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A. Introduction to Single Equation Models

Example1. a) 3
b) 2

Example 2. Match each of the following with the most appropriate differential equation
listed.

[ Second order, non-linear b)

II Second order, linear, homogeneous c)

I1I First order, linear, inhomogeneous d)

[V Bernoulli differential equation a)

a) u'(t) = 3u(t) + (u(®))®

b) u"(t) — 3t?u(t) = e*®
c) u'(t) = etu(t)

d) tu'(t) — %u(t) = 2 sin(t)

Example 3.
a) Non-linear so we don’t talk about homogeneous (Bernoulli)

b) Linear and inhomogeneous

c) Non-linear so we don’t talk about homogeneous

d) Linear and homogeneous (everything on the left in front of u(t) and derivatives is only
a function of t).

Example 4.
a)Non-linear
b)Linear
c)Non-linear

LS=— RS =1+ 2x

_ 1.3 2t — “1y 3,2
x(;)—2+3ze —1+2(26+Ze )
N 3,2t —1_ 6 2t
..dt_0+2e 2 =1 1+ze

= 3e?t = 3e?t

~ LS =RS - itisasolution
To find the initial size, substitute t=0 into the x(t)
1

Example 6. The answer is D. Per capita means it is a rate that is proportion to the # of
individuals in a population
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Practice Exam Questions on Introduction to Single Equation Models

Al.
LS == RS = 3b = 3(10e3%)
b(t) = 10e3t = 30e3t

% = 10e3(3) = 30e3¢
LS =RS .. itisasolution

A2.
€ _6-1
dt
dGe
LS=—=0+e"=¢'
dt
RS=G—-1=(1+e")—1=¢t
~ LS =RS . itisasolution

A3. Match each of the following with the most appropriate differential equation listed.
[ Second order, non-linear b)

II Third order, linear, homogeneous c)

III First order, linear, inhomogeneous d)

[V Bernoulli differential equation a)

au'(t) = 4u(t) + (u(®))°®
b)u"(t) — 6t3u(t) = sinu(t)
u''(t) = etu(t)

1
d) t?u'(t) — ?u(t) = cos(t)

A4.

a) Inhomogeneous
b) Homogeneous
c) inhomogeneous
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B. Isometry, Allometry, Log-log Plots, Dimensional Homogeneity

Example 1.
1
A = 6x2 x2 = % SX = (2)5
v =x3
143 3 3
V=x3= [(%)5] = (%)EAE
Let the new area be 2A. Let V* be the new volume
3 3
V' = (D2(24):
1.3 3 3
= (g)z - 2242
1.3 3 3
= (E)ZAZ 22

|4

3
= the volume increases by a factor of 22 or /8
3

v = (Y 42
= |- 2
@)

dl __ individual

Example2. — = Sear al? = a individual?
1
- year (individual)
Example 3. P = pgh
LS=> RS= pgh
FT?
=L_4' X ( ) X L

Therefore, the units of gmustbe () ==

Example 4. From the graph m = g y—int =-2

m# 1 - allometric
Iny=mlnx +Ink
~Ink =-2 sincey—int =-2
k=e?
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Practice Exam Questions on Isometry, Allometry, Log-log Plots, Dimensional
Homogeneity

B1. al® = a (individual)3
dT __ individual
at year
1

" year(individual)2

B2.
Let V* be new volume

. _ (1)? 2

v —(61) B
= (5)1353' Ai
@)

———

3
|4 ~ volume increases by a factor of 3z orv27

B3.What is the equation of in log —log space? Find the slope and y-intercept.
3
_ 1\z ,3
InV=1In [(g) Azl
3 1.3
=In(42) + In():
3
IV =>InA +In()z

3
Slope is% and y — intercept is ln(%)i

B4. Iny = minx + In (k) where the slope is m and the y-intercept is In(k)

3
Iny = 7 Inx + In4

3
Iny — Inx+ + In4
3

Iny = In (4x4)

3

y =4x+ m # 1soitisallometric

B5. LS=v RS=u+at
m m
=m/s =S +2(5)
= 4 —
S S

_m

N

. m
Therefore, a must be in =
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C. Recursion Models

Example 1.
a) Pt = Pt—l + 0'15Pt—1 = 1'15Pt—1 b == 1.15

b) General solutionis P, = bt X P,
P, = (1.15)£(200) or 200(1.15)¢

c) Ps =200(1.15)° = 402.2 ~ 402 deer

Example 2. Short Cut
a) a=1+p-y=1+13-08=15

P, = 1.5P,_; — 1500 harvested - negative
— b t b
Pt—(PO—ITa)a +E,a¢1

—-1500 ¢ , —1500
1—1.5)(1'5) + 1-1.5

P, = (12 500 — 3000)(1.5)¢ + 3000
P, = 9500(1.5)¢ + 3000

Long Method

- (12 500 —

P, = 12500
P, = 1.5P,_; — 1500 b = —1500
a=15
P, = 12500
AP, = P — Pr4

=1.5P,_, —1500 — P,_, sub
= Pt—l + 0'5Pt—1 - 1500 - Pt—l
:Pt—l + O'Spt—l - 1500 - Pt—l

AP, = 0.5P,_; — 1500
Consider when AP, = 0
0.5P,_; —1500=0
0.5P;_; = 1500
P,_; = 3000
Define u; = P, — 3000
Us_q = P,_; — 3000 sub[3]into
u; = P,_; + 0.5P,_; — 1500 — 3000
u; = 1(P,_; —3000) + 0.5(P,_; — 3000)
u; = 1.05(P,_; —3000) « wu;_,

u; = 1.05u;_;y b =1.05
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From[2] u, =P, —3000 subt=0 P, =12500

U, = P, — 3000
U, = 12 500 — 3000 = 9500
Uy = Up(b)*

U, = 9500(1.05)¢
~ from[2] U, =P, —3000
P, = U, + 3000
« P, = 9500(1.05)" + 3000

b)subn =5 Py = 9500(1.5)°> + 3000 = 75 140.6
c) P,=15P,_;—1500 Wewant P, =P;_; ;findb

Pt = 1.5Pt_1_b
12 500 = 1.5(12 500) — b since (12,500 is not changing)

—6250 = —b
b = 6250
Example 3.
i) a)P, = bP;_, ~b=04
let P, = 10 P, = 0.4P, = 0.4(10) =4
P, =0.4P, =0.4(4) =1.6
P; = 0.4P, = 0.4(1.6) = 0.64
b) P, = btP,

P, = 0.41(10) or 10(0.4)"

c)10(0.4)* =0 ast >0, P, >0
In other words, tlim 10(0.4)" = 0o,

ii) a)p,=3P;_1+4 a=3 b=4
P, =10
P, =3P, +4=3(10)+4 =34
P, =3P, +4=334)+4=106

b)Pt:(Po_lL)at+1f;a,a¢1 :(10_%)(3)t+%

=(10-2) (_:j)f —2
=(12)(3)* -2

cJast — o, P, = 00
In other words, lim| (12)(3)t—2] =0,
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Example 4.
a) Pt=0.80Pt_1 P0=50

b) P, = btP, = (0.8){(50)
¢) Ps = (0.8)5(50) = 16.4

t
Example 5. u(t) = 20(;)ieo

2000
u(2000) = 20(%)@:204/@5 _ 20‘:/3128 ¢

Example 6. Short Cut Method for Multiple Choice
Pt = (Pt—l + 0'04Pt—1) - 50
P; = 1.04P;_, — 50 a=104 b=-50

Pt = (1000 - ==

= (1000 + =) 1.04° + (

= (1000 — 1250)1.04¢ + 1250
= —250(1.04)" + 1250

) (1'04)t + (1:5.?)4

=50
—0.04-)

)

How long until it is worth $250?

250 = —250(1.04%) + 1250
—1000 = —250(1.04)*
4 =1.04¢

n4
t = years
n1.04
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Long Method

P, = 1.04P,_; — 50 b=-50 a=1.04 P,=1000
P, =P,_4 +0.04P,_4 — 50
APy =P — P4
=P,_1+0.04P,_; — 50 — P,_4
AP, = 0.04P,_; — 50
Consider when there is no change ie. equilibrium
AP, =0 0 =0.04P;_, — 50
50 = 0.04P;_4
P,_y = 1250
Define wu; = P, — 1250 which means P; = u; + 1250
Uy_q = Pr_; — 1250 which means P, _; = u;_; + 1250

From[1] P, = 1.04P,_, — 50  substitute
u, + 1250 = 1.04(u,_, + 1250) - 50

u; = 1.04u,_; + 1300 — 50 — 1250
u; = 1.04u;_4, so b=1.04

u; = P, — 1250
Substitute t = 0 u, = P, — 1250 P, = 1000 substitute
u, = 1000 — 1250
u, = —250
ur = U, (b)*
u, = —250(1.04)¢
From u, = P, — 1250
Substitute |3|into here P, = u; + 1250
P, = —250(1.04)¢ + 1250

10
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Example 7. 6U, =3U,_{+2
Up== Up1 + 2

i 1
Un EUn_l +§
1 1
Ut —_— EUt_l + E
Sameas Uiy =aU,+b
a=21 -1
2 p M
— t
U= (Uo = 2) (@ + 5
1 1
BN 1
U = (2 -5 QQN
2 2
N/t 2
~(2-1) @)+
2 ¢ 2
2 1 2
- (2 B 5) 5) *3
U, = g(%)t +2  explicit solution
imE (e L 2) =2
Him (3 (2) + 3) 3

An extra one to try!

Example 8. Short Cut Method for Multiple Choice
Po=3P,1+1 «<a=3 b=1andP, =1

Po=(P—=)at +=
Pr=(1-=) 3 + ()

Pt=2(3)-2)

Example 8. Long Method!!

Po=3P, 1 +1 «<a=3 b=1andP, =1
Find t so that P, = 2000
P,=1P,_ +2P,_; +1
AP =P — Py
=1P; 4+ 2P 1+ 1 — P4

11



©Prep101 AMATH 1201 Final Exam Booklet Solutions

AP, =2P,_1+1 Consider AP, =0
O = ZPt_l + 1
—1=2P_4
1

Piq=—=
t-1 >

Define u, = P, — (— %) =P, +§ which means P, = u, —%

And u;_; = P4 +% which means P;_; = u;_4 _%

From P, = 3P;,_; +1 substitute from
1 1
—=—=3Wi_1 — = 1
U =5 (Ug—1 2) +
=3 P
Up = dUt—q > )
ur=3u;_y <b=3
From u, = P, +%
Substitute t =0 P, =1
u, =P, +%
1 3
: Yo =137 2
Ut = Uo (b)
f =2 (b)!

U = 2(3)t substitute
From[2] u, = Pt+%

3\t — 1

(B =Pt
. — 2 t_ =
“ P =2(3) =3
Let P, = 12

12—33t 1
_2() 2

25

5 = %(3)t multiply by 2 and divide by 3 then take the In of both sides

25=3 (3)t
25/3 =(3)

In <§) =1n (3)¢

n(3)

t =
In3

12
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Practice Exam Questions on Recursion Models

Cl.i)letPy=10 P, =10

a)Pl_P0=6
P, —10=6
P1=16 PZ_P1=6

P2_16=6 P2=22

b) sameas P, — P,_; =6
Pt = Pt—l +6 a=1
no general solution using the formula as we can't divide by 1-a ifa=1

Since the first term is P, = 10, and we are adding 6(1) to it to get 16 and then the next term
is adding 6(2) to 10 to get 22, etc.

The solution could be written as P; = 6t + 10 by inspection.
cJas t - o, P;—>

ii) let P, = 10
a) P,=2P,_,+5 Py=10
P, =2P,+5=2(10) + 5 = 25
P, =2P, +5=2(25)+5=55

b) a=2 b=5

Po=(P-=)at+==(10- )@ + =

1-a
=15(2)t! -5
c) as t > o, P, >
iii) Py = 10
a)P, = —1.2P,_, P, = —1.2(10) = —12

P, =—12P, = —1.2(—-12) = 14.4
b)P, = btP, = (—1.2)t(10)
cJas t > o, P, > o

Cz.a) Pt = O.85Pt_1 PO = 250

b) P, = btP, = (0.85)¢(250)
¢) P, = (0.85)1(250) = 212.5mg

13
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C3. Since 25 are removed each year, we have: b = —25 P, = 1000 So, the equation would
be P, = aP;_; + b and we get: P, = 1.10P;_; — 25 since the population is increasing by

b b
10% per year. P, = (PO — E) at + —
—25 -25
Pe = (1000 - 1—1.1) (LD + 1-1.1
P, = (1000 — 250) (L.1)" + 250

P, = 750(1.1)¢ + 250

C4. a)P, =10 P, =1.2(10) =12
P, =1.2P, = 1.2(12) = 14.4
P; = 1.2P, = 1.2(14.4) = 17.28
P, = btP,
P, = (1.2)t(10) or 10(1.2)t

b)P():lO Pt=aPt_1+b a=02 b=4‘
P, =aPy+b=02P, +4=02(10) +4 = 6
P2=0.2P1+4‘=0.2(6)+4‘=5.2
P, = 0.2P, + 4 = 0.2(5.2) + 4 = 5.04
_ b t b
Po=(P—=)at + =

1-a 1-a

(0.2)¢
=(10-=) " +=
1-0.2 1-0.2
= (10 = 5)(0.2)! + 5
P, =5(0.2)+5

C5. a)letP, =10 P, =10
P,=P+5=10+5=15
P,=P +5=15+5=20
Pp=aP,_1+b a=1 b=5

_ _ b\t b
b)Pt—(PO 1_a)a +a#1

=10-—= —divide by 0

no general solution using the formula as we can't divide by 1-a ifa=1

Since the first term is P, = 10, and we are adding 5(1) to it to get 15 and then the next term
is adding 5(2) to 10 to get 20, etc.
The solution could be written as P; = 5t + 10 by inspection.

c)as t — oo, P, = oo (numbers keep increasing in part a)

14
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Cé6. Short-Cut Method
Pt = (Pt—l + 0'04Pt—1) - 100
Py = 1.04P;_, — 100 a=1.04 b=-100

Pt=(P0—1L)a +—

= (1000 - 3=0) (Loa) + (=7;)

= (1000 + ﬂ) 104 +(S3)
= (1000 — 2500)1.04¢ + 2500
= —1500(1.04)¢ + 2500
worthless 0 = —1500(1.04)" + 2500

1500(1.04) = 2500

1.04* = 1.6
In1.04* =In1.6
t = 13 years

Long Method:
C6. P, =P,_,+ 0.04P,_; — 100 a=104 b=-100
P, = 1000
P, = 1.04P,_, — 100
AP, = P, — P,_; sub
= 1.04P,_, — 100 — P,_,
AP, = P,_; + 0.04P,_; — 100 — P,_,

AP, = 0.04P,_; — 100
Consider AP, =0
0.04P,_; — 100 = 0
0.04P,_; = 100
P,_; = 2500
Define U, = P, — 2500 [2]which means P, = U, + 2500

Ui, = Pi—1 — 2500 .Wthh means P,_; = U;_4 + 2500

From[1] P, = 1.04P,_; — 100 substitute [2]
Uy + 2500 = 1.04(U,_; + 2500) — 100

U, = 1.04U,_, + 2600 — 100 — 2500

~ Uy =1.04U;_; < b=1.04 U, = P;— 2500
subst t=0
P, = 1000
U, =P, — 2500
U, = 1000 — 2500 = —1500

Ur = Up(D)*

15
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U, = —1500(1.04)¢
~ from Ug = P, — 2500
P, = U, + 2500

« P, = —1500(1.04)¢ + 2500  from[4]

C7.P, = b'Pyand P, = 50
a) Pt = th—l = 1'2Pt—1
b) P, = (1.2)1(50) = 50(1.2)"

AMATH 1201 Final Exam Booklet Solutions
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D. Review of Substitution

cosx

Example 2. Integrate | Trsina)? dx

Substitution

u=1+sinx du = cos xdx
fidu—fu_3du—u—_2+c—_—1+c——_1 +c

us - T2 T 2u2 T 2(1+sinx)2
Example 3. Integrate [ _15ec™ iy Substitution
LXample 3. g (1+tanx)?
u=1+tanx du = sec? xdx

— (du _ —2 g, A -4

=/ =4fuPdu=——+c or —+c or i

5 L
————dx Substitution
x(1+1nx)3

Example 4. Integrate [
1
u=1+Inx du=;dx

oA Bgy =¥l 5o 5
—5fu3—5fu du—5_2+c—2u2+c—2(1+lnx)2+c

Example 5. Integrate | 01 % dx

u=x%>+1 du=2xdx

x=0 u=o02+1=1

x=1 u=1*+1=2

= Zd—u—ff%du=[lnu]%=(ln2—ln1)=(ln2—0)

1u_

= [n2

Example 6. Integrate ffﬁdx
u=1-Inx duz%dx — du = —dx

X
x=1 u=1-In1=1
x=3 u=1-1In3

1
1-In3 1 1-In3 =1 uz
== \/_ﬂduz_L uzz—lTl
1

= —[2vu], " = ~[2VIT -3 - 2vI| = —2(/I- 3 - 1)

17
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Practice Exam Questions on Substitution

D1. Substitutionu = e*+1 du = e*dx

fu‘3du=_—2+c= —E(ex+1)‘2+c

sec? x

D2. Substitution Integrate: [ Traany

Substitution
u=1+tanx du = sec?xdx

1 _3 u? -1
=[=du=[u3du=—+c or —<+c
u31 -2 2u?

=—F7+cC
2(1+tan x)?2

D3. Substitution
Integrate: [

x(In x)?2
Substitution
u=Ilnx du= idx
-1

1 2 u™?! -1
=[=du=[u?du=—+c=—4c=—+c
u -1 u Inx

18
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E. Solving Differential Equations

Example 4.
@ y=[5x*dx=x5+c

b) y= f(%—x2 + 4 cos x)dx

3
= 41n|x| —x?+4sinx+c

(@ vy=/[(—x>+2sinx + 6sec®x)dx
4

=%—2cosx+6tanx+c

Separable Differential Equations

Example 2. a) ;Tyy =e*dx VYes,itis separable

*this one we can’t solve

b) No, if we multiply by dx we get dy = (x + 2y)dx
T
Has both x and y - not separable

c) Yes
d .
é =e* - e¥  using exponent rules
d
2 = eXdx
ey
e Vdy = [ e*dx
—e 7V =e*+c¢
eV =—e*—c

Ine™ = In|—e* — |
—y = In|—e* — |
y = —In|—e* +¢|

Example 3.
Cross-multiply and get [ 3u?du = [ 2tdt and integrate

and solve for u(t)

u(t) = Vt2 + ¢

19
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Example 4.
[(u+ cosuw)du = [(3t* — 2t)dx
2

. 3t° , .
u7 +sinu = % — t? + ¢. We can’t solve this for u(t) on the left!

Example 5.

1
,fy+2 Y= fx—ldx

ln|x—1|ec

Inly+2|=Inlx—-1|+c¢
elnly+2] _ plnlx—1l+c _ ,
y+2==|x—-1|(e°

y(x) =xe|lx—1| -2 + e = constant=callitkor C

y(x)=Clx—1| -2
du

Example 6. — = e ¥ W2t—4) y(B)=0

du
e—u(®) = (

2t — 4)dx

[e*®Odu = [(2t — 4)dx

e¥® =t2 — 4t +c sub t =5, u(t) =0
e®=5%2—4(05)+c c=-4

Ine*® = In|t? — 4t + |

u(t) = In|t? — 4t — 4]

20
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Example 7.

dy 4tet” ©) = 2

dt 2y +1 Y=

f(Zy + 1dy = f4tet2dt

Substitution:
let u = t?
du = 2tdt
2du = 4tdt

f(2y+1)dy=2fe4du
y2+y=2e%+c
y2+y=2e"+c¢ sub(02)
22+2=2e"+c
44+2=2+4+c ~c=4
~y2+y=2e" +4 We can't solve for y on the left!

