kk)/2=1 Hx)
81k/2=1
k=2/81 Ok ——
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F7. Continuous random variable X has probability density function f(x) = g, if

0<x<4 and f(x)=0 otherwise. Find Pr(X>3).
Pr(X>3)=1 - Pr(X<3)
=1-bh/2

=1-(3)(3/8)/2

=1-9/16
=7/16

f(x)

4/8 ——

y

F8. Continuous random variable X has probability density function f(x) = g if

0<x<2 and f(x)=0 otherwise. Find Pr(X<0.25).

Pr(X<0.25)= area of a triangle=bh /2= (1/4)(1/8)/2=1/32(1/2) =1/64

f(x)

1/8 —

0.25 2
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*F9. Find Pr(X < 4k).

Total Area = 1

—=1
2
4(4k):1
2 1
k=2 flx) =
1
- X
8
fG) ==x

f(x)

4k —

MATH 1228 Final Exam Booklet

f(x) =kx

2k

BIN O (R

4k

f&) = kx=1/8 (x)

0

1/8

2/8

3/8

4/8

NN IR =

1/8(1/2)=1/16

Pr(x < 4k) = Pr(x < 4/8) = Pr (x < 1/2) =(1/2)(1/16)/2=1/64
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G. Normal Distributions (4.2)

Empirical Rule

Example 1.
right = 50% — 34% = 16%

left = 50% — = = 2.5%
total = 18.5%

Example 2.
left =27 = 49,85 right = 2= = 47.5
2 2

total = 97.35%

Normal Random Variables
Example 1.

b) Pr[Z>1.4]= 1-Pr(Z<1.4)=1-0.9192=0.0808

c) Pr[Z>-2]
Pr[Z>-2] = same area as Pr[Z<2] = 0.9772

Example 2.

MATH 1228 Final Exam Booklet

A

a) Pr(1.42<Z<2.05)= Pr(Z<2.05) - Pr(Z<1.42)= 0.9798-0.9222=0.0576

b) Pr(Z>2.11)= 1- Pr(Z<2.11)= 1 - 0.9826=0.0174

142 2.06
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c) Pr(-1.28<Z<-0.46) re-draw on the positive side
Pr(0.46<7<1.28)

=Pr(Z<1.28) - Pr(Z<0.46)

=0.8997 - 0.6772=0.2225

-1.28 -0.46 046 128

d) Pr(Z<-0.48)=re-draw as the same shaded area on the positive side
=Pr(Z>0.48)

=1 - Pr(Z<0.48)

=1-0.6844

=0.3156

e) Pr(-2.11<Z<0.86)
=Pr(Z<0.86) - Pr(Z<-2.11)
=0.8051 - (1-Pr(Z<2.11)
=0.8051 - (1-0.9826)
=0.8051-0.0174

=0.7877

f) Pr(-1<Z<2)= Pr(Z<2) - Pr(Z<-1)= 0.9772 - 0.1587=0.8185

-1 2
g) If we look at the area below 1.57, itis 0.9418, i.e. Pr(Z<1.57)=0.9418. So, the

area between 0 and 1.57 must be 0.9418 - 0.5000 since there is 0.5 or 50% on
each side. So, the answer is 0.4418.
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Example 3.

a) Pr(Z<k)=0.2155...1ook up this number in the body of the area chart and find
the corresponding "k" or "Z" value along the left..we know Kk is a negative
number since the area less than it is below 0.50.

0.2155 0.7845 0.2155

Since we aren't given the chart with negative numbers, we can re-draw it in
the positive and then just remember in your final answer that "k" was
originally negative.

k=-0.79 is the closest value we can get (0.7852)
b) Pr(Z>k)=0.2119

Lookup 1-0.2119=0.7881
k=7=0.8

Example 4. Find k such that Pr(Z>k)=0.7

Look up the area 0.7 and find "k" along the left side of the table.
Remember, k is a negative value since the original z-score diagram had k on
the left of zero

Therefore, k= -0.525
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Example 5.
Pr(X<14)=Pr (Z<——) = Pr (Z < 2)
=0.9772