Example 8.

du
@—Hdt

Inlu(t)| =5t +¢
u(t) = +e®t-e 4 e = constant

u(t) = ce®t

21
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Linear Differential Equations

Example 1.
x%y' + 3xy = 2sinx
’ 3 2sinx
y + ;y = x2

3
Vix)=1= elx8* = g3Inx — pInx® _ 43 (since x>0 In|x| = Inx)
The answer is

Example 2.
xy' —(2x+3)y = 2secx
r_ (2x+3) ~_ 2secx
* Tt :
Vix) =1 = ef_ i_gdx = ef(—Z—;)dx = g~2x=3Inx — p=2x,InxT3 _ p-2x -3 — 43,2

Example 3.
xy' +2y =x"
x—3

b2 X
y +ly=

X

3

4

2 _ 24 2 .
y't+oy=x V(x) =1 = el3% = g2linxl = g2Inx = gInx® = 32 %kgince x>0, we can

take off the absolute value of Inx and just say it is Inx

V(x)y = [V(x)Q(x)dx
x%y = [x"*x%dx

x?y = [x"?dx

2 x”!
x’y=—+c

P av—
x’y=—+c

_ "1 -2
y—;+cx

22
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Example 4.
u'(t)+3u(t) =et
V(x) =1 = el3dx = g3t

e3tu(t) =.fe3te_tdt

e3tu(t) =fe2tdt

2t

e3tu(t) = 7 +C
. 2t C
sut) = oot om

1
u(t) = Ee_t + Ce™3¢

What if you have the initial condition (0,3)?

AMATH 1201 Final Exam Booklet Solutions

2t
e3tu(t) = 67 + C substitue t=0 and u(t) =3 to find ¢

0

e
e’B)=—+C

2
_, 1.6 1.5
C=9T3T27273

3t eZt 5 P 3t
etu(t) = - +3 Divide by e

1 5
— _,t —_ ,—3t
u(t) 2e +2e

Example 5. | = V(x) = e/ P®dx = of3x%dx — ox

veoy = [ veewdx

du = 3x%dx 2du = 6x%dx
eX’y = fex36x2dx

ex3y = je“(Zdu)

ex3y =2e% +c

ex3y =2e* 4 ¢

3

Subst ...u = x3

_Zex c
y=2+ce™*

3
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Example 6.Which are separable?
A 2= cos y(x) + xy(x) NO

ddx -
B. ﬁ = cosy(x) — x3 NO
C. Z—z = (cosx)y(x) + y(x) YES

Factor Z—z = y(x)[cosx + 1]

D. % = (siny)(x) —y(x) NO

dx

Example 7. If y, (x)and y,(x) both solve the inhomogeneous D.E.
y'(x) = 6p(x)y(x) + 5q(x)
Find another solution:
a=6 l1—-a=1-6=-5
y(x) = ay;(x) + (1 — a)y,(x)
=~ y(x) = 6y,(x) — 5y,(x) is also a solution

Example 8.
Solve: u/'(t) + iu(t) = ¢2

1
P(t) = ) Q(t) = t?

Since P(t) is discontinuous at t = —1
D = (—o,—1) U ((—1,)
a) u(o)=1 D =(—1,0)
U(t) — efP(t)dt — efglldt = elnlt+1]
=t+1 sincet>-—1
v(Ou(®) = [v(O)Q()
(t+ Dut) = [(t+ 1)(tD)dt
(t+ Du(t) = [t +t?)dt
C+Du@®) =S+5+c sub (01) t=0,u@®) =1
O+1D)(1)=0+0+c
c=1
S+ Du@® =S+ 41
th 4 12

3
(t+ Du(t) = ST oS

4 3
(t + Du(t) = 3t +42t +12
3t*+4t3+412
u(®) = 2(t+1)
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b) Same equation as a)
u(-2)=1 « D= (—o,—1)sincet < —1
from * in part a)
v(t) = et = (¢t + 1) sincet < —1
o=+ Du) = [+ D(t?)dt
—(t+ Du) = [(—t3 —t>)dt

—t4 3
—(t+Dul) =—-S+c

-2,1 —(=2* _ (=2)°
sub () —(=2+ D)=l
-16 (-8
—C;U-if—(?)+c
1+2-2-¢
4 3
_12 48 32
T 12 12 12
_ s
T 12
=7
- 3 4 3
—-t* 3 7
s+ Dul®) =-S5 +3
—-3t*-4t3+28
—(t+ Du(t) = — 0
_ —(—3t*—4t3+28 _ 3t*+4t3-28
u(®) = 12(t+1) or u(t) = 12t+12
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Bernoulli Differential Equations

Example 1.
Y 42y =x%y2y(2) = -1,x>0

Tn=2 Z—z+P(x)y=y"Q(x)n=2
Q(x) =x* P(x) =
Use 2+ (1 - mup(x) = (1 -mQ(x) u=y" " =y'"2=y"

LI

4 _4a _ —4 1 , .
u —-u=—x3 Vix)=1= el X = gm4Inx _ plnxTt — **since x>0, we can just

X
take off the absolute value (since x>0 In|x| = Inx)

V(x) u= [V(x)Q(x)dx

1 1
Su=J[Z(=x%)dx

1 _f_ld
x4u_ x x
1 —
x—4u——ln|x|+c

u = x*(—In|x| + ¢) from substitution u =y}

y 1= x4(1— In|x| + ¢)
Y = -y y(@2) =-1
1

" 2%(c-In2)
—16(c—1In2) =1
—l6c+16In2=1
C:1—16ln2 =_—1+ln2
-16 16
1
Ly = from *

x4[ln 2—%—ln|x|]
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Example2. x3y'(x) = y(x)(1+y(x)) y(1) =1

¥y (x) = y(x) + (¥(x))?

Y () = 2 y(x) + = (y(x))?
Y () — = y() = = (y(x))?
PE)=-= Q@)=
yn — y2 “n = 2

u= yl—n — y1—2 — y—1

Z_Z + (1 —n)uP(x) = (1 —n)Q(x)

du -1 1
ot () = —16
| x By = —x73

linear
dx

V(x) = el xPdx — ex_z/—z = e_1/2x2
V(x)u =fV(x)Q(x)dx

e faxzy =fe_1/2x2(—x_3)dx

Substitution w = — = —x~2
) 2x 2
dw = —5(—2x‘3)dx

dw = x 3dx

-1
e laxu=—[evdw
-1
e /Py =—e% 4
-1 -1
e laru=—e f2x? 4
Y
u=-—1+ce ’2x*

Substitution u =yt
-1 _ -1 + 1/2 2
yo = ce /2x
1
Y= —1+ce1/2x2

y(1) =1
1= 1

—1+cle1/2
—14celz=1
ce1/2 =2

e=2/1  y0)= —
e

1
= 2
2 —1+—1 e /sz
ez
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Applications

Mixing Problems

Example 1. (0,0) or y(0)=0 since it is pure water at the start.

d d
&= 20(2) — Y oo that means & + —2— = 40
dt 100+t dt ' 100+t

1

1
Example 2. y(0)=0 V(t) =1 = el = emoot

d t

D _ (im) (im) - L2

(ciit v%lume
Y _ _2

dt 0.DE) 2000

dy 05 1

at . " 200”7

dy 1 _

E-me = 0.5

vy = [ Ve
1 t 1 t

€400 y = f €400 (0.5

1
1, 0.5e%00°
e’y = ———
. am
ez00'y = 200e%00" + ¢
c
y =200 + —

ezoot

+c

Cc
solve for ¢ - sub(0,0) 0=200+—

e
£c=-200  y=200—200ew0 andy(0)=100

NOTE: If they said you had 7kg/L at the start and 2000 L in the tank, then y(0) would be
y(0)=7 kg/L (2000L) = 14000 kg, or y(0)=14000
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IV Drug Problems

Example 3. Rate in (%) = concentration X flow of drug

=150 ﬂ % « units need to match

= 150 9% 0.04 L/hr
= 6mg/hr

Rate out = rate metabolized + rate exceeded

Rate metabolized= k - u(t)
k=1In (ﬁ) <« % of drug metabolized

ke =1In (1 10 8)
k =1In ( ) In5
~ rate metabolléed In5-u(t)

Rate excreted=concentrationx flow
_ u(t)mg 0.04L
5 L hr
= Eu(t)mg/hr

rate out = In5-u(t) + Eu(t)
= (In5+—)u(®)
& — rate in — rate out

Z—j=6—(1n5+315)u(t)

/P(t)

—+(l 5+E) u(t) =6 «<Q(t)

\ let this be A
V(t) =1 =elAdt = pAt

V(tu = f V(£)Q(t)dt

edty =f6eAtdt

6eAt
ety =
. A
u=-+ce 4t
A

6
~u(t) = i ce 4t substitute (0,0)
T(t,u)
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6 6 _
u=2_28,-4t
A A

u(t) =2 (1 — e
4=(ns+—)

u(t) — %(1 _ e—(ln 5+715)t)

(ln5 + FS)

Population

Example 4. N(t) is the number of animals at time t

dN 1 N pigs 1 N
a @ (time) X pigs tn (time) B b(time) X pigs
Z—I: =aN —bN +n
=(a—b)N+n
To find long-term pop find N(t) and let t — o
N'(t)— (a—b)N =n
N'(t)+(b—a)N=n Q(t)=n P(t)=(b-a)N
V(t) =] = ef(b—a)dt — e(b—a)t
V(ON) = [V(OQ®)dt
(e(b—a)tN) — fe(b—a)tn dt

ne(b—a)t

eb-atN = oo T
N(t) = 7=+ 5o
lim N@) = Jim |22+ 5]
= bnTa pigs
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Practice Exam Questions on Differential Equations

El. [ydy=[x%dx
yZ x3
T =5 tc¢ < sub (1,2)
ﬁ=£+c
2 3
2=-+c
3

1 5
c=2-2=2
3

E2. [ydy = [2x +sec’x
2
y?=x2+tanx+c
y? =2x%+ 2tanx + 2c

y=+V2x2+2tanx + k

y _ L
E3. fT_fodx

Inly| =In|x+ 1| +¢
elny — ieln|x+1|+c

y = ke or  y=k|x+ 1|

E4. & = 3e%eY

dxd

Y _

fe_y = f3exdx
e-

y
_—1 = 3€x +c
e™” = —3e* — ¢ substitute x=0 and y=1
el=-3e"—¢
c=-3--

Ine™ = ln|—3ex + 3 +§|
—y=ln|—3ex+3+§|
y= —ln|—3ex+3+§|
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du 2xdx
E5. _

substitution u=x%*+3 S =5

1,01
nyd31/ =-J=du
y?=-Inlul +c

y? = %lnlx2 +3|+c

y= i\/%lnlx2+3| +c

du 2t

E6. fydyzfetzﬁdt u=t2+1 L=Zdt
%duztdt
1 1
=:f_i—udu
:Ee-_1+
=—+c¢

Zeu

<
)

N |‘<NN |‘<NN |

+ 2¢

2e t‘2+1

N

2€t2+1 + k

+ / =tk
or
y== / —— + k since k=2c is just a constant

E7. [eYdy = fc‘::Zx u=cosx —du=sinxdx

e¥ =—[u?du
-1
-u
+c
1 -1
e¥ ==-+c
u

<o v[N

e¥ =

e¥ =

Cosx
e¥ =secx+c

y = In|secx + c|

E8. [y?dy = [sinxdx
3

y?= —cosx +c¢
3 =—3cosx+ 3¢

y = V=3 cosx + k since k=3c is just a constant. Call it C or k, or whatever!
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9. Z@y-2)=5
JdyQy —2)=[t?dt
y2—2y=§+c
y2—2y=_71+c subt=1,y=0
0-0==+c c=1

yt-zy =41

E10. S5 =t3(N +3)
AN _ (43
1v+3_ftd‘tL
ln|N+3|=t:+c subt=0,N=5 to findc
In8=0+c
c=1In8

4
.-.ln|N+3|=%+ln8 sub t =2

4
In|N + 3| == +1n8
In|N + 3| =4+1n8
N+3 =e4+ll’18
N + 3 = e*en®

N + 3 = 8e*
~N=8e*—-3
E11. Linear

P(x)=-1 Q) =e* V(x)=1I=elP@dx = gf-1dx = o-x

V()y = f V(0Q(x)dx
e‘xyzfe‘xexdx

e‘xy=]1dx

—-X

e"y=x+c
y =xe* + ce*
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1

E12. Linear & _ X2 _ Y

d 1 dx x X
y -1

— 4+ —y =

dx xy X

P(x)=1/xis not continuous at x=0. Since x>0 so we look at (0,20) and we get:
|x| = x. Remember, the domain can’t include any negative numbers, as we have a square
root of x.

1
V(x) =1 =elx®™ = glnlxl = »

vuw=fvumqu

xy = [xx7 dx
1
Xy = fxidx
2 5,
= —X2
Xy =gx2+c
2 1+ 1
= —X2
y %x cx
y = §\/§+ cxt
E13.
dy 2 x7le¥
ax )
dx * x x
d_z+;y = x2e¥ P(x)=2/x and Q(x)= x "2e*

2
Linear V(x)=1 = elx® = g2inixl_pinix® — (—x)% = x2
P(x) is not continuous at x=0, so we look at (-0, 0) and we get:

|x| = —x
So, V(x)= e2inlx| — eln|x|2 — (_x)z = x2

If we look at (0, o)

x| = x

So, V(x)= e2inlx| — pinlx|? — .2
Both answers are the same!

V&W=fV&m&Mx

x%y = [x%x"2e* dx
xy = fexdx

x’y=e*+c y==+—
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E14.LinearV(x) = I = el 3% = lnlxl = oInx = y and since the pointis (1,2) x>0, so we
just take off the absolute value and do nothing

dy N x Inx

dx  x27 T x2

dy 1 Inx

T
X x X

vuw=fvumqu

Inx
(xy)zzj"x(;;;)dx

jd( )= In x _ p _1d
T xy) = . u=Ilnx u—x X
_f p _u2+ _(lnx)2+
xy = | udu = > c= > c
(In1)?
sub (1,2) (1)(2) = > +c c=2
_(nx)? 2
T 2x X
E15. Linear

P(x) is not continuous at x=0, if we look at x>0, we get |x| = x

=3 3 ~
V(x) = I = efxdx f— e—3ln|x| ] ell’l|x| — |x|—3=x 3

dy 3
—_ — —y = 23
dx x X

V&w=fV&m&Mx

x 3y = fx‘3(2x3)dx

f;—x(x‘3y) =f2dx

x3y=2x+c

y = 2x* + cx3
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-3 _
1fV(x) = [ = el 59 = g=3lnlxl = glnlxI™ = x| 73=(—x)"3=—x"3
x<0, we get |x| = —x

—x73y = —fx‘3(2x3)dx
f;_x (x~3y) = [ 2dx divide both sides by -1

xBy=2x+c

y = 2x* + cx3

i ay , 11
E16. Linear E-I_x_zy — 3ex
Vix)=1= efx—zdx = fx7Pdx — ox7/-1 = e_%

vy = f V(0)Q)dx

- 1 1
e xy:f3exe ~dx

1
e x}’=.f3dx

1 1
e xy = 3x + c divide every term by e x

1 1
y = 3xex + cex

X

E17. V(x) =] = efP(x)dx — ef—exdx — €

a) (0,0) %:(0.25)(3)—1

400
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E19. & = (in)(in) — % (0,25) salt at start
dt dvolume at time t (5) dy 1
y y
—=(0.25)(5)———= OR —=125——
ar ~ (0290) =550 dt 200”7

E20. Lineara) P(x) = _71

V(x) =1=elf®ax = 7 = gmlnx _ glnxt _ -1 -1
x

d 3x? 3
b) @y y:x_
J dx X X
@y _ _ .2
I 3xy =x

_ 2
V(x) = I = efP(x)dx = ef_3x =e 32x

dy 5
c) a+y—x
P(x)=1
V(x) =1=el1dx = gx

. d 2 2 d 2 . =2 .
E21. Linear =2 -2 =% - Xy P(x)is — xisQ(x)
dx X X dx X X

Vix)=1= el Fax
V(x) =] = e—Zlnx — e,lnx_2 = 2
** note: P(x)j is discontinuous at x=0, but here if you take x>0, you get V(x)=x"2 = xiz
As when you remove the absolute value, if it is a positive quantity under the absolute value,
you just take off the absolute value and do nothing

Ifx<0, you get V(x) = I = e~ 2nlxl = olnlxl™ — ()2 = x—lz so they are equal!!

Ve = [ V@i
x 2y = fx‘zxdx

2 fld
X"y = | —dx
Y x

x 2y =In|x| +¢
y = x?In|x| + cx?
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E22. Linear Z—z+ y=e”* Px)=1 Q(x)=e™* y(0)=2
Vix)=1= e/ Pdx — pf1dx — px

vww=fwwm@m

ey = f e *e*dx

e*y = [ 1dx

e*y=x+c

y = ex—x+ eix OR xe *+ce ™ sub(0,2) 2=0e%°+ce® c=2

y=xe ¥+ 2e*

E23. Linear y(mr) = 0. Since x=pi>0, when you take off the absolute value, you
just get x:
3
V(x) =1 = elx® = e3nlxl = Il = y3 gince |x| = x as x>0

dy ~ 3 ~_ cosx

dx x x3

V&W=fV&m&Mx

5 x3 cosx

xyzf e dx

x3y = [ cosxdx

x3y=sinx+c¢ findc subx=m y=0
0=sinmt+c
c=0

y=x"3sinx + cx3

~y =x"3sinx
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E24. Linear 3xy' +y = 12x
"+ 1, =12
Y TRV T 5%
1 1

1 1 =
y’+§y=4 V(x) =1 = el59% = 5% = oInx® = 43

Ve = f V(0Q(x)dx

1 1
X3y = f4x3dx

k4
3

w

x3
Ly=3x+cx 3
The answer is

E25. Bernoulli
@_Y_ 9 - 1 _
woi=y m=9 P=T QW =1
d—z + (1 —-n)uP(x)=>0-n)Q(x) substitution u=y™"
w=yl=9=y8

8
d_u+§u=_8 V(X)=I=ef;dx — e8lnx — ,8
dx x

V(x)u =fV(x)Q(x)dx
x%u = fxg(—B)dx
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E26. Bernoulli
Yy —y=y’e*
) )

P(x) Q) u=y' =yt =y

Z_Z + (1 —-nuP(x) = (1 -n)Q(x)
4 (—Du(-1) = —1e*

Z—z +u=—e”
V(x) =1 =el19x = g*
V(x)us(x)Q(x)dx

e*u =fex(—ex)dx

e*u = [ —e**dx

e u = > +c
-e?* ¢
u(x) T 2eX ex
u(x) =—+ce™
1_— X
y r=—+ce ™™
1_—e* -
—=—+4ce™™
y 2
y = 1
— _eX
= ycex

1

AMATH 1201 Final Exam Booklet Solutions
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E27. Bernoulli
;1 _ _ _
y+;y:_xy3 u:yln:y13:y2
o+ (L=nuP() = (1 -nQW)
du 1
T (2u (;) = —2(—x)

du 2

——-u=2x
dx X

V(x) = = 7% = gm2lnx = glna™ _ 42
1
I:x_z

V(ix)u = fV(x)Q(x)dx

1 1
x—zuzfx—z-Zxdx

1 2

¥u = f;dx
—u=2In|x|+c
X

u(x) = x2(21In|x| + ¢)
y~%=x2(2In|x| + ¢)

y—IZ:xZ(Z In|x| + ¢)
2 _ 1
x?(21In|x| + ¢)

y

1
=+
Y _\/x2(21n|x|+c)
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E28. A)
1 1

(0,0) tsalt V(@E) =1I= elio = ewd’
dy . .. y(out)
? = (in)(in) - v%lume

Y _ _2
dt 0D 2000
dy 1
dt 400~
24 Ly =0.5

V(O = f V(DQ)dt

2y 2y
e400 y = fe4oo 0.5

1
1 0.5¢%00°
e400 y = T +c
400
1 1
ez00'y = 200e%00" + ¢
c
y =200 + —
g0’

c
solve for ¢ — sub(0,0) 0=200+—

e
ac=-200  y=200—200es"

b) 0.05(2000) = 100

S0, 100 = 200 — 200e 705t
100 = —200e 708"

0.5 = e_ﬁt

_1,
[n0.5 = lne 400

1
n0.5 = — 700 tlne
t=-4001n0.5
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E29. Bernoulli [ xe*dx =xe* — [ e*dx

6y’ — 2y = xy*,y(0) = -2
ln=4

u=y™ letu=y3

Divide the original equation by 6 so it has the right form
y' — %y = %xy4 where P(x)=-1/3 and Q(x)=1/6 x

du

T —muP@) =1 -mQ®)
1 1

w3 (~3)u=3(5x)

u +u=—x

2

V(x) =1 =el1dx = ox

V(x)u =fV(x)Q(x)dx

-1
e*u = fTex - xdx
-1

e'u =— [xe* — [ e*dx] integral given in the question

e*u = [ —xe® +-e¥ +c
2 2
exuz%(x—l)ex+c

_71(x—1)ex+c

eX

u= %l(x —1)+ce™ substitutionwasu =y~3

Ly 3= _71(x —1)+ce™

Subst (0, —2) (-2)3 = _71 (0—1) + ce®

-1
—=-+cC

8

-1 4 -5

C=——z-=—

2 8 8
-1 u -5
C=——=-=—
2 8 8
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1
y(x) = ;/——=
7(3{'—1)—56 g

1

y(x)_S -
—4(x—1)—-5¢—%
4 185

y(x) = -
3\/% 31/+4(x—1)+58—x

_ 1
_71 3\/4x—4+5e"‘

_ -2

- 3\/4x—4+59—"

E30. Solve: u'(t) = 10u(t)

du
et [ 10tdt

In|u(t)| = % +c
Inju(t)| =5t +¢

emlu®l = g5t*+¢ _ take off the absolute value and add +/- and then the +/- combined with
e€ is just some constant

u(t) = +e5t” - € multiplying with the same base, add the exponents, so this is working
backwards

u(t) = cest”
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E31.