Example 6.
mean= u=>5
oc=23

10-5 5
Pr(X > 10) = Pr(Z > 3 >= Pr(Z >§) = Pr(Z > 1.67)

=1-0.9525 = 0.0475

Example 7.
mean= pu=11
o=2
14 — 11 15—-11
= Pr (

> <ZzZ< >
=Pr(1.5<7Z<?2)
=Pr(Z<2) - Pr(Z<1.5)
=0.9772 -0.9332
=0.044

)

So, -8<X<22
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Example 9. X is a normal random variable with unknown mean x and

standard
deviation o=3. If Pr[X<25]=0.9772, what is the value of u?

Look up the area 0.9772 in the body and you get Z=2.

X_
Z = s
o
25— pu
2 =
3
u =19

Example 10. ...in the top 4% of all students taking this exam?

u =60
o=10

We have 0.04 area above the line, so the area below our line is 1-0.04 = 0.96
Pr(Z<k)=0.96

Look up the area 0.96 in the body of the table and k=1.75(the closest is
0.9599)

X=17.5+60=77.5

Therefore, a student must
score 77.5
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Practice Exam Questions on Normal Distributions

G1. For the standard normal random variable Z, find the value of Pr[Z<1.6].

A. 0.0548 B. 0.9452 C.0.8554 | D.0.1446 |E.None of the above

Pr (Z<1.6)=0.9452
The answer is b).

G2. For the standard normal random variable Z, find the value of Pr[Z>-0.80].

A.0.7881 B. 0.80 C.0.2119 D. 0.5319 | E. None of the above

Pr(Z> - 0.80) = Pr(Z<0.80) = 0.7881
The answer is a).

G3. For the standard normal random variable Z, find the value of
Pr[-1.20<Z<1.20].

A. 24 B. 0.9918 C.0.1151 | D.0.7698 |E. None of the above

Pr (-1.20<Z<1.20)=Pr(Z<1.2) - Pr(Z<-1.2)
=0.8849 - (1-0.8849)

=0.7698

The answer is d).

G4. For the standard normal random variable Z, what is the value of
Pr[Z>1.76]?

A.0.0392 B. 0.9608 C.0.9554 | D.0.0446 |E.None of the above
Pr (Z>1.76)=1 - Pr(Z< 1.76)
=1-0.9608
=0.0392

The answer is a).

G5.If Z is the standard normal random variable, find Pr[-1 <Z < 1].

A.0.0228 B.0.9772 C.0.1587 | D.0.8413 | E. None of the above

Pr (-1<Z<1)=Pr(Z<1) - Pr(Z<-1)
=0.8413 - (1-0.8413)

=0.6826

The answer is e).

171



©Prepl101 MATH 1228 Final Exam Booklet

G6. Find the value of k if it is known that Pr[k<Z<1.5]= 0.0483 , where Z is the
standard normal random variable.

A. 1.2 B.-1.2 C.0.8849 | D.1.66 E. none of the above

Pr(Z<1.5)=0.9332
0.9332 - 0.0483=0.8849
Look up area 0.8849 and you get k=1.2

The answer is a).

G7. Use the table for the standard normal random variable Z to find
Pr[-0.65<7<1.92].

A.0.6226 B.0.2284 C.0.7148 | D.0.2852 | E. None of the above

Pr (-0.65<Z<1.92)=Pr(Z<1.92) - Pr(Z<-0.65)
Pr(Z<1.92) - (1-Pr(Z<0.65)

=0.9726 - ( 1-0.7422)

=0.7148

The answer is c).

G8. Use the table for the standard normal random variable Z to find a value of
k for which Pr[Z<k]= 0.9495

A. 0.9495 B. 0.8264 C.-1.64 |D.1.64 E. None of the above

Pr(Z<k)=0.9495 same area as Pr(Z>k)

Find the area=0.9495 by looking in the body of the chart..we get k=1.64
The answer is d).
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(G9.Xis a normal random variable with mean =90 and standard deviation

o=10. Find Pr[X>80].

A.0.8413  |B.0.1587  |C.0.9222 |D.0.0778 | E. None of the above
m M
,_80-90 _
=—=

Pr(X>80)=Pr(Z>-1)= Pr(Z<1)=0.8413...the answer is a).

G10. X is a normal random variable with mean =8 and standard deviation &
=2. Find Pr[12<X<14].

A. 1 B. 0.9987 C.0.9772 | D.0.8413 | E. None of the above
Pr(12<X<14)=Pr (%= < Z < =)
=Pr(2<Z<3)

=Pr(Z<3) - Pr(Z<2)
=0.9987 - 0.9772
=0.0215

The answer is e).

520-500

G11. Pr(X<520)=Pr(Z< "

)=Pr(Z<1)= 0.8413

G12. X is a normal random variable with mean 35 and standard deviation 5.

30-35 40-35
5 <Z< 5

Pr(30<X<40)=Pr(
=Pr(Z<1) - Pr(Z<-1)
=0.8413 - (1-0.8413)
=0.8413 - 0.1587
=0.6826

)=Pr(-1<Z<1)
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G13. ..greater than 6307
Let X be the test score. Then X ~N(x,0)

with £=500, 5=100. So, Pr(X >630) = p{zz Xoug 630—500)

o 100
= PrZ>1.3) = [-Pr(Z <1.3) = 1-0.9032 = 0.0968.

G14.... and standard deviation 10.
(a)What percentage of the children have IQ’s greater than 1257

Let X be the child’s IQ. Then X ~N(x,0)

with u = 100,0 = 10. So

Pr(X >125) = Pr(Z: X-p 125—100]

o 10
= PH(Z>2.5) = 1-PH(Z<2.5) = 1-09938 = 0.0062

(b) About 90% of the children have IQ’s greater than what value?

Draw the area 0.90 in the body and we need Z=-k, but we don’t have the
negative Z table. So, we have to re-draw the area on the positive side
and find Z=+k and then just remember our original picture was a
negative Z value.

Look up the area 0.90 in the body and we get Z=1.28, but we know that Z
isreally -1.28

0.90 0.50

o
128_)(—100
T 10

X=-12.8+100=87.2
Thus, 90% of the children have IQ’s greater than 87.2.
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G15. (a) Whatis the probability of getting a 81 or less on the exam?

Let X be the final grade. Then X~ N(,Ll, 0) with 1=73, =8. Then

X—-u < 81-73
o
(b) What percentage of students scored between 65 and 89?

Pr(X <81) = Pr(Z: j = Pr(Z<1) = 0.8413,

65—73<Z<89—73

Pr(65< X <89) = Pr( j = Pr(-1<Z<2)

= PH{Z<2)-PH(Z <-1) = 09772-0.1587 = 0.8185.

c) Only 5% of the students taking the test scored higher than what
grade?

Look up area=0.95 in the body of the chart
and get Z=1.645 N
PHZ>z) = 005 = z=1.645. -

095 -

z = rTH = x = pu+zo = u+1.6450 / ..""\.\_Ln_nﬁ
o — y -

So ¥ = T3+1.645-(8) = 86.16.
Therefore, 5% of the students scored higher than 86%.

41-45
5

G16. Pr(X<41)=Pr (Z <

=1-"Pr(Z < 0.8)
=1-0.7881
=0.2119

) = Pr(Z < —0.8) = Pr(Z > 0.8) =

G17. Pr(9<2<10)=Pr (> < Z < =) = (0.5 < Z < 1)

=Pr(Z<1) - Pr(Z<0.5)
=0.8413 - 0.6915 =0.1498
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G18. ... earn less than $3400 per month?
u = 3200
o = 200

Pr(X<3200)=Pr(Z<%) =Pr(Z<-1)=Pr(Z>1)=1-08413 =

0.1587

G19. Let X be the waiting time (in days). Then
X ~N(u,0) with =120, o =20.

Look up the area 0.70 in the body of the table 0.7 | ,
(area below your line) and get Z=0.52

SO PrZz>2) =030 = z=052.

z=2"H o = U+zo = u+0520
o

= 120+0.52-(20) = 1304

Therefore, 30% of the patients must wait for more than 130 days for a
heart transplant.