1
fy+1 Y= jx—B x

Inly+1| =In|lx -3 +¢

elnly+1l = plnlx=3l+c — plnlx=3lgc my]tiplying with the same base, add the exponents,

so this is working backwards

y+1=%|x-3|(e)

y(x) = te|lx — 3] -1 + e€ = some constant

y(x) = k|x — 1| — 2 final constant can be k, C,or whatever!

More Practice if you want them!!!
E32.Which are separable?

A. Z—z = cos y(x) + xy(x) NO
B. Z—z = cosy(x) — x3 NO
C. Z—Z = (cosx)y(x) + y(x) YES
Factor Z—z = y(x)[cosx + 1]
D. z—z = (siny)(x) — y(x) NO
E33. Initially a tank contains 2000L of pure water. A valve is opened, allowing a brine solution

containing 0.1kg of salt per L to enter the tank at 5L/min. The solution in the tank is stirred
constantly at 5L/min. Determine:

a) the amount of salt in the tank t minutes after opening the valve
b) the instant when the concentration reaches 0.05kg per L
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E34. A tank contains 400L pure water. Brine with a concentration of 0.25 kg of salt per L begins
to flow into the tank at 3L/min and the well stirred solution flows out of the tank at 3L/min.

a) When will the concentration of salt in the tank be 0.2 kg/L?

b) How would the solution be different if the solution flows out at 4L/min?

E35. A tank initially contains 1000L of brine with 25kg of salt in solution. Brine containing
0.25kg of salt per L flows into the tank at 5L/min and the well stirred solution flows out at the
same rate. Find the amount of salt in the tank after 45 min.

E36. A tank contains 200L pure water. Brine with a concentration of 0.2 kg of salt per L begins
to flow into the tank at 5L/min and the well stirred solution flows out of the tank at 5L/min.
What will the concentration of salt in the tank be after 8 minutes?

E37.8) I = elme? = emuct
(0,0) <« purewater
L~ (0.1)(5) - =X

gt - ) 2000
Y _
It + 4—00}/ =0.5
d/ 1 c 1
—(e%00ty | = | 0.5e200¢
| e (emoy) = | 0se
1
1 0.5e400t
e400ty = T +c
400
400 -1
y =0.5 <T) + ce400t
-1
y = 200 + cezoot  sub (0,0)
0 = 200 + ce®
c =-200

-1
sy = 200 — 20000t

-1

b)  (2000)0.05 = 200 — 200e%00¢
-1

100 — 200 = —200e400t

—-100 =1
— = @400t
—-200
it
0.5= e4oot
-1

Ln 0.5 = In ezo0t

Ln0.5 = —¢
400

t =—400In0.5
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E38. Z—Jt’ = (0.25)(3) — % (0,0) pure water
%zOJS—% I=ef43ﬁdt =e43ﬁt
dy 3 _

P + my = 0.75 3
f—(ewoty) = [ 0.75em00"
3
—t
efmty _ 0.75§4oo np

400
3

3
ewo'y = 100e00' + ¢ sub (0,0) — ¢ = 400
y =100 — 3
e400
b) suby = 0.2 and solve fort
dy

equation would be i 0.75 — 4023_’1t « lose 1#C4. % = (0.25)(5) —
)

(0,25) « salt at start
1000

dy 1
E = 1.25 200_’)/

1 1
Z—f+%y =125 [I= efﬁdt = ez00"
1 1
f%(eﬁty) = [ e200"(1.25)

t

1
. __ 1.25e200
ez00 y = T

200
C

y =250 +— sub (0,25) to find c

e200
25 =250 + =
e

c=-225

sy =250 — 22; at 45 minutes sub t = 45 and find y

eZOOt

y = 250 —

225

1
9200(45)
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E39. 2= (025)(5) - X2

1000 (0,25) « salt at start

ay _ 1
pri 1.25 o5 1 1
Dy ly= — Jemdt -t
—+ y =125 I = e’ 200 = e200
dt ' 200

a( —t 1,
fa(ezoo y) = fezoo (1_25)

Lt 1.25¢705¢
ez00 y = -

200

y =250 + C1 - sub (0,25) to find c

€200

25 =250 + —
e
c=—225
ny =250 — 222
e200"
at 45 minutes subt = 45 and find y
y =250 — 525

9200(45)

E40. 2= (02)(5) -2

d 200
y 1
(Cilt 4-0y
y 1
Z 4 —y =
dt 40 ) )
I = efﬁdt = eﬁt
d Lt it
—(e4o0 = 40
[ (ew"y)=[e
1
it eﬁt
ewy=——+c

40
c

y=40+-—  sub(0,0)

e40

c=-40
-1
y = 40 — “£-=40 — 40e%"

e40'

-1 1
sub t=8tofindy y=40—40e%® =40 — 40e5kg is the mass and if they want
concentration, divide by original volume of 200L
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Quiz 1: Practice on Sections Ato |

1. A=4n(3r)? = 4n(9r?) = 9(4nr?)

~ 9 times
V= gn(3r)3 = %n(27r3) = 27(2717’3)
~ 27 times
2. speed =m/s
% = % ~ time must be in seconds
1
3. =21

. 1,
u(t) = ¢ X 2170 = ¢ X 210

4. a) homogeneous
b) inhomogeneous
c) inhomogeneous
d) homogeneous

5. P, =3000(1.08)—n a=108 P,=3000 b=-n

Pt=(Po—L)at+L

1-a 1-a

_n _n
1-1.08

P, = <3000 1108
= (3000 — 12.5n)(1.08)¢ + 12.5n
worthless after 10 years, so let t=10
0 = (3000 — 12.5n)(1.08)° + 12.5n
0 =6476.77 — 26.98656247n + 12.5n
—6476.77 = —14.48656247n

n = $447.09

) (1.08)¢ +

6. a) linear, 1storder

b) non-linear, 1storder
c) non-linear, 2nd order
d) linear, 2ndorder
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du
dt

[du = [t%dt
3
u(t) ==+c

7. = t?

d
8. — = 2u(t)

1
mdu = 2dt

1
mdu = f2dt
Inlu(t)| =2t +c
elnlu(t)l — p2t+c

elnlu(t)l — p2t. o€
u(t) = ae?t

3
9.a) Linear u'(t) —u(t) = % + tcost

v(t) = e 714t =

b) u'(t) +u(t) =t

v(t) — pf1at =

c) u(t)—(t+2ut) =t

v(t) = el —(t+2)dt — p[(-t-2)dt _ |, 2t
1. b)
2. ¢)
3. a)

10. Linear v(t) = eJ ~sintdt — geost

V(tu = f V(£)Q(t)dt

eSty(t) = [ eStsin t dt substitution u = cost

eStu(t) = [ —e¥du

eoSty(t) = —e* +¢
£Cos tu(t) _epCost c
eCOSt = eCOSt eCOSt

u(t) = =1+ ce—cost

—du =sintdt
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11.Linear v(t) = /14t = ¢t

V(tu = fV(t)Q(t)dt
etu(t) = [ 5etdt
etu(t) =5e'+c <« sub u(t)=3, t=1
el(3) =5el +¢
c=-—2e
etu(t) = 5et — 2e

12. Lineary' — iy = 2Inx + 1 Since x=2
p(x) = &/ ¥ = gminx = gna™ 1

veoy = [ veewa

! —fl 2Inx + 1)d

2V = | z@Inx+Ddx

b=
\“substitution u =Inx  du=-dx
%y = [2udu + In|x| + ¢
%y=zziz+ln|x|+c
%y=u2+ln|x|+c
iy = (nx)?+In|x| +¢  substitute x =2 y=1
~(1)=(n2)?+In2+c
c=--(n2)?—In2
=y =(Inx)? +Inlx| +5 - (In2)? — In2

y=x [(lnx)2 + In|x| + % —(In2)?>—1In 2]
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F. Stability Analysis of Autonomous Differential Equations

* arrows to right indicate f(y) is positive (above axis)
* arrows to left indicate f(y) is negative (below axis)

Example 1. Find the equilibrium values of the differential equation
2 —
y“+2y—-8=0
+Hly-2)=0 y=2—-4

Stable Unstable

S« «—>

—4 2

-4 2
-5 [0]
(=5)2+2(-5)—8 32+2(3)—8
=]

Va \ Va

~ equilibrium values 9y =2,—4
Unstable stable

Example 2.
y*—16y2 =0
y2(y?—-16)=0 y=04,—4
-4 0 4
-5 -1 1 5
= | =
s N N s

—— —— ——>

Stable semi- unstable
Stable

Example3.y' = g(y) =y3—4
y3—4=0
y3?=4 y=159 .9 =159 isan equilibrium point
y'=g'(y) =3y*+0 =3y
aty =159 y" =3(159)%>0
~ 9y =159 isunstable

52



©Prep101 AMATH 1201 Final Exam Booklet Solutions

Logistic Growth Model
Z—IZ =r (1 - %) N =0  note:r k are[+]constants
Example 4.

r = 0 (not possible sincer >0) or N=0 or 1 —% =0
1== k=N orN=k
~ equilibria are N=0,N=k

(N) = (1 N)N— oL T L e

gty =r k)T k)" kO VT
‘N = T (2N) = 2rN
g =r=y Tk

atN=0 g'(0)=r—0=r>0 . unstableat N =0

atN=k g(k)="Z()=r—2r=-r<0

. stable at N = k

Example 5. Stable at b and unstable at a and c.

Example 6. Answer the questions, given the phase plot below:

%71 19 18 v

a) Identify where the graph is increasing and decreasing.

The graph is above the x-axis from 0 to 12, so it is increasing there, as well as from 18
onward

The graph is below the x-axis from 12 to 18, so it is decreasing there as well as from 0
backward

The equation is dy/dt =y (y-12)(y-18). Make sure you test a point in each region to make
sure if it is positive, the graph is above the x-axis and negative is below the x-axis. In
another scenario it might be dy/dt = -y (y-12)(y-18).

b) Find the equilibria and asses the stability of each of them.

The equilibria are the points where the graph crosses the x-axis, so they are at 0, 12 and 18
At x=0, we have an unstable equilibrium

At x=18, we have an unstable equilibrium (arrows point away from each other)

At x=12, we have a stable equilibrium (arrows point towards each other)
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c) Given the following initial conditions, what will the value of y(t) tend towards?
If y(0) =2, y(t) will increase to 12

If y(0)=10, y(t) will increase to 12

If y(0)=15, y(t) will decrease to 12

If y(0)=18, y(t) will remain at 18 (equilibrium)

NOTE: If y(0)=22, y(t) will increase to infinity

Example 7.
0 test point
—1 1
(—1)S (+1)°
=
——¢ e
s unstable

Example 8. The correct graph is:

It is increasing (above the x-axis from 3 to infinity and from negative infinity to -1. Itis
below the x-axis, or decreasing from -1 to 3. See the number line below: It is stable at -1
and unstable at 3.

Increasing from 3 to co and from —oo to —1.
Decreasing from —1 to 3

— «—>
-1 3
Stable unstable
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Practice Exam Questions on Stability Analysis of Autonomous Differential Equations

F1. (a)
e«
4  stable
(b) y*-3y*=0
yi(y—3)=0
y=0, 3
— —>
0 3 unstableat y =3
(c)

2e%Y —4eY =0
2e¥(e¥—2)=0
e” = 0 means no solution e” = 2 take In of both sides and y=In2

——>
In 2 unstable at y =1In2

d o0=@-3)u+2) y=3o0r y=-2

-2 3
-3 0 4
(—3)*+3-6 =1 42 —4-6
7 N 7
—— ——>
Stable at -2 unstable at 3

F2.
kis a constant k> 0
k(A—H)=0 H=A
~ equilibria H=A
g(H) = k(A — H) A
g (H)=k(-1)=—-k<0 - stableatH = A

F3.
kP =0 P =0 sincekisaconstant >0
-~ equilibria P=0

F4.
0.0420—H)=0 ~H=20
Equilibrium H = 20
let g(H) = 0.04(20 — H) = 0.8 — 0.04H
g'(H) =-0.04<0 . stableat H =20
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F5.
H=>=0 and H =10

2
S=oN(1-o)-H=2N-2C—H
dt 100 100

dN—o 2N 2N? H=0
dt 100 B

2N? ..
2N ———-10=0 (divide by — 2)

100

1

“N+——N2+5= x 1
+ 15N +5=0  (x100)
NZ = 100N + 500 = 0

1001;/(—100)2 —4(1)(500) 100 +89.44
N= 2(1) B 2
N =947 or N =5.28
equilibria N = 5.28 and 94.7

F6. a = unstable b = stable ¢ = unstable

“—> o “—>
—a + b - ¢ +
F7. -2 0 2
-3 -1 1 3
= =]
« -2 50« «2-
Unstable stable unstable
y'=0
~y>—16y =0
y(y*-16)=0
y=0, y*=16
y=2,—2 ~ Alisthe answer
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4
rV(1—;)_0
W=0 or 1—%=0
v
V=0 1—;
V=k
classify equilibrium
V=0 V =k
-1 k—1 k+1
=] =]
dav v rv?
w=v (=)= - 2
av _ d_V_ _ _r(—1) _ .. T
= atv=-1,Z=r(-1) = .
=—T'(1+;)
<0 sincer,k [+]constants
«0- -k «
Unstable stable
atV =0 atV =k
Method 1:
dv_ v rVZ
a Tk

gy =rv-— %Vz

gy =1 =2 @)

g'(0) = 7 =2 (2(0)
=r—0=r>0

Unstable at 0
r
g®=r _E(Zk) =r—2r

=—-1r<0

Stable at k
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Method 2:
atV=k+1
2
Z—Z =rk+1)— p A7
_ _ r(k?+2k+1)
=rk+r —2 p
rk 2rk r
—Tk+T—T—T—T;
=rk+r—rk—2r—;
— T
k
= -1 (1 + %) <0 sincer, kare constants
atV=k—1
Wl — 1) — D2
e r(k—1) rz P
_ o r(k“—2k+1)
=rk—r —2 p
rk 2rk T
=rk—r— T + T - ;
=rk—r—rk+2r—£
1
= T(l — E) >0
F9. Answer the questions, given the phase plot below:
dy/dt
y
. & i
0 10 20

a) Identify where the graph is increasing and decreasing.
The graph is increasing from 10 to 20 and from 0 backwards and it is decreasing from 0 to
10 and from 20 onwards

b) Find the equilibria and asses the stability of each of them.
The equilibria are 0, 10 and 20
At 0, and 20 we have stable equilibria and at 10, we have an unstable equilibria

c) Given the following initial conditions, what will the value of y(t) tend towards?
If y(0) = 2, y(t) will decrease to 0.

If y(0)=10, y(t) will stay at 10 ( it is an equilibria)

If y(0)=15, y(t) will increase to 20

If y(0)=18, y(t) will increase to 20
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F10. a) The equilibrium are 0,4, -7
b)

testpointy =5 2= —y(y —4)(y +7)

dx
=-56-4)G5+7)
<0 - left(below axis)
dy

Testy =1 = —1(1-4)(1+7) >0 -~ right (above x axis)

Testy = —1 Z—z =—(-1D(1-4)(-1+7) <0 - left (below axis)

~ —7 is stable (arrows pointing towards each other)

c)Startat 2, it will goto 4

d);i_)n(r)l0 y(x) = 0 (stays at equilibrium)
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Quiz 2: Practice on Sections | and J

1. a=175, b=375, n=8000

dN

a. E: (a—b)N+n
= (175 -375)N + 8000
=-200N + 8000
b. lim  n _ 8000 :m:40
noo b-a  375-175 200
2.
a. V =2000 + 5t—8t
V =200 - 3t
dA _ 84 _ _ 84
b. = QA0)G) — 555~ 200-3t

3. 200 mg/L * 0.06L/hr = 12mg/hr
1 1
K= 1n(7=g5) = In(gg) = n2s

Rate out = In2.5 u(t) + “2%0.06 L/hr

= In2.5 u(f) + 0.012u(t)
du
— =12 — [In2.5 + 0.012 u(t)]

dt

du

- T ln2.5+0012Ju() = 12

Let P(t)= [In2.5 + 0.012] = A Q(t) = 12

V(t) = elAdt — At

d
| Z V@ u® = [v©oe®adt

d
1] . et u(t) = [ et x12dt

12e4t

At
t
e™ u(t) A

+c

60



©Prep101

(0,0)

12
Ut) = -+ ce At

012,
= tee
_-12
‘T

12 12
_ 424 -at
u(t)—A i

12
u@® =—0- e~ 4t)

12
_ _ ,—(In2.5+0.012)t
u® = o5 ro012 ¢ )
Lett=1
— _ ,—(In2.5+0.012)(1)
v = s ooz L ¢ )
— 7.82

') =1y = 4(r®)"*
P(t) = —+ Q) = 4
a) u=y

b) 2+ (1 —n) P() u(t) = (1 —n) Q(t)

u’(t)—3(—%)u(t) = —3(4)
u'(t)+§u(t) = —12

AMATH 1201 Final Exam Booklet Solutions
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3
C) V(t) = et =e3nt = pInt® _ 43

[ < @u®) = [3(-12)dt

4
tut) = -2 =¢

4
t3u(t) = =3t* +c¢
(o4
u(t) = -3t + =

c

173 = —3(1)=1—3
1= -3=c¢
c=4

Therefore, y=3 = 3t +;3

YT e
1

(@) = (—3i+4)3

t
y(t) ——(%)

(—-3t*+4)
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5. a)y =yl =yl =y3

b)Z + (1-m) P(®) y(t) = (1-n) Q(t)
2+ (=3)My®) = -3(1) Q()=-3

ay

It —3y(t) = —

v(t) = el —3dt — -3t

[ 2 ) = [ 30t
e Sty=e3t+¢
y=1+ce3
u3=1+ced
(%>_3 =1+ ce’
23 =1+¢
c=7
3= 1473
ud = —— We getu = y—
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6. From -1 and below, it is below the x-axis, so it is decreasing and the lines go down and right.
From -1 to 2, it is above the x-axis, so increasing and lines go up and right. From 2 onward, the
graph is below the x-axis so it is decreasing and the lines go down and right.