(b)  What is the longest time spent waiting for a heart transplant that

would still place a patient in the bottom 10% of waiting times?

Look up area 0.10 in the body! We can’t as itisn’t
on our chart. But, we know from our picture that e
Z is negative.

So, look up the area 0.90 and get Z=1.28 and by !
symmetry this is the same area, but on the o1 L~

opposite side. So, our Z is -1.28. |
Pr(Z<z) = 0.10 = z = —1.28.

z = Y- H = x = u+zo = u—1.28c
o}

= 120-1.28-(20) = 944,

Therefore, 10% of the patients have to wait for less than 94 days for a heart

transplant.
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G20.

How long do the longest 20% of pregnancies last?

Look up the area below your line, which is 0.80 /N
in the body of the table and we get Z=0.84

PZ>2) = 020 = z =084, L |

z=2"H o = U+zo = u+0.840 |

= 260+0.84-(16) = 279.44.

Therefore, the longest 20% of pregnancies last more than 279 days.

G21.Mean =20 and standard dev=5
Find % between 10 and 25

See diagram to the right=95/2 + 68/2 =81.5%

10 15 20 25 30

e
W

95%
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H. Approximations to the Discrete Random Variable (4.3)

Example 1. 1fX=10,20,30,40,50, then k=10

To find Pr[X=20] we use the approximation Pr(15<Y<25)

To find Pr[X=50] we use the approximation Pr(45<Y<55)

To find Pr[20 < X < 40] we use the approximation Pr(15<Y<45)

Example 2. Let the discrete random variable X have possible values
0,2,4,6,8,10,12 and 14.

LetY be a continuous random variable which approximates X. Find an
expression in terms of Y which approximates each of the following:

a)Pr(4 <X <10)
=Pr(3<Y<9)

b)Pr(4 <X <12)
=Pr(5<Y<11)

c) Pr (2 <X <8) =Pr(1<Y<9)
Example 3. The discrete random variable X has been approximated by a
continuous random variable Y. The possible values of Xare 9, 12, 15, 18, 21

and 24. Find an approximation expressed in terms of Y to the following
probabilities:

a) Pr(X<15)
=Pr(Y<13.5)

b) Pr (X = 15)
=Pr(Y>13.5)

c) Pr(X#18)
=1 - Pr(X=18)

=1 - Pr(16.5<Y<19.5)

*Example 4. The answer is C) since the points coloured in are 5, 7 and 9.
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I. Normal Approximations to the Binomial Distribution (4.3)

Example 1.
u =100
=10

Convert X to Y to Z for a normal approximation

Y —
Pr(X = 120) = Pr(Y > 119.5) ...convert to Z using Z = a

o

We want Pr(Y > 119.5) = Pr (Z > “9?—;100) = Pr (z > %5) = Pr(Z > 1.95)

use the Z-table to find the probability Z is less than 1.95
Pr(Z > 1.95) =1-0.9744 = 0.0256

Example 2. Find a normal approximation to Pr[(B(144,0.5)>76]
a) check np and nq and make sure both are greater than or equal to 5

np=144(0.5)=72
nq=144(0.5)=72
so, since both are >/5 we can use the normal approx. to the binomial

b) Here, this notation means than n=144 and p=0.5

u =np =144(0.5)=72
o =,/npqg =.72(05) =6

We want Pr(X>76)...from our number line, the approximation is...=Pr(Y>76.5)

=Pr (Z > Z°2)=Pr(Z>4.5/6)=Pr(Z>45/60)=Pr(Z>3/4)=Pr(Z>0.75)=

1-Pr(Z<0.75)=1- 0.7734=0.2266
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Example 3.

u =20
o=5

Pr(X<24)...draw a number line and shade 28, 26, 24, ....all numbers less than
30, even numbers as it states in the question

Find the approximation by extending the amount of area by 1/2 way between
the two numbers, ie. by 1

23-20
5

Pr(X<25)=Pr(Y<23)=Pr (2 < 222 = Pr(z < g) = Pr(Z < 0.6) = 0.7257

Example 4. Darren plays soccer and has a probability of 2/3 of missing each
shot he takes on net. He takes 18 shots on net. Let X be the random variable
that counts the number of goals he gets.

np=6= 5 and nq=18(2/3) = 5, so we can approximate
a) Find E(X).

g=2/3 miss
p=1/3 get shot in
n=18

E(X)=np=18(1/3)=6

b) Find o (X).