O
\\\\\\\\;

Y

7.a) The equilibrium are: 0, 2 and -6
b) Test Point y=3
dy/dx=-3(3-2)(3+6) < 0, so arrows point to the left

test pointy=1
dy/dx =-1(1-2)(1+6) >0, so arrows point to the right

So, -6 is stable (arrows pointing towards each other)

c) start at 3, it would go down to 2
d) start at 0, it would stay at 0 (an equilibrium)

ﬂﬂ\a:

| S T
| R
“pb\E e €€/10 2

T
i)
1
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G. Practice Exam

G1.  slope= é #1 - allometry

L2
G2. ’l72 = E
G3. P, =1.01P, — 200

G4. I=x* B
— 3

I =x A
I=x3e™%* (
It 3xy __ 2sinx
A) Y+ =3
’ 3y 2sinx
+ x  x? .
3 3
I:v(x):efxdx:e3lnx:elnx = 53
2 x~3
B) y' +Zy="—
)y oy ==
2 —
Y +iy=x"
2
= 2
I:efx:ezlnx:elnx =x2
2x+3 2secx
0y -(57)y=
)y ~ ~

3
—J{2+=)d —2x— — -3 — —
[=¢e f( x) ¥ — p72x=3Inx _ j-2x,Inx"" _ ,-2x,.-3
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I -3
Xy 2y x
G5. = +==—
x x x

! E — =4
y+-y=x

2
Zd 2
fx X 2lnx _ elnx = x2

v(x) =e =e
d
[ L@y = [vEe®
x%y = [x*x"*dx
x%y = [x2dx
2 x”!
x'y=—F+c
x%y = _71 +c
Substitute y(1) = 1 to find ¢
12(1) ==+
c=2
2y =242
R
Y=e e

“1 2
y@2)=3+5

G6. v(t) = el = en(t-3) = ¢ _ 3

= (O = v(H)Q()

[t =3)u=[(t-3)(Ddt
(t—3)u=§—3t+c
Substitute u(0) = 3

T
T 0-3)3) =2 -2(0) +¢
c=-9
S(t-Bu=L—3c-9
u=2[C-3c-9
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G7. a) 500 + 12t — 8t = 500 + 4t

dA . . . A(rate out)
b) E - (rate ln) (T'Clt;,’AlTl) volume at time t
% =(12)(12) - 500+4t
22— 144 -
dt 500+4t
G8. ~n=4
a) u=ylm=yl~*=y3 ap=-3

b) ¥'(t) — 1y () = 4ly(®)]*
PO=—7 Q=4
¢) S+ (1 —mup(®) = (1 —n)Q(t)
L+ (-3)u(T)=-34
Sy =12
= () = v(OQ(L)
v(t) = ef%dt _ e3lnt _ ,Int® _ 43

d
JZ @) = [ (—12)dt
_ 4
t3u = % +c¢ substituteu=y3 y1)=1
t3y 3 =-3t*+c
13(1) 3 =-3(D*+c
c=4
t3y™3 = -3t* + 4
_3 __ -3t* a4
Tz T3
_3 _ —3t*+4
=—
3 __ ¢t

G9. a) No, it will go to 20
b) 60 rats
c) 20rats

G10. The first graph is correct. It is above the x-axis for greater than 0, so it is increasing

there. Itis below the x-axis between -1 and 0, so it is decreasing there and it is above the x-
axis below -1, so it will be increasing below -1.
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G11.
Pt = 1'O4Pt—1 - 50 PO = 850 a = 1-04‘ b = _50

Po=(P—=) @)+ =
P, = (850 - =) (1.04) + —

1-1.04 1-1.04
P, = (850 — 1250)(1.04)¢ + 1250
P, = —400(1.04)¢ + 1250

50 = —400(1.04)! + 1250
—~1200 = —400(1.04)*

3 =1.04!
__ In3
" In1.04
Long Method:

P, = 1.04P,_, — 50
AP, = P, — P,_; sub
=1.04P,_; — 50 — P,_,;
AP, = P,_; + 0.04P,_; — 50 — P,_,

AP, = 0.04P,_; — 50
Consider AP, =0
0.04P,_; —50 =0
0.04P,_, = 50
P,_, = 1250
Define U, = P, — 1250 [2]which means P, = U, + 1250
Uiy = P._; — 1250  [2]which means P,_; = U,_, + 1250

From[1]P, = 1.04P,_; — 50 substitute[2]
Uy + 1250 = 1.04(U,_; + 1250) — 50

U, = 1.04U,_, + 1300 — 50 — 1250
2 U, =104U,_, «b=104 U, =P, —1250

subst t=0
P, = 850
U, =P, — 1250
U, =850—-1250 = —400

Ur = Uy (b)*
Uy = —400(1.04)t
~ from U = P, — 1250
P, =U, + 1250
o~ P, = —400(1.04)t + 1250  from[4]...see purple above!!
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H. Basic Probability

Example 1.a) S = {1,2,3,4,5,6}
b)s = {(1,1)(1,2)(1,3) ... (6,1)(6,2)(6,3)(6,4)(6,5)(6,6)}
c)S ={HHH,HTH,HTT,THH,THT,TTH,TTT,HHT}

Mutually Exclusive VS. Independence

Example 2. E = {2,46} F ={1,2,34}

a) ={1,2,3,4,6}
b) ={2,4}
) = {6}

d) no since b) is not the empty set

Example 3. Pr(at least 1 tail) = 1 — Pr (no tails)
= 1— Pr (HHHHHH)

=1-()
=1-—

64
63
64

Example 4.
Pr(sum seven)=Pr{(1,6)(2,5)(3,4)(4,3)(5,2)(6,1)}=6/36=1/6=0.167

Example 5.
a) Pr(AUB) = Pr(A) + Pr(B) —Pr(ANB)
0.35 =0.10 + Pr(B) — 0.05
0.25 = Pr(B) — 0.05
Pr(B) = 0.30

b) Pr(4 U B¢) = Pr(4) + Pr(B¢) — Pr (A n B®)
=0.10 + 0.70 — 0.05=0.75

Example 6. a) Pr(red) = 0.5 b) Pr(face and heart) = — = 0.058
c) Pr(face or heart) = Pr(face) + Pr(heart) — Pr (face and heart)
12 13

=242 22 _0423
52 52 52 52
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Example 7.

Pr(A n B) = Pr(4) x Pr(B) = 0.2(0.5) = 0.10 since A, B are independent
Pr(A or B)=Pr(A) + Pr(B) - 0.06

=0.2+0.5-0.10

=0.60

So, a) is true since they are independent...b) is true
To checkc)..Pr(ANB)=1—-Pr(AUuB)=1-0.6 =0.4

The answer is d). only a) and b) are true.

Example 8.
a) They are independent because the first flip being tails won't affect the second flip.

b) They are independent, since "ace" and "spades" don't affect each other. One is the type of
suit and one is the denomination...ie. we can get an ace of spades

c) These are disjoint, since one card can't be both a spade and a heart, ie. prob. of both =0

Example 9. a)>(3)(3) == b) DS S

4 64

c)Pr (at least one club) = 1 — Pr (no clubs)
-1-0O@-1-2-3

Example 10. Pr(4 or B) = Pr(4) + PR(B) — PR(ANB)
08=04+05—-Pr(AnB)
0.8=0.9—Pr(AnB)
Pr(AnB) =0.1# 0 - notmutually exclusive
Independent
check Pr(ANn B) = Pr (A) X Pr (B)

0.1 0.4x05=0.2
~no The answer is (d).

Example 11. Pr(EUF)=0.3+04=0.7
Pr(E°NF)=1-0.7=0.3
Pr(En F¢) = Pr (E) = 0.30 since all of E is outside of F (mutually exclusive)
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Example 12. a) Pr(swing U slide) = Pr(swing) + Pr(slide) — Pr (both)

_ 50 60 40

T80 80 80
_110-40 _ 70 _ 7
8o T80 8

b)Pr(neither) = 1 — g - %
Example 13.

(a) Since Pr(A¢ n B¢) = 0.20, we know that Pr(AUB)=1 - 0.20=0.80
From the union formula,
Pr(AUB) = Pr(4) + Pr(B) — Pr(ANB)
0.80=0.7+0.4-Pr(4 N B)
Pr(A N B)=0.30

b) Pr(B U A)¢ = Pr[B¢ n (A°)¢] = Pr(B N A) = 0.7 — 0.3 = 0.4
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Practice Exam Questions on Probability

H1.  Pr(A) = 1-Pr(O)-Pr(B)—Pr(AB) = 1-0.50-0.20—0.05 = 0.25. The answer is (c).
H2. Pr(both aces)= 5“—2 X %:0.00452

H3. Let E denote the event that at least one of the four mosquitoes was a carrier of the

virus. Then E denotes the event that none of the four mosquitoes was a carrier of
the virus. Since each mosquito has a 90% of not being a carrier of the virus,

Pr( E) = (0.90)* = 0.6561.
Therefore Pr(E) = 1-Pr(E) = 1—(0.90)* = 0.3439 = 34.39%.

H4. The probabilities of drawing 1 red ball, 1 green ball, or 1 yellow ball are
5 3 2
Pr(R) =—, Pr(G)=—, PrY)=—,
(R) 10 (G) 10 (Y) 0

respectively.
The probabilities of drawing 2 red balls, 2 green balls, or 2 yellow balls are
5Y 3Y 2’
Pr(RR)=| — |, PriGG)=| — |, Pr =l =1,
P e
respectively.
The probability of drawing 2 balls of the same colour is therefore

5V (3 (2Y
Pr(RRorGGorYY) = | — | +| = | +| = | = 0.25+0.09+0.04 = 0.38.
10 10 10

H5. 1f 30% have a college degree and 20% of men have a college degree, then 10% of the
women have a college degree
Pr(female and college degree)= 0.10...female without college would be 0.4, if they asked!

0.50 male
M

C 0.50 female

044— FnCc

Mn C
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Hé.

H7.

H8.

The probability of not catching a fish each time you cast your lineis 1-1=2.

The probability of not catching a fish on the first two attempts is (%)2 =

The probability of catching at least one fish within the first two attempts is thus
1 9 _ 7

T 16 16"
The answer is (b).

a) Pr(F)=0.40 and Pr(N)=0.30, Pr(F and N)=0.20
b) Pr(F or N)= Pr(F) + P(N) - Pr(F and N)=0.40+0.30-0.20=0.50

Using the table, find for a randomly selected individual from this population the

probability that he or she:

a) Isin the age interval 40-49

Pr(40-49)=(10+15+50+70)/400
=145/400=0.3625

b) Isin the age interval 40-49 and weighs 170-189 lbs

=50,/400

HO.

There are 8 possible outcomes for three children and only 3 consist of exactly 2

girls...GGB, GBG and BGG...so, 3/8=0.375

H10. Pr(false)=5/90=0.056

H11.a) Pr(AB)=5/100=0.05

b) Pr( O or Rh-)=Pr(0) + Pr(RH-) - Pr(both)
=45/100 + 14/100 - 6/100
=53/100=0.53

c) Pr(A and Rh+)=35/100=0.35

H12. Pr(both A)=40,/100 times 39/99

AMATH 1201 Final Exam Booklet Solutions
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H13.a) Pr(all 4's)=1/6x 1/6 x 1/6 = 1/216=0.158
b) Pr(no 4)=5/6 x 5/6 x5/6 = 125/216=0.579

c) Pr(notall 4's)=1-Pr(all4's)=1-1/216 =215/216=0.995

H14. a) Pr(2)= 3/12 since there are 3 number 2's out of 12 numbers
b) Pr(nota 1)=1-Pr(getal)=1-2/12=10/12
c) Pr(nota2)=1-3/12=9/12

d) Pr( first 1, second 3) =2/12 x 6/11 since you don't put them back, you would only have
11 left after removing the first "1"

e) Pr(first 1, second nota3)=2/12x5/11=10/132

H15. Pr(1st die 6 or second 5)= Pr(1st 6) + Pr(2nd 5 ) - Pr(both)

=6/36+6/36-1/36
=11/36

H16. Pr(1stdie 6 and 2nd 5 = Pr(getting (6,5) = 1/36 since this is one of 36 possible
outcomes

H17. Pr(1stnota 5 or second not a 4)= to be in one set or the other or both...every element
in the 36 either has 1st not a 5 OR second not a 4, except the outcome (5,4)...s0,
1-1/36=35/36

H18.

) ()06 =5

b) =1 — Pr (no clubs)
--20)@)-1-2-2
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H19.
a) %
b) 5oré6
c) 42,6
d) 2,4,6

H20.A)6/12 =1
b) red or yellow =8/12 =2/3
c) (6+4)/12=10/12=5/6

H21.

A—-4 T-5 G—4 C—-3 /16
44 _ 8 _ 1
16 16 2

6

9 3 2
— without would be — x = =
10 9 90

3 3
H22. =X —=
10 10 100

AMATH 1201 Final Exam Booklet Solutions

H23. A) Yes, they are disjoint because you can't belong to more than one weight category

b) Pr(D)=1-0.02-0.39-0.35=0.24

H24. Pr(A and B)=Pr(A)Pr(B)= 0.2(0.5)=0.10

2_
7=

H25. Pr(heterozygous) =

B w

Pr(atleast one B) =

H26.a) = Pr (E) X Pr (F)
=03x04=0.12
b)= Pr(E) + Pr(F¢) — Pr (E) X Pr (F°)
=034+06—-0.3%0.6
=0.9-0.18 =0.72
c)= Pr (E) X Pr (F°)
=0.3x0.6 =0.18

H27. Pr(sum greater than 10)={(5,6)(6,5)(6,6)}=3/36=1/12=0.083
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H28. P(A and B)=1/36 only one outcome since it would be only {(6,1)}
P(AUB)=P(A or B)=P(A)+P(B)- P( A and B)

=6/36+6/36-1/36

=11/36

H29. Pr(EUF) =Pr(E)+Pr(F)—Pr(ENF)
0.86=050+035—Pr(ENF)
Pr(ENF)=0.01%#0

~ E,F are NOT mutually exclusive
Check to see if E and F are independent
Pr (E) X Pr (F)

=0.5%x0.35
=0.175

Pr(ENF) =0.01
~Pr(ENF)+#Pr(E)XPr(F)

~ E,F are not independent

H30. BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG are all the possibilities.
Pr(exactly 2 girls)=3/8=0.375

(half the rolls are even)
[

H31. Pr‘(A) =
Pr(B) = - = [(1,6)(2,6)(3,6)(4,6)(5,6)(6,6)]

Pr(An B) E [(2,6)(4,6)(6,6)]
Pr(4) x Pr(B) =1 >< 2 %
~Pr(AnB) = Pr(A) X Pr(B) - they are independent

O\IHN|>—\
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I. Conditional Probability

Example 1.

bei /gy < TENE) 030 3
rF/E)= —prmy ~0a0 1%

Pr(N) = = Pr(R) = % Pr(N UR) = %

Example 2. 00
__ Pr(RnN)
Pr (R/N)= P

Find Pr (R N N)
Pr(NUR) =Pr(N) + Pr(R) —Pr (N NnR)
80 _ 35 _ 50
2D _B 4% _pr(NNR)

100~ 100 1005
Pr(N N R) = —
100

>/100 -5 _1
7

- Pr(RIN)= 5512 =

Pr (ENF)

Example 3. Pr (E/F)= P (P

1 _ Pr(ENF)

3 1,
Pr(EnF):%xi:l—lz
Pr (ENF)
PI‘(F/E)=T(E)
_ 2
2/3
1.3_3 _1

T 12727 24
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Example 4.3)

080 T
Student
0.70 020 T¢
060 T
0.20 Faculty
040 T°€
T
0.10 0.40
Staff
060 T°

Pr(T) = Pr(student N T) + Pr(faculty N T) + Pr (staff NT)
= 0.70(0.8) + 0.2(0.6) + 0.1(0.4)

= 0.72
__ Pr (studentnT)
b)Pr (student/T)= S
_ 0.70x0.80 _ 56 _ 7
T o072 72 9
Example 5.

a) S Reduced = {(4,1)(4,2)(4,3)(4,4)(4,5)(4,6)}
N % Since the reduced sample space is what is

given, ie. 1st die is a 4 and then we circle how many of these 6 outcomes have a sum greater
than 9 and there is only 1 outcome

b)SReduced = {(1,1)(2,1)(3,D (415,161} =2=0

Example 6.
1\° 1
a) Pr(5 boys) = (E) =5

b) Pr(at least 1 boy)=1-Pr(no boys)=1-1/32=31/32
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Example 7. Pr(T+) =Pr(D*NnT*)+Pr(D~ NTY) ™

= 0.03(0.99) + 0.97(0.001) 0.99

— 0.0307 .

D
Or (3/100)(99,/100)+(97/100)(1,/1000) 003 0.0 T
~(30/1000)(99,/100)+(97/100)(1/1000)
~(2970 + 97)/100000 P 0.001 T
-3067,/10000 : -
0.999~ |

Example 8.

a) Pr(B) = Pr(Alex N B) + Pr(Samuel N B) + Pr (Ben N B)
= Pr(A) x Pr(B/A) + Pr(S) x Pr(B/S) + Pr(B) x Pr(B/B)

SEYEA RS YETAPE
3 \100 3 \100 3 *100

30 50
BT 70/100
300 ' 300 | 300
B Alex
300 20
30/100
1/3
50/100
1/3 Samuel
For b) find “what is the probability you got the marble 50/100
from Samuel if you know it is a blue “
" 45/100
b) Pr (Samuel /B):M
1 50r(3) .
— (§)(m) 1 (20) 2010 <
A
0
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Example 9.

Pr(N¢) =Pr(SNn N¢) + Pr (S n N¢)

= Pr(§) X Pr(N¢/S) + Pr (§¢) x Pr (N€/S¢) 095_~ N
= 0.05(0.05) + 0.95(0.20)

= 0.1925 S

0.05 0.05 > \¢

Or (5/100)(5/100)+(95/100)(20/100)
=(25+1900)/10000=1925/10000=0.1925 or 77,/400

Pr(S¢/N) =1 —Pr (S/N)
— 1 - Présnm 0.20 NC
Pr (N)
_0.05(0.95)

1-0.1925

= 0.941

Example 10. Pr(T*/D*) = sensitivity = 0.9 a5 T
Pr(T~/D™) = specificity = 0.8 '

Pr(D”andT™) _ 0.8(0.99)

Pr(D™/T7) = Pr(T-)  0.01(0.1)+0.99(0.8)

T given

=0.999 0.01 o T

0.99 02~ T

0.8
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Example 11.

AMATH 1201 Final Exam Booklet Solutions

did not ——t—*
have covid

= had covid

tested positive and no covid

= 60 — 22 = 38 tested negative and no covid

Sensitivity

+ 74y _ Pr(TtnDp?)
Pr(T*/D™) = roh

28

— 100

— 40

=—=0.70
40

Pr(type Il error) =1 —0.70 = 0.30
Specificity

— /n—y _ Pr(r7nD7)
Pr(1~/D7) = =522
38
_ i
- 60
100
== =0.63
60

Pr(typel error) =1—0.63 = 0.37

EC E
22 28
60 40
/
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ADD THIS QUESTION TO
YOUR BOOKLET AND DO
1Tt

Example 12. A population has 1000 people, and the prevalence of cancer is 0.001. The
sensitivity is 0.90 and the specificity is 0.95. Find each of the following:

a) the number of people who have the disease in the

population T+
0.9

Pr (T +/D+) = 0.9 (Sensitivity)

Pr (T —/D—) = 0.95 (Specificity)

0.1
T
T+

0.05
0.95 -

b) the probability of a false positive and the number of false positives in this population

c) the probability of a false negative and the number of false negatives in the population

d) the number of true positives and true negatives?

e) If an individual in the population is tested for the disease and the test comes back positive, is it
more likely they actually have the disease or that the test is wrong?
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Example 12. Solution:
Pr (T +/D+) = 0.9 (Sensitivity)
Pr (T —/D—) = 0.9 (Specificity)

T+
0.9
0.1
T
T+
0.05
0.95 T

a) E(x) =np =1000(0.001) = 10 people
b) false +

Pr (T +/D-) = 0.05

Number false += 0.05 X n

Where n= number without disease

= 0.05(1000 — 10)
= 0.05(990)
= 49.5 people

* false positives only occur if the person doesn’t have the disease

c) Pr(false —) =Pr(T —/D+)
= 0.10

= 0.10 X n where n =# number with the disease
# false— = 0.10(10) = 1 person

d) true +
Pr (T +/D+) = 0.9
# of true+ = 0.9 x 10 =9 people

true —
Pr (T —/D-) = 0.95
# of true negatives
= 0.95 x990
= 940.5 people
NOTE: 49.5 + 1 +9 +940.5 = 1000 people!!
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e) We see from b), c), and d) that there are 49.5 people with a false + and only 9 people with
a true positive, so it is much more likely it was an error in the test than they actually have the

disease

Practice Exam Questions on Conditional Probability

I1.
a) Pr(T) =Tr(Box 1 and T) + Pr(Box 2 and T) + Pr(Box 3 and T)
_1 11112
373372 374

1_4+6+6_16_8_4
6 36 36 36 36 18 9

PrzndnT) YaxY, 1/ 149 9
b) Pr(2nd|T) = rPr’ET) = 3;/9 2 — 4_/2 = g(_) -

12.

a) Pr(B) = Pr(W N B) + Pr(W¢ n B°)
= 0.60 x 0.50 + 0.40 x 0.30
=0.30+ 0.12
=0.42

Pr(MnB) 040x030 012 12 2

Pr(B) 042 042 42 7

b) Pr(M|B) =

13.Pr(k) + Pr(kk) + Pr(kkk) + Pr(k°kkk) OR
1—Pr(kkkkk)
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14,
a)
Pr(B) = Pr(Box A and B) + Pr(Box B and B)
1.2 1 4
=2%1%2%7
1 2
~177
7 8 15
28728 28
b
) o
Pr(BoxA|R) = Pr (BoxA and R) — /2 (Z) _ 1/4
Pr (R) 1/2 (2/4)+1/2 (3/7) 1/4_|_3/14
1 Box A » 5
R
37
1/2 Box B<
417 .
0.0 D
I5. A
Pr(A|D) _riband4) (Pli(i;l)d A) 0.95 c
0.20 D
_ (0.05)(0.20) 0.10_-D
= 0.2(0.05) + 0.3(0.10) + 0.5(0.08) 0.30 g 0.90
: .
0.50 0.08 D
C‘:::::;;;;
DC
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I6.

a)
Pr(G) =Pr(BNG) + Pr(P N G)

b)

Pr(P|S) = Pr (P and S)

Pr(S)

310 (%/g)

15/80

T3 () + 55 Cl10) s+ /g0

17.
Pr(F/E)=0.20

Pr(F/E)=0.10
Pr(E)=0.40

Find Pr(E N F)

Pr (FNE)
PI‘(F/E) =T(E)

Pr (FNE)
0.40

0.20=

Pr (F n E)=(0.20)(0.40)=0.08

The answer is C.

AMATH 1201 Final Exam Booklet Solutions

37_~G

Blue <
3/8 47N g
5/8 2110~ G
Purple é S
510 C
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18. 0.80 s
Draw a Tree diagram c
Pr(C/P):Pr €np) _ 0.05(0.80) 0.0 Q - c

Pr (P) 0.05(0.80)+0.95(0.15)

0.95 0.15 P
9. ct
0.85
C

Pr(red) = Pr(red from Box A) + Pr(red from Box B) P
+ Pr(red from Box C)
1/1 1/(2 1/(2 1 1 2
=) +30) 3@ =555
110.

Pr(C and 2nd red) = Pr(C and BR) + Pr(C and RR)

1 3 2 1 2 1 1 1 3 1 2
SSX=XS4-XIX-=—4—=—4—=—==
3 5 4 3 5 4 10 30 30 30 30 15

1/3

)
<

=
<<

87



©Prep101 AMATH 1201 Final Exam Booklet Solutions

[11. (a) What is the probability that a randomly selected individual is experiencing
hypertension?

#with hypertension  21+36+30 87
total # 180 180

Pr(hypertension) = ~ 0.48

(b) Given that a heavy smoker is selected at random from this group, what is the
probability that the person is experiencing hypertension?

Pr(hypertension | heavy smoker) = Pr(hypertension m heavy smoker) _ 30 ~ 0.61
Pr(heavy smoker) 30+19
(c) Are the events “hypertension” and “heavy smoker” independent? Give supporting
calculations.
: . 30 87 .
Since Pr(hypertensi on | heavy smoker) = 79 # 0 Pr(hypertension), the two events

are not independent.

[12. Consider the following events:
A= “adult selected has a college level education”;

B = “adult selected is a male with the highest level of education being secondary”;
C = “adult selected is a female”.

(a) Are the events A and B disjoint? Explain.

Yes. They are disjoint because an adult cannot have a college level education and have
his highest level of education be secondary.

(b) Are the events A and C disjoint? Explain.
No. They are not disjoint since females can have a college level education.

(c) What is the probability that an adult selected at random either has a college level
education or is female?
Pr(college or female) = Pr(college) + Pr(female) - Pr(college and female)

B 22+17+45+50+17_ 17 39 +112_ 17 134 0.67
200 200 200 200 200 200 200 o

(d) What is the probability that an adult selected at random has a college level
education given that the adult is a female?

17
Pr(college | female) = Pr(coll)ergiiee:];o:efimale) =&l = % ~ 0.15
200

88



©Prep101 AMATH 1201 Final Exam Booklet Solutions

(e) Are the events A and C independent?

pria) = 2717 _ 39 prc) = B0+ 12 1
200 200 200 200 25
PI(ARC) = = — 0085;  PrAPIC) = 2.1 _ 213 _ (100,
200 200 25 2500

Since Pr(ANC) = Pr(A)Pr(C), the events A and C are not independent.

[13.

Pr(B)=Pr(Wn B) + Pr (W€ n B) = 0.3(0.6) + (0.70)(0.80)= 0.18 + 0.56 = 0.74

6 —B
114. _—
_Pr(W°nB) _ 0.7(0.8) _ 56 W — 0.
Pr(W¢/B)= Pr(B) 084 84 0.3 T BC
B
_\__\__‘_—h_.__\_o _l\_? C -f_ﬂ_;'gf--ﬂ-
W w C
B
115. T

0.9
Pr(D* and T™)
PI‘(D+/T+) = Pr (T+) D*
0.003 .
_ (0.90)(0.003) ~0.024 < 0.1 T
0.003(0.9)+0.997(0.11)
0.997

I16. 0.65
Pr(T*/D*) = 0.65 D'
Pr(T_/D_) = 0.75 . 0.35 i

Pr(T*and D*)( 0.65(0.10) 025~ T

+ +\ r an _ . . _ ' =

Pr(D*/T*) = Pr(T+) - 0.10(0.65)+o.9(o.25)_0'224 b <
0.75 :
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[117.

Draw a Tree diagram P
C
/oy Pr(cCandP) _ 095(015) 0.05 .
Pr(Ct/P)= Pr(p) 0.95(0.15)+0.05(0.80)_O'781 P

0.8
0.2
0.15 P
b) Sensitivity=0.80 (test positive/have disease) 0.95 CC
c) Specificity=0.85 (test negative/don't have disease)
0.85
25
75
45
59

Pr(type I error) =1 —0.85 = 0.15

0
Pr(B|W) Pr (W)
Pr(W|B) = Pr (B) M
0.45(0.4) 0.6 0

d) Pr(type Il error) =1 —0.80 = 0.20 p°
118.

oy}

0.6(0.25) + 0.4(0.45)

oy}

0
T
0

119. a)Pr(C) = 0.5(0.10) + 0.5(0.01) = 0.055 or 5.5%
b)Pr(M/C¢) = Pr(CE/M)PE (M) _ 090(05) _ (47
Pr (C°) 1-0.055
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120.

= 70 — 25 = 45 tested negative and no covid
+ +An+
Sensitivity Pr (IT)—+) = —Prlf:(;g )
25
= =2=-083
100

Pr(type Il error) =1 —0.83 = 0.17
Specificity Pr(5=) = 25 -2

Pr(type I error) =1 —0.64 = 0.36

121. Pr(L) =0.10 Pr(M) = 0.60

EC

70

25

25

30

a)Pr(L N M) = Pr(L) X Pr(M) = 0.10 X 0.60 = 0.06 or 6%

b)Pr(F/L) = 0.35

Pr(L N M) = Pr (L) X Pr (M/L)
= 0.10 X 0.65 = 0.065

035 _~F
L
0.19 0.65 M
0.90 F
R
M

/

tested positive and no covid
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122.
5
Pr (CC andB® 75 (0.8)
Pr(CC/BC) = (Pr(BC) ) _ - 142 :
2 (0.8) + 2 (0.7) + 2 (0.9)
020~ B
CcC
5/12 080 B®
0.30 B
4/12
CB <
0.70 ™ B¢
312 0.10 B
HK
090 BC
123.
Pr(A|D) = Pr(AnD)
r 0)
B (0.10)(0.20) _ 029
~0.2(0.1) + 0.3(0.08) + 0.5(0.05)
0.10 D
A
0.90 DC
0.20
0.08 D
0.30 B
0.92 D
0-50 0.05 D
\AY
0.95 b=
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J. Genetics

J1. a) Pr(FF) =(1)(0) =0

b)Pr(ff) =0(1) =0
Pr(Ff) =11) +a(a) =1
c)Purple = Ff =1

J2. a)
b) Pr(white)=ff=1/4

1 1/1

QPr(Ff) =3 (3) +3(3) =3

J3.
Yy yellow
yy green
Yy yellow
yy green

Pr(green) = -+

NN N
DR
N |-

J4.
Ff —purple
Ff —purple
ff —white
ff —white

Pr(ff) =s+7=1

J5. Pr(Dd) = %G) n %(%)

1/2

genotype
F FF
112
F <
{ U2 1 Ff
112 12~ F u
f
12> «
112
D
Lo 112
iy 112
d
112
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Quiz 3: Practice on Sections L and M

1.a)

060 - V

Student
0.60 040 V°©

0.20 - V
0.30 <
F

0.80 V¢

070 Vv
Staff
030 V°©

Pr(V) = Pr(student N V) + Pr(F nV) + Pr (staff nV)
= 0.6(0.6) + 0.3(0.2) + 0.10(0.70)

= 0.49
__ Pr(staffnv)
b)Pr (staf fIV)= T
_0.10(0.70)
T 049

= 0.143 or 14.3%

2. Pr(at least 1 hand) = 1 — Pr (no hands)

= 1— Pr (TTTT)
4

-1-()

L

3. The answer is independent.

4.Pr(A) = % (% rolls are even)
Pr(B) === ((LD(LDAINAAL5)(1,6))
Pr(AnB) =—=— ((1L,D(1,3)(15)

Pr(An B) = Pr (A) X Pr (B)

=~ they are independent
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5. aPr(SUC) =Pr(S)+Pr(C)—Pr(Sn<C)

40 30 20

- 755 75 75
= 7—;’ = 0.667
b)Pr(s€ncC¢)=1—-Pr(SUC)=1-0.667 = 0.333
__ Pr(EnF)
6. Pr(FIE)= PriE)
0.6 — Pr (ENF)

0.2

Pr(ENF)=0.6x0.2=0.12

7.a) E€ = there are no queens among the 5 cards drawn

b) E N F = there is at least one queen and all 5 cards are red

~ You must have either the Queen of Hearts or the Queen of Diamonds (or both) among the 5
cards chosen

8. Pr(ENF) =0
9.Pr(ENF) =Pr(E) X Pr(F)
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K. Practice Exam Questions on Probability

8+3+1 12
. =—=0.857
8+3+1+2 14

K2. 1—Pr(nogirls) =1 —%x%
17

::l»—-— = -

8

K3.Pr (roll 4 /even)= % Nroll 4

Sreducea = Q reduced = {only even} = {2, 4, 6}
)

Denominator

K4. Pr (roll 5/even)= 0 « impossible since 5 is not even

K5. Pr(1T, 2H) = Pr(THH, HHT, HTH) =§ (draw a tree)

al-

k6.2) 3 (5) =
b)) (5) = 0.005917

O=+—+—+—=12=025
16 16 16 16 4

K7. BC ={2,4,6}
a) ={2,4}
b) ={1,2,3,4,5} =4

K8. B¢ = {4,5,¢,d}
a) AnB={1,3,a} # C° ={1,5,a}
b) AnB¢ ={5}+C¢={1,5a}
c) Always true
d AnC={3}#C={1,5,a}
e) False
-~ Cis the answer.
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KO9.
a) ={1,2,3,4,5,6}
b) ={1,2,3,4}
c) =1{1,2,3,4}
d) = {0} ~ D is the answer

K10. Pr(sum 7)
= Pr ((1,6),(6,1),(2,5),(5,2),(3,4), (4.3))

K11. Pr(BBG) =2x2x2=2=0.114
7 6 5 35
K12. 3x+x=1
4x =1 x=%

Pr(T)=Pr(ANT)+Pr(BNT)
=2(0.6) +(0.75)
= 0.6375

K13. a) NO shouldbe (EUF)¢ = ESNF°
b) YES
c)NO
d)YES - B and D is the answer

K14. Pr(AUB) = Pr(A) + Pr(B) —Pr(An B)
=0.20 + 0.50 — 0.15
=0.70 — 0.15 = 0.55

K15. Dis the answer.

K16. D = has disease
P =testis+ P¢ =testis—

__Pr(DnP) _ 0.03x1
Pr(D/P)=—. (P)  0.03x1+0.97x0.15

=0.17

AMATH 1201 Final Exam Booklet Solutions

D¢ = doesn’t have disease
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Material Since the Midterm
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L. Discrete and Continuous Random Variables

Questions emailed to you!

Which of the following are probability density functions?
A) no, the area under the graph isn’t 1

B) yes, it is non-negative and the area is 1

C) yes, itis non-negative and the area is 1

D) no, the graph is negative from -1 to 2

Which of the following depicts a cumulative distribution function?
A) Yes, it is non-decreasing, right continuous and lim F(x) = 1 and 11m F(x) =

X—00
B) No, it is decreasing!
C) Yes, it is non-decreasing, right continuous and lim F(x) = 1 and hm F(x)=0

X—00

D) No, it is not right continuous.

E) Yes, it is non-decreasing, right continuous and lim F(x) =1 and lim F(x) =0
X—00 X——00

F) No, lim F(x) # 1
X—00

Example 1.

F(x) = f; f(s)ds = [} S ds
- [(c4)2]
- [2C4

Zc4

Example 2.
f_aa(a4 —xMdx =1

[a“x—i]a =1
[4(a) ] - [4( o) -2 =1

a
a® ——+ a® ——=1
. 5
2a Za
& 22 1
1 5
10a® 24’
——=1
5 5
8a®
—=1
5
a’> =2
8
5|5
a= |-
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Example 3.
x,0<x<1

f(x)={2—x,1£x§2

0, otherwise
1 2

E(x)=f x-xdx+f x(2 —x)dx
0 1

= folxzdx+ f12(2x—x2)dx
_[# ! 2 _x° 2

—[?]OJF[" —?L

- (-0)+[@-2)-(-2)

(b) E(x?) = fol(xz)(x) dx + flz x2(2 — x)dx

= [ %3+ [7(2x% — x¥)dx
1 2

4 3 4
X 2x X

] ]
4 1p 3 414

o)+ [(2°2) - G- 2)

]

~
=

1 16 2 1
=-t——4—Z4-

T o4
=—-4——-

2 3 1
328 24
T 6 6 6

7

T 6
Var(x) = E(x?) — u?
— 12

I
—_

(o)}

AalINO NI

I
o
[N

AMATH 1201 Final Exam Booklet Solutions
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Example 4. a) fol k(x? +x) =1 since it is a probability function

(f ) -

k%+§=1
k[gs-l'g] =1
k&):l
k=3

b) F(x) = [7 f(s)ds
F(x) = fxé(s2 + s)ds

05
6[s3  s21*
=53 ﬂo
6[x3  x2
—ﬂg+ﬂ
6
) F) =:G+3)
, 6 3x> 2 6
fO)=F () =5(G+7) =57 +x)

d) E(x) = ffoooxf(x)dx
= §6f011x(x2 + x)dx
= Efo (x3 + iCZ)dx
]

Ts5la 3
=23 +3]

ERnE

~/
N

7 7
)= =1

e) Var(x) = ffoooxzf(x)dx — [E(x)]?

_6r1 2/,.2 _ L)Z
—65{03( (x +x)dx49(10
_6 45 23V d. _ 49
_Sfo(x +ic)dx 0

_6 [xs x* 49

T sls T oaly 100
6/1 1 49

£
5\5 4 100

6 (4+5) 49

“ 5\ 20 100

6 ( 9 ) 49

~ 5\20 100

_ 54-49

T 100 ~ 100

1

~ 20
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Example 5.
F(x)={ 0,x<0
x3/4 0<x<2
1 x =2
2 x =2

f(x)= F@)_f
E(x) = f_ xf(x)dx =

Example 6. Pr (x| < %) = Pr (_73 <x< %)
= Pr(O <x S%) sincex >0

=1-Pr(x>2)
oo @
2 2
1
=1-—4
12
=1-=
8
_7
T8

Method 2: Pr(lxl < g)

)

AMATH 1201 Final Exam Booklet Solutions

derivative to find the pdf from cdf

)

3 3
=Pr<0<x<§)=Pr(0<x<1)+Pr<1<x<5>

1 3/2
fxdx+f (2 —x)dx

Bl

=(3-9)+2(5) (2-3
2 2 2 2
—1+3 i 2+

) 8 2

29 16 9 7
1.8 ~ 8 8 8
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Example 7. Since this is a discrete graph, not a continuous one with area, we can add up the
robabilities going down the chart to get the cumulative values. le. F(0)=1/5 +3/5 =4/5

x Pr (x) F(x)
-3 1 1
5 5
0 3 4
5 5
3 1 1
5
F(x)
1 —
L O
3/51
X
® =
—{T) | | | | |
~ | | | | |
-3 3
Example 8.

a) E(2X-3Y)=2E(X) - 3E(Y)= 2(5) -3(2) = 4
b) V(2X)=22V(X)= 4(5)= 20

0) V(-X+2)= (-1)2V(X)=1(5)=5

o(—X +2)=5

Example 9.
V(x) = E(x?) — (E(x)) =10-22 =10 -4 =6
o(x) =6
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Practice Exam Questions on Continuous Random Variables

L1.

sm sm
A. fOZ sinxdx = [—cosx]
= —cos 5?” + cos0
= 0 + 1 = 1 But, y=sinx is negative from pi to 2pi, so it is not a probability
density function.

B 7 2wdx =22

_ 1.2 2

- [3X ]_1

_ 12 _ 1, 452

=@ =51
But, the graph is below the x-axis from -1 to 0, so it is
NOT a probability density function.

2 2
L2. f(x)=2(x+1)73 x>0
F(x) = fOxZ(ts +1)73dt since x >0
_ [2(t+1)_2]x - -2
B -2

= [—(t+ 1)
=[-(x+1)2+ 0+ 1)7?

= x+1)? Ttz

T (x+1)?

L3.
f)=2(x+1)73%x>0
Pr(x>3)=1—-Pr(x <3)
=1—[)2(x + 1) dx

-1-fe,

=1- [(34_-1)2 + (0+11)2]
-1-[-)

16
The answer is a).
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10
L4. )flo x? (10 — x) = Lf_Lx_]o

5000 500 4 5000 5
10
T 4(500) 25000

105=5-4=1

4

b) = [ (10 -ndx = [ x|

5000 4(5000)  5(5000)1;

_(10(4)4 45 ) (10(1)4 15 )
~\20000 25000 20000 25000

( 2560 1024 ) ( 10 1 )
20000 25000 20000 25000

( 2550 1023

20000 25000

)=o.1275 - 0.04092=0.08658

0 g - [10% x5 17 [1010)*  (10)° 106)*  (6)°
C)L S x‘[4(5000)_5(5000)L ‘[4(5000)_5(5000)]_[4(5000)_5(5000)

_[1010)*  (10)S 10(6)*  (6)°
B l4(5000) - 5(5000)] [4(5000) 5(5000)]
= [5—4] — [0.648 — 0.31104] = 0.66304

L.
X
CDF = F(x) = [ 3t%dt = [%3] —[t3]E = x3 — 0 = x3
0

Lé6.
x xt3 41 xt
CDF = F(x) = f; f(t)dt = [} =dt = [1_6]0 =L
L7.
410.25
P(0<x<) [22° 4x3dx [ 0.25
= (0.25)4 0% = 0.003906
L8.