’ 2
o=.,npq = 6(§)=2

c) Find the probability of getting between 5 and 10 shots (inclusive) in the net.

Pr(5<X<10)=Pr(45<Y<10.5)=

Pr (-2 < Z < =-")=Pr(-0.75 <Z<2.25)

= Pr(Z<2.25) - Pr(Z<-0.75)=Pr(Z<2.25)-(1-Pr(Z<0.75))
= 0.9878 -(1-0.7734)=0.7612
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Practice Exam Questions on the Normal Approximation to the Binomial

*I1. Assuming an equal chance of a new baby being a boy or a girl, what is the
likelihood that more than 65 out of the next 100 births at a local hospital will
be boys?

n=100 check np=50= 5 and nq = 50 = 5, so we can
approximate

p=0.5
q=0.5

u=np =100(0.5) =50

o = /npq =/50(0.5) =5

Pr(X>65)=Pr(Y>65.5)=Pr (Z > )=Pr(Z >31) =1-Pr(Z <3.1)
=1-10.999 = 0.001

65.5—-50

*12. Let X be a discrete random variable whose possible values are consecutive
integers. If X is approximately normal with mean 100 and standard deviation
10, find Pr(X< 115).

u =100
=10

Pr(X< 115) = Pr(Y < 115.5) = Pr(Z < ===

= ) = Pr(Z < 1.55) = 0.9394

*13. Alyssa rolls a single die 180 times.

a) Find the expected number of times she will roll a "6".
check np=30=> 5 and nq = 180(2) > 5, so we can approximate

u=np = 180(1/6) = 30

b) Find the standard deviation of the number of times she will roll a "6".

o =/npq =/30(5/6) =5
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c) Find the probability Alyssa will roll a "6" at most 15 times.

15.5 - 30
Pr(X < 15) = Pr(Y < 15.5) = Pr (z < T) — Pr(Z < —14.5/5)
=Pr(Z < -2.9)
=Pr(Z>2.9)
=1-Pr(Z<2.9)

=1-0.9981=0.0019

*14.A single die is tossed 100 times. Let X be the number of times an even
number comes up.

a) Find E(X)

check np=50=> 5 and nq = 50 = 5, so we can approximate

u =np =100(0.5) =50

b) Find the standard deviation

o = /npq =/50(0.5) =5

c) Find the probability that an even number comes up at least 45 times.

445 — 50

Pr(X = 45) = Pr(Y > 44.5) = Pr (z > =2

= Pr(Z < 1.1) = 0.8643

) — Pr(Z> —1.1)

I5.x = # tails
n =18
B 2
q = heads = 3
p = tails = % (p must be tails as X=# of tails)

check np=6= 5 and nq = 18 G) = 12 > 5, so we can approximate

a)=np

- ()=
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Il
S

Il
> =
/-~
wliN ||
N——

=V4=2

c)
Y—u 125-6
Z = = = 3.25
o 2

Pr(X < 12)

= Pr(Y < 12.5)
= Pr(Z < 3.25)
= 0.9994

[6.

p = getred = 0.5
q=05

check np=50= 5 and nq = 50 = 5, so we can approximate

a)=np

= 100(0.5) =50
b) = /npq
=,/50(0.5) =5

c) Pr(40 < X < 55)

= Pr(39.5 <Y < 55.5)
=Pr(-21<Z<11)

= 0.8643 — (1 — 0.9821)

= 0.8643 — 0.0179 = 0.8464

, _39.5-50
1= 5

55.5 — 50
ZZ=T=11
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17.
n =100
p=q=05

check np=50= 5 and nq = 50 = 5, so we can approximate

u=np=>50
o=.,np =v25=5

Pr(X <55)
— Pr(Y < 55.5)

Z_Y—,u_55.5—50_5.5
o 5 5

~ Pr(Z < 1.1) = 0.8643

=11
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J. Final Exam Questions on Sections F to I (4.1 to 4.3)

J1. ... Continuous random variable Y is a good approximation for X. Which
one of the following gives the value of Pr(X=9)?

The answer is B).

*J2. n=100 It is a Binomial question, so we use the normal approximation
p=0.2

q=0.8

u=np=100(00.2) = 20

o =/npq =/20(0.8) = 4
Pr(25 < X < 28) = Pr(245 <Y < 28.5) = Pr(

Pr (1.125 < Z < 2.125)
=Pr(1.13<Z<2.13)
=Pr(Z<2.13) - Pr(Z<1.13)=0.9834 - 0.8708=0.1126

<Z<

24.5-20 28.5—20)

J3.If Z is the standard normal random variable, find Pr(Z<1.3).
Pr(Z<1.3)=0.9032 from the table

J4.1f Z is the standard normal random variable, find Pr(Z<-1.3).
Pr(Z<-1.3)=Pr(Z>1.3)=1 - Pr(Z<1.3)=1- 0.9032=0.0968

J5.If Z is the standard normal random variable, find Pr(Z>-2.25).
Pr(Z>-2.25)= Pr(Z<2.25)=0.9878

J6.1f X is a normal random variable with mean 10 and standard deviation 5,
find Pr(X<12).

Pr(X<12)=Pr(Z < ==

5

) = Pr(Z < 0.4) = 0.6554
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J7.1f X is a normal random variable with mean 15 and standard deviation 2.5,
find Pr(X>20).

20-15
2.5

Pr(X>20)=Pr(Z > ) —Pr(Z>2)=1-Pr(Z<2)

=1-0.9772 =0.0228
J8. Consider the standard normal random variable. Find Pr(0.6<Z<2.2).
Pr(0.6<Z<2.2)=Pr(Z<2.2) - Pr(Z2<0.6)=0.9861 - 0.7257 = 0.2604

*J9. Consider the standard normal random variable Z. If it is known that
Pr(1.2<Z<k)=0.0522, what is the value of k?

Pr(Z<Kk) - Pr(Z<1.3)=0.0522

Pr(Z<k) - 0.9032=0.0.0522

Pr(Z<k)=0.9554 ..look up this area in the body of the table and find the
corresponding value of k along the left

k=1.7

J10. Let X be a normal random variable with
mean 8 and standard deviation 2. Find Pr(X >
4).

12 Kk

Pr(X = 4)=Pr(Z > 2) = Pr(Z > —2) = Pr(Z < 2) = 0.9772

J11. Find Pr(12<X<21).

12-15 21-15

Pr(12<X<21)=Pr( Sz <

=Pr(Z <2)-Pr(Z < —-1)
=0.9772 -(1-Pr(Z<1)
=0.9772 - (1-0.8413)
=0.9772- 0.1587

=0.8185

)=Pr(—1<Z<2)
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*]12.

p=0.50

g=0.50

n=100

check np=50=> 5 and nq = 100(0.5) = 50 > 5, so we can approximate

u =np =100(0.5) =50

o = /npq =/50(0.5) =5

59.5-50

Pr(X = 60) = Pr(Y > 59.5) = Pr (Z > z

=1-Pr(Z<19)=1- 09713 = 0.0287

) = Pr(Z > 1.9)

*]13.n=30
p=0.3

E(X)=np=30(0.3)=9

*J14. If X is a normal random variable with mean 14 and standard deviation 2,
find k such that Pr(X<k)=0.8413.
Look up the area 0.8413 and you get Z=1

Sub into the formula for Z: Z = %

X—14

2
X-14=2
X=16

*J15. Z is the standard normal random variable. Find k such that
Pr(k<Z<0)=0.3849

Pr(Z>0)=0.50

Pr(Z<k) = 0.3849+0.5 = 0.8849 We know k is negative since Z=k is to the left
of 0, so find Pr(Z<k) = 0.8849 and look up that area in the body and we get
k=1.2. But, remember k is negative so we have that k=-1.2
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*J16. If "c" is some possible value of X, which of the following gives a good
approximation of the value of Pr(X>c)? You want to colour in c+1, c+2, etc. so
your approximation starts halfway between c and c+1. So, we do Pr(Y>c+1/2).
The answer is e).