PDF = do the derivative
L _2x(1+4x%)-2x(x?)
f(x) =F (X) = (1+x2)2
_ 2x+2x3-2x3  2x
(1+x2)2  (1+x2)2
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LO.
a) u= [ xf(x)dx

X317 23 8 4
f (3> )d"—f‘x2=[zlo=z‘ “%73
Var(x)—f x2f(x) = [E(x)]?

e O

16 _16 _E_E _18_16 _2
8 9 1 9 9 9 9
b)
_ (1 3 — (Y449, — ﬁl
a) E(x) = [, x(4x*)dx = [ 4x*dx = [ - ]0
_tavs_o=2
_5(1) 0_5
1 4 1 16
b) Var(x) = f x2(4x3)dx — (=)? = f Ax°dx — —
. A 25

6 _ 16 _ z
_[ 2(1)°-0-32 =0.028

L10. Find E[X]. f(x) == 0<x <60

Foo) =22 60 < x <100

3200
60 100 1
E(x) = |, x( )dx+f60 ﬁ(loo—x)xdx
100; 2
- [160 60 3200 (100x — x*)dx

_(3600 ) [ (100x x]loo
~ \160 3200 3160

100
=22.5+ ——[502? — 2x ]
3200 60

1 1
=225+ —— [(50(100)2 —2(100)%) — (50(60)? — 3 (60)*) |
= 22.5 + —— (166 666.67 — 108 000)

— 225+ 18.33
— 40.83

Find F(X).
1
—x,0<x <60

Fy =4 _4 2130 9
X2 —x—— 60<x<100
6200° 32 16 =r=
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Step1 Find F(x)for f(x) = 8—10
1 1 1
F(X) = foxgdt = &t]o = %x
100—x

Step 2 Find F(x) for f(x) = 2200
1

1
. fO) =5 —5555%

1 x (1 1
F(X)=f0 gdt-l-fw(g—%t dt

X

60 2
1 1 1 t
t] [ t ]
80 1o 32 3200 2 1gg

- $(60) N 2] + [ix N 616(2)0] N [g N ?100(60)2]

_ 60 | 1x x 60 3600
T80 32 6400 32 6400
-1 2 1 X 4800 12000 = 3600
" 6400 32 6400 6400 = 6400
-1 5, 1 3600
= —_— + J— -
64010 3% 6400
=—x’+—=x——
6400 32 16
L11.
x x (6t3  6t2
F(x) = x)dx = (—+—)dx
@ =" fdx = [F(L+E
_ [6x4 6x3 1%
~ laas) 3000,
4 3
X X
= — 4 —
10 5
L12.

Let f(x) = {2(1 8 x) if0<x<1 otherwise

Find E(x) + Var(x)
E(x) = fjomxf(x)dx = folx(Z)(l — x)dx

~2f6 =i =25-3] =2[3-3)-0-0)]

-2(-) -

E(x?) = f01x22(1 —x)dx = fol(Zx2 —2x3)dx
23 2x*t 2 2 8 6
=55, =G-)-0-0 =5-3
2 1

12 6
Var(x) = E(x?) — u?
1 3 2 _ 1

1 ()2 11
T 6 3 “ 6 9 18 18 18
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ADD THIS QUESTION AND DO IT!!!

b) The discrete random variable X has the probability distribution function shown below:

X Pr(X=x)
-1 1/2

0 1/4

1

Find u(X) and o (X).

b) This is a discrete random variable that only takes on values -1, 0 and 1.

X Pr(X) X2

-1 1/2 1

0 1/4 0

1 1/4 1
E(X) = 1><1+0><1+1><1— 1+1— -

- 2 4 4= 2 4
E(XZ)—1<1>+0<1>+1<1>—3

~\2 4 4) 4

vy 2 _3_(-1\_12_1_1
V) =B - B2 =1 (F) =E-==%
- 11

L13.Pr(X</0.8) = 1 - Pr(X>8) = 1 -bh/2 = 1 - (0.2)(0.75)/2 = 1 - 0.075=0.925

L14.
3 43 1 3
10_ d = — 10 3 _ x4 d

a)jz 5000 10 ™% = 5500 Jz( o
_;[%_i]g
5000 4 515
_ 1 Juo@* 35 10@)* 28
_5(1)00[ 4 5 ( 4 5)]
=——[202.5 —48.6 — 40 + 6.4]
5000
= 0.02406
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b) E(x) —f xf(x)dx—f — (10 — x)dx

5000

0 5000
——f °(10x*

5000

5000 5
——[2(10)° -

5000

1

= _[200 000 —

5000 L

1 [120000

f1o x*(10-x)dx

— xs)dx

1 10x5 ]

10

—(0-0)]

1000 000]

" 5000l 6

" 5000l 6

_ 1 [200000
“s000l 6

0 1000 000]
6

1 [z200 000]

]

c) Var(x) = fjoooxzf(x) — [E(x)]?

=[x f () - &2
_J-lox x3(10— x) ( )2

5000 20
= ﬁf %(10x5 :0x6)ds G =)?
= a5, - &
T e N
[10 000 000 10 000 OOO] B (20)2
5000 7

3

_ [2000 2000] (20)2 [14000 12000] ()2
L 7 3

_[2000 (20)2_1000 400
YY) 3/ 21 9

=47.619 -44.444=3.18
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L15. f(x) = derivative of x%l

HOES.
E(x) = f;xf(x)dx = folixdx
1 %21}
- [Z? 0
2l
=[5,
—1_99 =1
8 8

L16.E(x) = flzx(Zx‘Z)dx
= flz 2x ldx = ff%dx
= 2[Inx]?
=2[In2 —-1In1]
= 2[In2 — 0]
=2In2 or In2? =In4
V(x) = E(x*) — [E(x)]?
E(x?) = flz x2(2x~%)dx
= ff 2dx = [2x]?

=2(2)—2(1) =
Var(x) = 2 — (In4)?

3
L17. Givenf(x)=x7 for 0<x<?2

X

a) Find F(x) F(x) = f;%dt = [%]

——0
16
x4
~ 16
0 x<0
x4
F =<{—
(%) 16,0<x<2
1 if x=>2
0<x<?2
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b) Find E(x) E(x) = fozx(x3) dx

2 x*
= Ozdx
_[xs 2
- 5419

542

2
2019
25

20
32
T 20
8

5

L18. Given f(x) ={6x —6x%, 0<x<1
Find E(x) + Var(x)
E(x) = folx(6x — 6x%)dx
= [, (6x% — 6x3)dx

_ [6x3 6x*1t

3 4 1o
(900
=2-15

1

2

1
E(x?) = j x?(6x — 6x2)dx
0
= f01(6x3 — 6x*)dx
- e ﬁ]l
“la 5 1g

fw-Z@]-10-0]
6

3
2 5
15 12
T 10 10
3

Var(x) 1=0 E(x?) — pu?

=i_(l)2
10 2

31
T 10 4
6 5
T 20 20
1

20

AMATH 1201 Final Exam Booklet Solutions
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L19. Let f(x) = %xz 0<x<?2
Find E (x)
E(x) = fozxf(x)dx

= foz §x3dx

3 [x412
N

L20. Given E(X)=2, E(Y)=4 and V(X)=5, find each of the following:

a) E(2X-5Y)=2(2)-5(4)= 4-20=-16

b) V(-2X-5)=(-2)2V(X)= 4(5)=20

0) V(=2X) )=(-2)2V(X)= 4(5)=20

o(—=2X + 1)=v20

L21. Given E(X)=5, E(Y)=2 and V(X)=6, find each of the following:

a) E(2X-4Y)=2E(X) - 4 E(Y)= 2(5) -4(2) = 10-8=2
b) V(4X-3)=42V(X)=16(6)= 96

) V(-X45)= (-1)2V(X)=1(6)=6
o(—=X +2)=v6
L22.

V(X) = E(x?) — (E(X)) =20 -42=20-16 = 4
o(X)=V4=2
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L23.0(X) =9, soV(X) =81

V(X) = E(x?) — (EX))"
81=E(X?) — (5)?
E(Xz) =81+ 25 =106

L24.
a) flo x ((10 — x)dx =

0 5000

f °(10x3 — x")dx

5000
10

_;[wx x]

" 5000l 4 510
_ 1 [10(10)* 10° o—ovl=1
T 5000 4 5 ( )| =

b) CDF = F(x) =

—s)ds but 0 <x <10

X

» 5000
f(lOs —sYds =

1 [1ox* «x°
=—|———=— O—O]
|5 0-0)
1 [s5 x5
- afi 2]
5000 |2 5

1 3
_ - 3 _ 4
s)ds = 000 j; (10s° — s*)ds

1 [1os*  s51°
_ﬁ[ 4 __]
_1 @t 3% 0@t 2°
_5000[ 4 5 ( 4 5)]
= 2508 [202.5 — 48.6 — 40 + 6.4]

= 0.02406

1 [1054 s5
5000 L 4 510

" 5000

3 S3
) L 5000

d)E(x) = foloxf(x)dx = wa%(lO — x)dx

flo x*(10-x)dx

0~ 5000
= ﬁ f (10x — xs)dx
; 10x5
5000 | 5
5 _ i _
~ 5000 [2(10) - O)]
= 6.67
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&) Var(x) = [Z,x*f() — [E()P?
= ["x2f(x) — 6.672
= [OEx 0 5y 6,672

01 1(5)000
= %fo (10x° — x®)dx — 6.672
6 7710
=——[==-%| -667
5000 6 7 1o
6 7
_ 1 [10(10) _ﬁ] 6,672
5000 6 7

= 47.619 — 6.672 = 3.1
L25. Find the value of k. The integral from 0

to 1 of the function must be =1 since it
represents probability.

folk(x2 +x)dx =1
KE+2] =1
3 210~

13 12
ol 0-o] -

k€+ﬁ—1
6 6/

5
k(g)=1sok=6/5

To get the graph of the pdf
Find f(x)

6
fx) = g(t2 +t) dt

*6
F(x) =f g(t2 +t) dt
0

6[t3 ¢2]"
FO=5|3%7]

6[x3 x?
F(x)—gl?+7—(0+0)l

6(x3 x?

AMATH 1201 Final Exam Booklet Solutions

Ax)—2 PDF
1
05 0 0.5 1C 1.5
X
F(x) , CDF
1 /—
05 0 05 1 15
%X
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Do a table of values for 0, 0.5, 1 and substitute into f(x)
X f(x)=6/5(x* + x)
0 0
0.5 0.9
1 2.4

3 2
To get the CDF, type values into F(X) =§(x? +3)

X FOO=5C+5)

0 0

0.5 6/5(0.166)=0.2

1 6/5(1/3+1/2)=6/5(5/6)=1

Last entry has to be 1 for a cumulative graph as probabilities add up to 1
3 2
F(0.5) = g(% + %) (in the next half hour, so less than or equal to 0.5 hr, which is F(0.5))
81,1
A
Syt
= ()

T s

L26.
60 1 1

1 1% 1

Pr(50 < x <60) = [—] = 60) —— (50
(50 < x < 60) fs 5% =560 5560
_60 50 10 _ 1

—dx =
o 80

80 80 80 8

L27. Consider the probability density function
fx)=—— x>0

(x+1)2
Find the CDF
CDF=F(x) = f_xooc(s + 1)"2ds
= foxc(s +1)7%ds
_ [c(s+1)‘1]x _[_=c ]x _ - +L=—_C+C
1, o

sincex =2 0

s+DU, T x+1  0+1 x+1
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M. Pseudorandom Variables and Simulation

Example 1.
a) 9+4=2R1 ~9mod4d=1
b) 18+7=2R4 ~18mod7 =4
c) =4 since 10 can't + into 4
d) =45+7=6R3 ~45mod7 =3
e) = 5since 6 can't + into 5

Example 2.

a) U, =2U;,1+1 mod5 Uy=1
U =2U,+1=2(1)+1=3mod5 =3
U,=2U;+1=23)+1=7mod5 =2
U;=2U,+1=22)+1=5mod5=0

b) U, =4U;_1+4 mod3 Uy =2
U =4Uy+4=42)+4=12mod3 =0
U,=4U;+4=4(0)+4=4mod3 =1
U;=4U,+4=4(1)+4=8mod3 =2

Example 3.
Stepl. F(x)= f__;f(s)ds + f_xzf(s)ds =0+ f_xzf(s)ds
=gsas =53], =[],

x2 (_2)2 x2

= — =__1
4 5 4 4
Letyzx:—l
2
Step 2. x=y:—1 solve for y
2
x+1=y7
4(x + 1) = y?
y=—J4(x+ 1) S F M x) = -2vx+1
T

Since the domain is negative
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Practice Exam Questions on Pseudorandom Variables and Simulation

M1.
a) 9+2=4R1 ~9mod2=1
b) 18 +5=3R3 -~ 18mod5 =3
c) =4 since 8can't + into 4
d) 45+8=5R5 ~45mod8=05
e) = 5since 7 can't +into 5

M2.

U =2U,_,+2mod4 Uy=1
U =2Up+2=2(1)+2=4mod4 =0
Uy,=2U; +2=2(0)+2=2mod 4 =2
Us=2U, +2=2(2)+2=6mod 4 =2

M3.
—-10
FG)= [ f()ds+ [* f(s)ds =0+ [* f(s)ds
_ox 1 _152x _szx _x? (-10)2  _ x?
= Mowds =53, =l ., =i G0 =i L

2
Lety=%—1

y2
X ey xzﬁ—l
2

x+1==2
100

100(x + 1) = y?
y = —V100x + 100 (negative since the domain is negative)
o~ F71(x) = —v100x + 100
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M4. From the graph m = _%

LYy =— ix (itisat 1 atx = —4 . start integral at — 4)

[[F@) = [",—;sds

X

=

Find the inverse (switch x and y first)
-y2+16
8
8x = —y%2+16
16 — 8x = y?
y? =16 — 8x
y =—/16 — 8x

X =

~ Use the function y = —V/16 — 8x(take the negative square root since x is negative
in the original graph.)
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Quiz 4: Practice on Sections A and B

Il
o
=
o
A
=
A
N
—
2.
=
a
(3]
=
v
(@]

y

+ 05

05 1 15
+ + +

2. F@) = [J f(s)ds = [T 2 ds
-2
= [5],

x2

c3
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3.
. o——
1/2 —
1/4 N\
\J
0 |
-1 1
X Pr (x) F(x)
-1 1 1
4 4
0 2 3
4 4
1 1 1
4

a
4.f (a® —xNdx =1
—-a

e
—a

(-2 (w02 -1
a* —a;+ a* +a74 =1

2a* =1

120



©Prep101 AMATH 1201 Final Exam Booklet Solutions

7.a)u; = (3uy + 3)mod 5
= (3(2) + 3)mod 5
=9mod5
=4 since9+5=1 R4

b)u, = (3u; + 3)mod 5
= (3(4) + 3)mod 5
=15 mod 5
=0 sincel5+5=3 RO

cuz = (Buy, + 3)mod 5
= (3(0) + 3)mod 5
=3 mod5
= 3 since 5 can't divide into the 3

d)divide by m .. sinceitismod5 +5

8.
x Pr (x) F(x)
0 5 5
=g 3
1 x—l 1
_ 6
S5x+x=1

6x =

1

X ==

6

Cumulative Graph
Inverse Graph

F(x)
1+ *—
5/6 @ O 5/15 1 oc-e
3/6 3/6 |
T R O—+——F——9
5/6 1 S/6 1
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9.From the graph m = _§

Ly = —%x (itislatx =—3 - startintegral at — 3
F(x) = [7,—3s ds
-1s21%

- ??]_3
J— _SZ x
=151,
_ [ (=32
Y= [ 6 ( 6 )]
— =42
Y= [ 6 +6]
-x9+9

6
[2]Find the inverse (switch x and y)

_ -y%+9
6
6x =—-y%+9
6x —9 = —y?
y?=—-6x+9
y = —V—6x +9 (take — square root since x is negative in original

graph)
=~ use the function y = —V—6x+9
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N. Working with Data

Example 1.
_  80+60+70+70+20 300
5 5
<= (80-60)2+(60—60)2+(70—60)2+(70—60)2+(20—60)2
- 5-1
s = (20)2+(0)2+(10)2+(10)2+(—40)2
- 4
__ [400+0+100+100+1600
- 4
_ [2200
- 4
= /550
Example 2.
x-%  60—67
a)z; =—= = —0.7
N 10
x-%  80-75
) 2y = = .
x-%  75-80
C) Z3 :T: 3 = —1.67

Largest to smallest is Z3, 22, Z1

X=X
Example 3.7 = —
_90-58
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Practice Exam Questions on Working with Data

N1.
_ _ 80+90+72+60 _ 302

_J(80—75.5)2+(90.75.5)2+(72—75.5)2+(60—75.5)2

j4.52 + 14.5%2 + (—3.5)2 + (—15.5)2
S =
3

= % — V161 = 12.7

b) Student1 Student 4
x-% _ 80-75.5 60-75.5
Zl = — = Z4 =
s 127 12.7
= 0.35 = —1.22
Student 4 is more extreme (1.22 standard deviations away from mean)
N2.
t=vn-T
= V[t :\/25|§| =5
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O. Practice Test on Probability

0la) TNES Pr(EUT) =1—0.06
= 0.94
b) Pr(EUT) =Pr(E)+Pr(T)—Pr(ENT)
0.94 = 0.72+0.90 — Pr (ENT)
Pr(ENT) = 0.68

PIEUT) = 1-0.06

N =094
= T
I
0.06
c)
072
E T
0.68

Pr(ENTC) =Pr(E) —Pr(ENT)
=0.72 — 0.68
= 0.04
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A B
8R 4R
5G 6G
02.a)

5 6 30 3
Pr(G6) =>x>=2-2
13 10 130 13

Box B

Box A 4/10
R 6/10
8/13
G
5/13
R
4/10
G 6/10
G

b) Pr (one green N one red)
= Pr(RG) + Pr (GR)

-G)E)+ B

T 130 @ 130

68 _ [3a
" 130 |65

Box B

BoxA  4/10 R

R 6/10

8/13
G
5/13
R
4/10

G 6/10

G

AMATH 1201 Final Exam Booklet Solutions
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C) Pr(box B/R) _ Pr (box BNR)

Pr (R)
1.4
E(F)*’E(E)
— _30
— 4 16
30 ' 39
_0.1333333
T 0.543589743
= 0.245
4
03. — =10.004
1000
T+
0.92
D+ 0.08
0.004
T_
0.996
T+
0.09
D- 0.91
T_

sensitivity= 0.92 = Pr (T +/D +)

specificity= 0.91 = Pr (T =/ _)
Pr(T+)=Pr(D+NT+)+Pr(D—-nNT+)
= 0.004(0.92) + 0.996(0.09)

= 0.00368 + 0.08964
= 0.09332

AMATH 1201 Final Exam Booklet Solutions
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04.a)
20,
150
b 30
150 * 150
400
250 110 T-
400 — T+
250
b 140
250
T_

sensitivity= Pr(T )= % =

140 _ 14

AMATH 1201 Final Exam Booklet Solutions

b) specificity= Pr(T /p_)= o = 5. =056
05.
X Pr (x) F(x)
) 1 1
4 4
0 1 3
2 4
2 1 1
4
F(x)
14 ——
3/4@ O
1/2—
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06. Probability = Area under graph

= Atriangle + Arectangle + 0.5 (Area from —

= %(0.5)(0.5) + (0.5)(0.5) + 0.5
= 0.125 + 0.25 + 0.5
= 0.875

07. upyq =4u, +8 mod 10
u; = 4uy + 8 mod 10
u; = 4(6) +8 mod 10
u; = 32 mod 10 32+10=3R2
SU =2

u, = 4u, +8 mod 10
u, =4(2)+8 mod 10
u, =16 mod 10 16+ 10 = 1R6
SU; =6

08.a) foke_i_cdx =1

_k 3
Ine + = ln(z)

—k 3
Tkln e —Sln(z)
7 =)

k=—4In()

b) F(x) = ["_f(s)ds

4 —4e s

AMATH 1201 Final Exam Booklet Solutions
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09. The value of r is equal to the slope of the line in

log-time

15-3 12
slope=——=—=3
4-0 4

l £l rise
r = slope of line = —
p run

1
010.2) F() = [%= ﬁ ~xz

CDF — PDF is do the derivative
fO)=F @) =%(3x72) = 7=x72

~E(x) = f_ooxf(x)dx

1
E(x) = f3x(%)x_5dx
03 5% dx

.3
1 |x2

_2\/5 7

L 2 1p
3

1 '2x§]
23137

==L @ -]
_ 1 Z(\/—f]
(V3)(V3)(¥3))

2\/’ (_

=3-1
3

b) Var (x) = [ x*f(x) — [E(x)]?
f (—x ;)dx—l2

= Oﬁm—l
=,
= w7
3

5G] -1

i(3)§—0]—1
_[V_xx/_\/_x/_\/_x/_]—l
_33_

5

9 5

population

AMATH 1201 Final Exam Booklet Solutions
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O11.a) Cheetah Lion
x—% 75-80
= — Z =
S 3
;= 98—2102 — _167
=-2

=~ Lion runs faster relative to its breed (closer to its mean) If it was +2 and +1.67, the
Cheetah would be faster!