*J17. Continuous random variable. X has probability density function f(x)=cx if
0<x< 7 and f(x)=0 otherwise. What is the value of c?

f(x)

Draw a graph. o
Total area under the triangle = 1
bh/2=1
(7)(7¢)/2=1
49c=2
c=2/49

5

- X

J18. Continuous random variable X has probability density function f(x)=x/50
if 0<x<10 and f(x)=0 otherwise. Find the value of Pr[X<7].

Draw a graph.
Pr(X<7)=Area of a triangle=bh /2= (7)(7/50)/2=49/100 = 0.49

fx)

10/50 ——

7/50 ——
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*J19.If X and Y are independent random variables such that E(X)=6, E(Y)=4.
Which of the following must always be true?

i) E(X-Y)=2

ii) E(XY)=24

iii) E(3X+1)=19

E(X-Y)=E(X)-1E(Y)=6-4 = 2 true

E(XY)=E(X)E(Y) since they are independent...true
E(3X+1)=3E(X) + 1=3(6)+1=19 true

The answer is d).

*J20. If X and Y are independent random variables such that V(X)=25,
V(Y)=10. Which of the following must always be true?
i) V(X+Y)=35

ii) V(X-Y)=15

iii) o(X-Y)=V15

V(X+Y)=12V(X) + (1)2V(Y)=25+10=35 true

V(X-Y)= (1)2V(X) + (-1)2V(Y)=35 false

iii) false, o (X-Y)=V35

The answer is e).
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*J21. The value of a discrete random variable Y is given by the equation Y=6X-
5, where X has probability distribution function given below. Find Pr(Y=7).

X Pr(X)
0 0

1 0.2

2 0.8

If we know Y=7, sub it into the equation to find X.

Y=6X-5
7=6X-5
6X=12
X=2

Pr(X=2)=0.8 from the table

*]22.See J21. If E is the event that X has value 0 or 1, find Pr(E).
Pr(E)=0+0.2=0.2

J23. The answer is c).

J24. The answer is D).

J25. The discrete random variable X has values 0,2,4,6,8,10 and 12. IfYisa
continuous random variable that approximates X, which of the following is
approximated by (5<Y<9)?

The answer is e).

J26. Pr(x > 7)=1—-Pr(x <6)
=1—-F(6)
=1-0.85
= 0.15

-. The answer is [4]
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J27. E(aW +b) = aE(W) + b
~EXY +12) = 1(E(XY)) + 12
= E(X)-E(Y) + 12 since X,Y are independent
= —7(6) + 12
=—42+12
= —-30
~The answer is [B]

J28. E(aX +bY) =aEX)+bE(Y)
~ E(1XY —3X) = 1E(XY) — 4E(X)
= E(X)-E(Y) —4E(X) since X &Y are independent

=6-5—4(6)
=30—24
=6
J29. V(X) = 52 = 25 V(Y) = 8% = 64

~V(aX + bY) = a?V(X) + b2V (Y)
VX -Y) =12V(X) + (-=1)?V(Y) since X, Y are independent
V(X —Y) = 1(25) + 1(64) = 89

o(X-Y)=,/V(X-Y)=+89

J30. Find the area below the line= 1- 0.0102=0.9898
Look up the area 0.9898 in the body of the table and get Z=2.32
The answer is [B]

J31. X F(x) = kx
Total Area =1 0 0
=1 1 k
33K _ 4 2 2k
2 3 3k
k==
9
() =2
fx =3*

2,4
Pr(x <k)=Pr(x <2/9) = 9(;;1)
4

T 729
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]32. u=4a o=4a z=2"£

g

_ 8a-4a
T 4a
=1
Pr(x <8a)=Pr(z<1)
= 0.8413
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