_105-102 _

b) z >
x—80

~1.5=
3

x =1.5(3) + 80 = 84.5
=~ 84.5 km/hr is equivalent to the cheetah’s speed.

1.5
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P. Vectors

Example 1.

b) = /(=2)2 + (-1)2 + 12
= V6
=57+ (-7 + (-2)?
=Vv25+1+4
=+/30

Example 2.

b) =5(-2,-1,1) = (-=10,-5,5)
¢) = -2(-1,-2,3) = (2,4,—6)
d) = ”_3(5' —1, _2)”
= [|(~15,3,6)[| = /(—15)2 + 32 + 62
=+225+9+36 =+/270

Example 3.
(3J_4)_2('2'4‘) =(7l -12)

17, —12)Il = |(7,—12)|=\/7? + (—12)% = V49 + 144 = V193

The answer is C.

Example 4.
b) =(-2,-1,1)+(5,-1,-2) = (3,-2,-1)
C) = (21 _1r _2) + (_1; _213) = (1; _3:1)

d) =3(-1,-2,3) — 5(-2,—-1,1)
= (=3,-6,9) + (10,5,—5) = (7,—1,4)
e) = —(=2,-1,1) + 3(5,—1,-2)
=(2,1,-1) + (15,—3,-6) = (17,-2,-7)
f)=3(-1,-2,3) — (=2,—-1,1) + 2(5, -1, —2)
=(=3,-6,9) + (2,1,—1) + (10,—2,—4)
= (9,-7,4)
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Practice Exam Questions

Pl. AB=B - A= (53) - (2,-3) = (3,6)
CB=B-C=(53)-(-21)=(72)
|AB — CB|| =|4AB — CB| = 1(3,6) — (7.2)| = |(—4,4)|

= [T E
=32 =V16V2 =42

~ The answer is A

P2. 3(1,2,1) - (1,3,-1)
=(3,63)—(1,3,-1) =(234)

Therefore, the answer is C).

P3. 2(3,6,1) —3(0,—1,3)
= (6,12,2) — (0,—3,9) = (6,15,—7)

Therefore, the answer is B).

P4. ||lu|| = V3% + 12 + 52
=+v9+1+25=+35

Therefore, the answer is C).

P5. =I(1,3,1) + (251)ll
= 113,8.2)ll
=32 +82+22
=V9+64+4=V77

Therefore, the answer is D).
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Q. Operations with Vectors

Example 1.

b) = (-2,-1,1) - (5,—1,-2)
=—10+1+(-2)=-11

0 =(-1,-23)-(2,-1,-2)
=—2+2-6=-6

**Dots Product is ALWAYS a Number or Scalar

Example 2.b) v-w = (-2,-1,1) - (5,—-1,-2)
= —10+41-2 =-11

15] = /(=22 + (-1)2 + 12 =6

Wil =52+ (-1)2+ (-2)2=v25+1+ 4 =+30

vw -11 -11

- = or
Izl wll Véev3o V180

cosfO =

u-v

Example 3. cos§ = TN =0

(1!_4)'(k'3)
J12+(-4)% VkZ+32

k—12=0

k=12
Example 4.

uv
cosf = ——
[[ulllvll

cos 45° = uv

uv
V6V32+12+42
uv

VevZ6
V6v26 = \/3v26=178

Sil=

u-v=
2

Example 5.
i-v=(kk) (=205)
= —2k + 5k
= 3k
il =VRZ ¥ k2 =V2k?T =2k
191l = V/(-2)? + 5% =29
uv 3k

cosf =

GBI~ VZkv2o  vZvzo
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Example 6. 1 2 11 2 1
-1 -2 4-1 -2 4

(8—(-2), ~4—4, —2+2)
i x = (10,-5,0)

Example 7. 3 -3 -1.3 -3 -1
-1 -1 2 -1 -1 2

Uxv=(—6-1,1-6-3-23)

= (=7,-5,-6)

=(-2-6, 15—1, -2 —10)
= (—8,14,—12)

Unit Vectors p.256

It would be (5,-3,2)

.. 1 3 1 1 3 1
Example 9.a)u x v -2 4 -1 -2 4 -1

=(-3—4,-2+1, 4+6)

UXT = (-7,—-1,10)

A=1(-7,-1,10)|| = V49 + 1 + 100 = V150

b) 140140
290290
UxT =(0—-0,0-09—8) = (0,01)

Area =/(0,0,1)]|=vV0+0+1=1
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Example 10.
c1+2c, =17 x(=2) —2c;—4c,=-34
3¢y +4c, =39 3¢y +4c, =39
ADD ¢; =5
Substitution c¢; =5 into
1 +2¢c, =17
54 2¢, =17
2¢, =17 -5
2c, =12
c, =6

Practice Exam Questions

Ql. urv=-1-6-16=-23

Therefore, the answer is B).

1 2 -31 2 -3
1 3 2 1 3 2

Uxv=(4+9-3-23-2)=(13,-5, 1)

Q2.

Therefore, the answer is C).

5 1 2 5 1 2
-11 0-1 10

=(0-2-2-0,5+1) =(-2,-26)

Q3. uxv=

Therefore, the answer is E).

Q4. Cisundefined as once you dot ¥ - w you get a number and you can’tdo u - (some
number)

Therefore, the answer is C).

1 2 11 2 1
2 1 42 1 4

=(8-1,2-4,1—4)=(7,-2,-3)
A=lluxv|l =72+ (-2)2+(-3)2=vV49+4+9
=62

Therefore, the answer is E).

<L

Q5. ux
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ey 123173
=(8-33-41-2)=(5-1-1)
i-(Wxw)=(-231)(5-1,-1)
=-10—-3-1 =-14
Therefore, the answer is A).

. .. 816816
Q. uxv=4 1 20 1 2

=(2-60—16, 8—0) = (—4,—16,8)

Therefore, the answer is E).

Q8. (DA=|uxv||=VvV1Z+22+12=+6 . false

(I1) cos § = —=2 =2 =2 . false

6
laliwll 53 15

Therefore, the answer is D).

—

Q. u-v=(12)-(-1,1)=-1+2=1

lall = V1Z + 22 =5
I3l = VDR 12 =2
uv
cos 0 =
_ 1 _ 1
=G T

Q10. (2,k,3k)-(2,—-51) =0

4—5k+3k=0
—2k =—4
k=2

Therefore, the answer is C).
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Q11.
¢, +2c, =11
2c¢; +3c, = 18
X (=2) —2c;—4c, =22

2C1 + 3C2 =18
ADD  —c,=-4
Cy, = 4
Substitution ¢, =4 into
a+24)=11
c;+8=11
1= 3
Q12.
uv
c0s 0 = fEmn
o_ uv
cos 100° = NN
u-v=-0.998

Q13. Area = det [g]

— det [g 150] —20—15=

AMATH 1201 Final Exam Booklet Solutions

Or just add a 0 component for z and do cross product and the regular area formula!

138



©Prep101 AMATH 1201 Final Exam Booklet Solutions

R. Vector Fields

Example 1.
3+ (-3)
a) F [—33] - [3(3) - (—3>] - [102]

The first element is 0
b) The second element is 12.

0] _fu+vy_[ O0+3 ] 13
o F [3] =5l = 3(0)—3] = [_3]
The first element is 3.
d) The second elementis -3.

Example 2. LetZ = —80% + 70§ Find the first and second elements of F (%)

= 0 = 3
F® =] Fo) =7
F(z) = —=80F(x) + 70F (y )
The first element is:
F(Z) = —80(0) + 70(3) = 210
The second element is
F(Z) = —80(12) + 70(—=3) = —1170

Example 3. a) F(%) = f([g]) = —2(3)+5(3) = —6+15 =9

b) F(5) = f([_41]) = —2(=1) +5(4) = 2 + 20 = 22

) F(Z) = —4F (%) + 6F(y) = —4(9) + 6(22) = —36 + 132 = 96
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Example 4. F= [Zx;— y]
(_5!5)
2(— 5) +5 51 < run
XY [ ] [ ] < rise
the vector goes down and left
(5,2) )
_[2(5) + 2] _[12] «run
Xy F_[ 5 ]_[5]<—rise
=~ the vector goes up and right
(_41 _2)
2(— 4)+( 2) —10] < run
XY [ ] [ ] «rise
-~ the vector goes down and left
(31 _2)
_ [2B3) + (=2)] _ [4] < run
Xy F_[ 3 ]_[3 « rise
-~ the vector goes up and right
vy
F= [Zx — y]
(=5,5)

F= [ ] < rTun
XY 2(— 5) -5 15 < rise
~the vector goes down and right

Example 5.
Show that F (X)=3x; + 2x, is linear.
X =(x1,%2) ¥=0U1Y2)
We want F(cix + ;) = ¢1f (%) + cof ()
}’1] _ [C1x1 + Cz}’1]

Y2 C1X2 + C2Y2

F(c1X + c3y) = 3(c1x1 + 1) + 2(c1%5 + €3¥7)
= ¢1(3x; + 2x3) + c2(3y; + 2y3)
=1 f(X) + cof ()

~ linear

- N X1
11X+ cy =0 [Xz] +c,
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Example 6.
The graphs in order are 2,1,3

ﬁ u]) = ;C]] Graph 2

ﬁ_u]) = :Zx;- y] Graph 1l

—ﬁ_u]) = zxy_ y] Graph 3

Vector Fields

Author: Juan Carlos Ponce Campuzano

Topic: Vectors 2D (Two-Dimensional), Calculus

Change the components of the vector field.

Vector Field < y,2 2z —y > -,
\ \ \ \ \ NN N " N N
Vx(xy)= ¥ \ VWOV LN N “lw s s oAl A
= > \ \ \ \6{ AV \4 D T T N
Wl y)= 2x-y \ [N VU NV 5w s s % A oAl p 7
xmin = -5 Xmax =5 \ | W VI W M T I |
™ ® \ | S s W A 2y R T S I S |
@ l l L \ y L 4 4 > 4 L + 1 i }‘
ymin = -5 ymax = 5 | S A S A P I |
xn =8 yn=8 —15 ‘I—«;I* S S 1 R 14T 15
* R 3 | A A AR LN TR ST SR S N
I A < SR T T T N O
v=0.02 vh=0.09 o4 v e e - T S T | ﬁl 'i
i o R O T U U A |
A S A S S TR
O TR B R U SN, M N U VN U W G W
SRR R R S A S A

CO A B N SN N U N N W N

FD =[or- ) gravh3

Test point (-4,4)
FULD = laceay—a = [52]
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Top number is 4 (run)
Bottom number is -12 (rise)
So, the vector goes down and right

Vector Fields

Author: Juan Carlos Ponce Campuzano

Topic: Vectors 2D (Two-Dimensional), Calculus

Change the components of the vector field.

Vector Field < =,y > G
LN LU UL SR AR TR SRR SR B A 7
Vr(xy)= x LN LY L O A L T A A
4
ORI R R % % t 1 + # # L N R
Wxy)=y
- " " LY ® L3 L] * + k. A ” A d - s
. - - LS " = " " » 1 - El El - a Ed - -
xmin =-5 xmax=>5
@ @ b L - - " " " - 2 - - - - - - - -
® B T v e o
Ymm:_ﬁ ymax:S - - - - - - - r el * ¥ » - - - -
xn=38 yn=8 5 4 ) ) 10 1 2 3 4 5
* - ¢ e e & & e el 2 la sl s s s s b
- & e &£ & & & sl s m w | w =
v=002 vh=0.09 “ e e e w kv, 4 Al a m el wm W
. ® T T S
s s ® s ¥ ¥ ¥ A4 ¥ ¥ Ll ¥ 'l Y Y Y
's I's s © ¥ ¥ ¥ + 4 ¥ ¥ ¥ N ] N Y “u
—4
s 4 T I A P Y
P "4 S S S S T S T N
Ld

—

AL = [{J-smaon:
Test point (-4,4)

A =15

Top number is -4 (run)
Bottom number is 4 (rise)
So, the vector goes up and left
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Vector Field < 22+ y, o > i
Fad ¥ ¥ ¥ “ - e e
Vx(xy)= 2x+y 10 L e A e e s
4
¥ ¥ 3 v a N e ™ I e P P
XYy)= x
W( Y) P & « v - - 4 R e T e e
) o e ¥ K . v | s L . R I i ol
xmin =-5 Xmax =5
@ @ e e & '3 e e i 2 > R T e e
@ P I ] bow s > w7
ymin:-5 ymax:S P P = & & L o > > S A
i = -3 ] =3 =T
xn =38 yn =38 5 i 3 2 10 1 2 5 4 5
. . A c R SO U O S AR S A
P e “ A v - LT A I A
v=002 vh =009 T e e e e e e I R I R R R
@ @ P P e A = - - A - EEE S
P T R - " “ Ll A L
P P e P ‘——4‘ - " » a A A A7
e e T e e e o - " » a " A e A
e e T e e e— | a— - - " * L] A A /'r'|
kd

A = [ o

Test point (-4,4)
A ==L

Top number is -4 (run)
Bottom number is -4 (rise)
So, the vector goes down and left

143



©Prep101 AMATH 1201 Final Exam Booklet Solutions

FLD =17 ol =12 rise
FED =1 ol =[5
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Practice Exam Questions
R1.

y —4,4
F:[2x+y] check (x,y)
F—[ 4 ]_[4]<—run

T [2(—4) + 4] " -4l < rise

~the vector goes down and right

. the 2nd graphis F = [Zx};— y]

X —4.4
Flox 4 y] check ()
_ —4 _[—4]1 < run
F= [2(—4) + 4] - [—4] < rise
~vector goes down and left

X
~ the 1st graphis f = [Zx + y]

R I [
f@-1 Nh-F

(3.2)

(1)

R3.A) r[ 2] =[50 =[]
~ 1st element is — 4 and 2nd is 6.

mrl]=[t 3= 9]= )]

~ 1st element is 7 and 2nd is — 3.

C) F(z) = —=50F (x) + 40F ()
_ en[4 7
=—50[ (] +40[ ']

.. the 1st element is — 50(—4) + 40(7) = 480 and
the 2nd element is — 50(6) + 40(—3) = —300 — 120 = —420
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R4.
a) F(¥) = f([g]) = 3(3)+7(2)=-9+14=5

b) FG) =[] =-3¢-D+73) =24
¢) F(Z) = —5f(%) +7() = —5(5) + 7(24) = —25 + 168 = 143

ks, F(LD) =[] gravns F([]) = oy ] orawh

P -] s

Do test points
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S. Matrices, Inverses and Determinants

Addition and Subtraction

Example 1.

b) dim is 2x3
c) dim is 1x3
d) dim is 3x3
e) dim is 4x3

Example 4.
[2+3 —1+2]= 5 1]
1+1 3+4 2 7

Example 5.
4 0 1]

0 -3 4
0 -1 0

Multiplication by a Scalar

Example 6.

'2A=_2[§ i=[—_160 :LzL

Transpose of a Matrix

Example 7.
1 4

2 5

3 6
123]

a) AT =

b)BT=14 5 6

7 8 9
1
5]
8
Matrix Multiplication
5 2
8a) [1 5
_ 1(3)+3(2)] _ [3+6] _ [9]
2(3) +2(2) 6+ 4 10
2
6

c)CT =

b)
1)+ (—1D(B) +3(1)
2(2) +2(3) + 2(1)
1(2) + 1(3) + 1(1)

c) =
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Powers of a Matrix

Example 9.
1 0111 0111 O .
A? = [O 2] [0 2]:[0 4]...the 2,2 entry is 22
A3 = AQ2 = [(1) g] [(1) 2 - [é g]...the 2,2 entry is 23=8
A3 = [(1) 2(2)5

Basket-Weave Method p. 280

Example 3.
1 -2 3 1 =2
2 0 4 2 0
-3 2 5 -3 2
Right products = 0 + 24 + 12 = 36
Left products =0+ 8 — 20 = —12
detA=right- left = 36 — (—12) = 48
Since the determinant is not 0, the vector field is invertible.

Example 4.
1 2 3 1 2

2 -1 2 2 -1
3 2 1 3 2
left=-94+4+4=-1 right = -1+ 12+ 12 = 23
~right —left =23 — (—1) = 24
Since the determinant is not 0, the vector field is invertible.

Example 5.
For which value(s) of k is the matrix invertible?

Not invertible .. detA =0

2 1 0 2 1
1 2 11 2
0 -3 kK 0 -3
Left=0—6+k=k—6 right =4k + 0+ 0 = 4k

~right —left =0

4k—(k—6)=0

3k+6=0

3k=—6 k=-2
So, it is invertible as long as k is not equal to -2.
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Example 6.

2 1 1][* 0
-2 =2 2||*2(= |0
1 0 211%x3 0
2x1 + xz + x3 = 0
_le - 2x2 + ZX3 = 0
X1+ 2x3=0 —> from x3=_71x1
Substitute into
—2x; = 22, + 2 (72, = 0
—le - 2x2 — X1 = O
—3x1 - 2x2 = O
o _3x1 = 2x2

X, = —x
2= 5%

X1
-3
. I bl ]
s vectoris x =1 2
-1

-—X
2 1

Example 7.
LetA = [_13 g] and x = [_13] Find Ax
I 1 B I B e

-1 [ 1

[0 1
LetB=([2 3 5 ] and y = O] Find the 3rd entry of Bjy.
0 4

2 -1
=[0,4,2][1,0,—1]
=0+0-2

=2
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Example 8.
3 -1 1 1
10 0 2 2
F= 0 4 1 -1
O 1 0 2

expand along the first column

0o 2 2
detF= (—D*'(3)det|4 1 -1

1 0 2
expand along the first column

det F:3[(—1)2+1(4)det [(2) g] + (_1)3+1(1)det [i _21”
=3[(-4)(4)+1(-4)]

= 3(-16-4)
=-60

Practice Exam Questions

S1. Find the determinant of each of the following:

a) det A=7

b) detB=ad - bc = (2)(-7) - (-1)(3) =-14 + 3 =-11
2 3 =2

oC=|2 1 1
4 2 0

left products =-8 +4 + 0 =-4
right products =0+ 12 -8 =4
Det A=right - left = 4 - (-4)

=8
3 -1 0
d)D=|1 -2 2]
-1 0 3

left products = 0+0 -3 =-3
right products =-18 +2 + 0 =-16
Det A=right - left =-16+3=-13

1 0 2
E=[1 0 -1
3 4 0

left products =0 -4 + 0= -4
right products=0+0+8=8
Det A=right -left=8+4 =12
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2 -2 3
S2. Use the basket-weave method to calculate the determinant of B=[ 2 0 4]
-3 2 5

left products = 0 -16+(-20)=-4
right products =0+24+12= 36
det A=right - left = 36-(-4)=40

2 2 3
S3. Use the basket-weave method to calculate the determinant of A=|2 -1 2]
3 2 1
left products=-9+8+4=3
right products =-2 + 12 + 12 = 22
Det A=right - left =22 -3 =19
S4.,
left products = 0 + 12K + 6K = 18K
right products=8+0+0=8
Det A=right - left =8 - 18K
Since it has no inverse, det A = 0,
So,8-18k=0
8=18k
K=8/18=4/9
2 0 4
S5. Determine the value of x so that matrix A=|x 1 3| has an inverse.
2 0 x

it has an inverse if detA+0

If det A=0, 2x-8 = 0 so x=4 and this would be the value for which there is NO inverse

The answer is c). Basket weave and get left = 84+0+40=8 and right=2x+0+0=2x and
right - left = 2x - 8 # 0 ,s0 we get x# 4,since you know the determinant can’t be 0 since it
has an inverse. The answer is c).

S6.
3
k
2k

3
k
2k

S oOoON
& W s
S ON

left=0+ 12k +0 =12k right = 2k* + 0+ 0 = 2k?
detA = right — left # 0 if it has an inverse
2k? — 12k = 0 factor
2k(k-6)=0
k=0, 6 no inverse, so it has an inverse if k# 0,6
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S7. Not invertible, ie)detA = 0
k(k+5 —-(-6)(1)=0
k?+5k+6=0
(k+2)(k+3)=0 k=-2,-3

S8. For which value(s) of k is the matrix invertible?

Notinvertible . detd =0
2 1 0 2 1

1 2 11 2
0 -3 kK 0 -3
left=0—-6+k=k—6 right =4k + 0+ 0 = 4k
~right —left =0
4k—(k—6)=0
3k+6=0
3k=—6 k=-2
So, it is invertible as long as k is not equal to -2.

S9.a) A=

NN
[y
oON O O

o onN

Expand along the first column

1 1 0
2 -1 2

1 2 0

det A= (—1)*1(2)det

expand along third column
— o[ (_1)2+3 11
det A= 2[ (~1)2*3(2)det | h 2]]

=2[ (-2)(1)]
=4
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b) letA= (11) (1,2) (1,3)

1 3
[a b c]andglven

d e f
[y 2]
iy f]-2
! -

Find det A

detA=(—1)1+1(1)det[b ]i]+(—1)1+2(2)det[§ ,Cc]+

(—1)M3(=3) det [ b]
(1)(3) +(=2)(2) + (=3)4)
3—4—-12

—13

1

c)C= 4 expand along the first column

1

o onN
S BN
SO UI N -

2 2 2
det C= (—1)*1(2)det [4 5 —4] expand along the bottom row
0 0 1

det c=2[(—1)3+3(1)det [i g]l =2[(2(5) — 2(4)] = 4
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2 4 0 O
/0 1 1 1 .
d) D= 0 2 -1 1 expand along the first column
01 1 0
2 4 0 0
01 1 1
0 0 -3 -1
0 0 0 -1
1 1 1
det D= (—1)*1(2)det [0 —3 —1|expand along the first column
0O 0 -1
— 1+1 -3 -1 — —
det D =2[(~1) (1)det[0 _1]]_2[3+0]_6
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Quiz 5: Practice on Sections Ato H

1. a)E(x) = f:x(%x)dx

41
= [“=x%dx
02
[19(3 4
2 31

=[],
= sl
43

6
64

6
_ 32

3

b) Var(x) =?
E(x?) = f04x2 Gx) dx
= %f:iﬁdx
ey
= = [x*]3
=54 -0l

44

Var(x)8= E(x?) — [E(x)]?

— X __(24\2
~ 8 ( 3 )
_ 256 1024
- 8 9

= —81-

9
2. A)E(x) = _2+0_0'§_0'4_0'5 = % note: there are no probabilities given, so it is just
the mean which is to add up all the numbers and divide by how many there are
= —0.74

—¥\2
b) Var(x) =) % (again, no probabilities given) n=5 numbers or 5 data

(=24 0.74)%2 + (0 + 0.74)? + (—0.8 + 0.74)? + (—0.4 + 0.74)% + (—0.5 + 0.74)?

Var(x) = E1

(-1.26)2+0.74%+(—0.06)%+(0.34)% +(0.24)?
4

z31 _ .58

4
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95 — 62
3.Z = = 2.75
x—50
2.75 = 5
x =74.75

3+ (=3)
3] [3 +2( 3) O]

a) The first elementis 0.
b) The second element is 9

oF [4 1,? +2vv] [00-;(44)

The first element is 4.
d)The second element is -8.

= .~ [0 = oo [4

F () = ] For=17
F(z) = —90.5(0) + 85.5(4) = 342
The first element is 342.

f)F(z) = —90.5(9) + 85.5(—8) = —1498.5
The second element is - 1498.5.

5.a)f (%) = f[z] =—-3u+4v

- f([ﬂ) =—3(4) +4(4) =12+ 16 = 4
0@ = (] = -3+ 4@ =6+8 =14
)z =-3Xx+5y

f(@) = =3f(X) +5f(»)
= —3(4) +5(14) = —12+ 70 = 58

[ -
([_4])

Tu

[x+y]

[2(4) 4] [4] (right, up) So, graph 3.

B) F ([z]) = [zxy_ y] F ([_44]) = [2(4)__4(_4)] = [I;] (left and up) So, graph 1.

) F ([ZD = [;C/] F ([_44]) = [_44] (right and down) So, graph 2.
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7. a)[o_(l 02_ 2] [g] = [20++0é6 - [2§6]

[ 0 2 ] [ 6 ] _ [5.2
0.4 0.21 12.6 2.92

5.2 will be in the first category
b)-. 2.92 will be in the second category

oae=[2 AL4=[0-[)

=~ the first element is — 10 and the second element is — 5.

-1
9.3rdentry=[ ”0]=[—5+0+4]=—1
5—1-211-2
10.detA =ad —bc =1(6) —2(3) =0
~ No
_ ul _ 1 2
11. Area = det [ﬁ] = det [2 6]
=6—4=2
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T. Matrix Models and Leslie Matrices

Example 2.
Xy =1[8,v]-10,7]
=p0) +7y
= 7y The answer is C.

Example 3.

a) H A
fr1.2 15
410.5 0.3

1.2 1.5] [100] _ [195]

b) [0.5 0.31L50 65
There would be 195 hatchlings and 65 adults in year 1.

Example 4.

a) H J A
H 0 02 1
G—] 0 o
04 0

02 1 0+2+10 12

[ H ]=15+O+O=H

04 0 0+4+0 4

= 12 hatchlings, 15 juveniles, 4 adults

RN
o ol <L

0 0.2 11[7.2] 3.1
05 0 0]|3.5]|= 3.6]
L0 0.4 0112.4. 1.4
[0 0.2 17[3.1] [2.12
05 0 0]]3.6]= 1.55]
[0 0.4 0111.4] 11.44
[0 0.2 17[2.12 1.75
05 0 O 1.55] = [1.06]
0 04 011144 0.62
Etc.

= total population decreases to zero.
The answer is A.
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Example 5.

x y
1 *loss 0
YI =Y{015 0.80
Ze 2 o0 020

= O O N

Practice Exam Questions

T1. H A

Hrog 1.2
410.6 0.4

o [ - (e

0.8 12]1108] _ [153.6 .
2 [0.6 0.4] [ ] [87.2 ~ 87 adults
T2. H A
H
1.2 15 ) .
[0,5 0_3] topisAtoH and bottomisAtoA
a)

0 [0 0all20) =

76
<) [(1)5 (1)3] [26] [14362.86] ~ 133 hatchlings and 47 adults in year 3.

T3.
A B C
A0 0 5 a
B |3 4 0] [bt]
clo 2 0 Ct
T4.
a) H A
H [13 1.5
0.6 0.5
1.3 1.51 [100 175
b) 0.6 0.5 ]_[75]
c)

[1.3 1.5 175] _ [ 340 ]

0.6 05! L7517 11425
So, we expect 340 hatchlings and 143 adults in year 3.
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b) Estimate the population of hatchlings and adults in year 2 if there are 120 birds in
the population: 60 hatchlings, 40 juveniles and 20 adults.

0 03 1][60]H [0+ 12+ 20
06 0 O0ff40]J =]36+0+0
0 0.5 ollzolAa 0+20+0

= 32 hatchlings in year 2

Té.
a) Ct+1 = O4‘Ct

at+1 = 0098Ct + O.75at + 0.77Tt

T't+1 = 0.27at

¢y a, n

CGi[ 0 0 0.4 71C:
a; (0.098 0.75 0.77||a:

™ 0 0.27 0 Tt

b) hy e L
hy [0.996 0.55 0 h,
er (0004 02 0 et
L 0 0.55 2 I

ht+1 = 0996ht + 0'55613
et+1 = 0'004ht + 0.26t
lt+1 = 0.553t + th

T7.
a)

3

Sofio

S)
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W EEE
S~ Y S

Construct the corresponding matrix...
Xy
X4 27 %
y [0 0.8] [Yi]
xl+1=4xl+2yl
Vi +1= Oxi + 083’1

b)

Sawx >
w o o o
or oo
couiog
oo oN

T9. a)
H A
H
G= [1.5 1.8
405 0.4

1.5 1.8] [50 " [75 + 36] _ [111

b) [0.5 04ll20l, T l25+8 33
15 1.8] [111 _ [166.5+59.4 _ [225.9
0.4

oz oallzz]=lsss+132]= learo
~ approx 226 hatchlings and 69 adults in year 3.

T10. A B
A [0.7 0.2

B 103 0.8
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T11.a)

H A
c— [070 13
075 137160 _ [42+397_ 81
b [ 0.5 0.6] [30] B [30 + 18] B [48]
C) [g; (1)2] [Zé] = [16199..31] approx 69 adults and 119 hatchlings in year 3.
T12.

o [1=F JB-[3
0[5 U0=[2) doese move

2 ollol =[] changes

The solution is A.

3. oal 5] = o)

[0(.)5 0?3] [54.}6] - [?62

Therefore, two years into the future, there will be approximately 11 and 4 individuals.
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U. Eigenvalues and Eigenvectors

Example 2. det(A—AI) =0

A—2l
2 3 1 00 _ 2-4 3
2[—2 —1]_’1[0 1 =[_2 —1—A]

dettA—-A)=0 ~Q2-D1-1)-3)(=2)=0
—2-21+2+2*+6
A2—14+4=0O0R
Short-cut: (Multiple Choice only)
usetr(A) =landdetA=-2+6=4
Z—-21+4=0

Example 3.
a=1 b=-1 c=4
—b+VbZ—4ac _ 1+/1-4(1)(4) _ 1+V=15 _ 1+V15i

A= 2a 2(1) 2 2
Example 4.
Find the eigenvalues and eigenvectors for A. a b
2 0
i sl
c d

Short-cut: (Multiple Choice only)
trA=2+4+3=5
detA=6—-0=6
A2 —tr(A)A+detA=0

A2 —-51+6=0
1-2)(A—-3)=0 A1=2,3eigenvalues
A=2

Short-cut: (Multiple Choice only and only for distinct eigenvalues)
eigenvector multiple of

[,1 E al = [2 2 2] = [8] - must use the other form

[A ; d] = [2 I 3] = [_11] - non — zero multiples of [_11]or[_11]

A=3 [A E a] = [3 9 2] = [(1)] ~ non — zero multiples of [(1)]

So, the eigenvalue that corresponds to the eigenvector [_11] is 2.

The answer is A.
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Long Method:

det(A—AI) =0
(Y- -

det[ZI/1 38/1]=0

ad —bc =0
2-21)DB-1)-0=0
2-21)D@B-1)=0
A=23

0

,1] [2] - [3]

(A—ADD
[z—a
1 3

I <

HE[SEH

0v1+v2=0

v+, =0

vy, = =1,

[l =Ll er[7]
A=3

[213 323”5;] - [8]
5 ol = 1o

U1:0

~letv, =t

Eigenvector is [zﬂ = [(t)] ort [(1)] (any multiples). This is called the family of eigenvectors!
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Example 5. Short-cut: (Multiple Choice only)
tr(A)=2+2=4
detA=ad —bc=22)-(-1)3)=4+3=7
characteristic polynomial A2 — tr(4)A + detA = 0
A2 —41+7=0

a=1 b=—-4 c=7 A=

4+/16-4(7) . 1= 44+V—12
2 T 2

1= 4+VaV-3 _ 4+2V3i
2

2
A=24+/3i, 2—-+3i

Short-cut: (Multiple Choice only and only for distinct eigenvalues)
eigenvector A= 2+ /3i [/1 3 a] = [2 + \7§1i _ 2] = [\7511]
o 3 b 1_ -1 ]_[—1]_[1]
A=2-V3 [A—a]_[z—\@i—z‘—ﬁi_ﬁi

Long-Method 1:
1=2++3i
Av = v
2 —11M" A [V1
[3 2] [Uz] = (2++3i) [vz]
2v; — v, = (2 +V3D)1,
3v;, — 2v, = (2 4+ V30,

2V, — v, = 2v; +V3iv,
21)1 - 2171 - \/§i171 = 172

Uz == _\/givl
Letv, =1
Uz = _\/gl
el
—V/3i
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Long-Method 2:

(A—ADH =0

237 skl =[]

A=2+3i

2 - (2+3i)

l 3 2—(2+\/—1“ ] [0

[—x/?i —1 ] [171] _ [O]

3 —/3il V2 0
—V3iv, —v,; =0
From v, = —\/3iv,
Letv; =1

U, = —\/§i

[Zﬂ - [—\}ﬁi]

Tl 2] —1]_A
QUESTION: [ﬁ]xz_[ﬁi]_[ﬁi ~ 5

~ v and w are equal
AW:A5215:[2+\/§i][\;§]

_ 2i+\/§i2]: 2i—+3
2v3+3il 12v3+3i
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Example 6.

Av = Av
08 0.1 0.3][" 21
[0.1 0.7 0.3 [vzl =1 [172]
01 0.2 0.4llvs VU3
0.8v; + 0.1v, + 0.3v; = v,
0.1v; + 0.7v, + 0.3v; = v,
0.1v; + 0.2v, + 0.4v3 = v,
From[1] 0.1v, = v; — 0.8v; — 0.3v,
0.1v, = 0.2v; — 0.3v5

0.2v,—0.3v3
0.1
v, = 2v; — 303
From 0.1v; + 0.3v3 = v, — 0.7,
0.1v; + 0.3v3 = 0.3v,
Substitute v, = 2v; — 3v;
0.1v; + 0.3v3 = 0.3(2v; — 3v3)
0.1v; + 0.3v3 = 0.6v; — 0.9,
0.3v3 + 0.9v; = 0.6v; — 0.1v,
1.2v; = 0.5v;

vy =22
Letv, =12
v3=5
v, =2(12) —3(5) =24 - 15

v, =9
Uy 12
L2-l:]
U3 5

v2:
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Example 7. a)
det(A—AI) =0

2 1 0 A 0 0
aee([1 2 1|-Jo 2 of)c
0 1 2 A

det[ 1 - ]=
0 1 2—A

2—-1 1 0 2—-1 1
1 2—-1 1 1 2—-1
0 1 2—-1 0 1

left=2—-21+2-21 right =(2-2)3%*4+04+0
=4-22 =Q2-D2-D2-2)

=2-1)4-41+ 2%
=8—81+22% —41+42* -3
=-22+61>—-121+8

detA =right — left =0

2B 4+6A2-121+8—-(4—-21) =0

2 +6142—-101+4=0

~ the characteristic polynomial is

—23+612—101+4=00r2>—-612+101—-4=0
Use the Factor Theorem to find the eigenvalues (roots).

—3+612—-101+4=0

IB—62+101—4=0] FA)=23-6124+101—4 « +1,+2,+4

A2 22 A #

1 -6 10 -4 f(2)=0 -~ (41— 2)isafactor
l 2 -8 4

1 —4 2 |OR

2

122 — 42142

()I—Z)( A2 — 40+ 2 >=O

quadratic function

A=2

You can use the quadratic formula to finish!
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b) Av=Av

2 10

[1 2 1]

%1 V1
]=2H
0 1 211vs U3

2v, + v, = 21

vy + 20, + v3 = 20,

v, + 2v3 = 205
From[1] v, =0
From Vg = —V3
From v, =0

-1
Letv;=1 ~v=|0
1

Practice Exam Questions

U1l. a b
A= [_61 f}]
o d

Short-cut: (Multiple Choice only)

tr(A) =6+ (—4) =2
detA = 6(—4) —16(—1) = —24 + 16 detA = —8
A2 —-21-8=0
1A-4HA+2)=0 A =4,-2 eigenvalues

A =4 eigenvector multiple of [/1 E a] = [41_66 = 162]

Short-cut: (Multiple Choice only and only for distinct eigenvalues)

A E a] - [41_66 = ig] or any multiple

A =4 eigenvector = [
Long method

det(A—AI) =0

e[ 29[ 9=

6-—1 16 1_
det _1 _4_1—0
ad —bc=0

(6-D(—4—-2)—16(-1)=0
—24—61+42+22+16=0
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A2-21-8=0
A-4)A1+2)=0
A=4,-2

One way...
AV = AV

6171 + 16172 = 4‘171
_7.71 - 4U2 = 4U2

From 16v, = —2v,

V1 = _8172 Let Uy, = 1

ﬁz[_18]sameas[1] [ ]

Eigenvector
A=4

Another way...
(A-AD@®) =0

At | b B
AP | MR N
2 S =10)

2v, + 16w,
—8v2=0—> v, = 8v,

Let Uy, = 1
Ul :_8

7]

AMATH 1201 Final Exam Booklet Solutions

[z;] = [—18] or any multiple. The family of eigenvectors is t(1,-8), ie. any multiple of this

vector.
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u2. a b
A= [_34 —25]
c d

Short-cut: (Multiple Choice only)
tr(A) =-4+(-5)=-9

Det(A) = —4(=5)—2(3) = 20— 6 = 14
P+91+14=0
A+7(1+2)=0 A= —7,-2eigenvalues
A=-2
Short-cut: (Multiple Choice only and only for distinct eigenvalues)

eigenvector multiple of [/,1 f a] = [_2 _2(_4)] = [g] or[ﬂ

Long Method:A = -2

<

EaEA

—4‘171 + 2172 = _2171
31)1 - 5172 = _sz

From[1] 2v, = —2v, + 4,
2v, = 214
Uy =g

~letvy, =1

o[l

Another way...
det(A—AI) =0

-4 2 A O _
det([z /1—5]_2[0 ,1)_0
det[ 3 _S_A]zo
ad —bc=0
(-4-1)(-5-1)-23)=0
+204+42+51+22-6=0
A2—91+14=0
A+7(A+2)=0
A=-7-2
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Eigenvector
A=-=2

[_43+ ’ —52+ 2] [Eﬂ - [8]
[_32 _23] [112] - [8]

2172 = 2171
UZ = v1

[ﬂ is the eigenvector. The family of this eigenvector is all multiples of this vector, ie. t(1,1).

0 1 1 1 0 0

U3. detA—AH=0 =~ det([l 0 1] -1 [O 1 OD = 0. In this question, we need
1 10 0 0 1

the factor theorem.

-1 1 1
det|1 -1 1|=0 right=-23+1+1
1 1 -1

left = —31
detA =right — left
0=-2342— (=31
0=-A3+24+31 0or A2-31-2=0
let f(A)=23-31-2 f(-1)=-14+3-2=0

10 -3 -2

(A+ 1)isa factor -1 L1 1 )

1 -1 -2 0 R
s+ 1D@A2E-2-2)=0
1+11-2)1+1)=0 2A1=-1,-1,2
~A=-1 find eigenvector

Av = v
0 1 1 U1 U1
()| R
1 1 01/1vs U3
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UZ + U3 = _Ul
vy t+vz = —vZ} solve system (all equations are identical)
Ul + UZ = _vg
From equation (1) —v; =v,+v;
V1 ="V~ V3
U1 —V2 — V3 -1 -1
The eigenvectoris (V2| = %) =v| 1|+ v3]0
U3 U3 0 1
\ v
eigenvectors

If you want to find the other one:

ot [ B

vy, +v3 = 214 Wthh is the same as 2v; —v; = v,
Ul + 7.73 = 2172
v1 + vz = 2173

+ 3v; = 3v, and we get: v; = v,

From v; + v, = 2v; becomes v; + v; = 2v; or 2v; = 2v; and v; = v

The vector is [Uz‘ = [%] = [1] andletv, =1

~ (1,1,1)is a vector

173



©Prep101 AMATH 1201 Final Exam Booklet Solutions

u4. a b
a=[; 3
c d

Short-cut: (Multiple Choice only)
tr(A) =7+3=10

detA = ad — bc
=73) - (-1
=214+4 =25

A —tr(A)A+detA=0
A2—101+25=0
(A-5)(A—-5)=0 A=25, 5% Don’tuse short cut to find your eigenvectors, as you
will only obtain one eigenvector, even if there are really 2!!

Long method 1 =5
AV = v
7 —=11[V1] _ -1
[4 3 ] [UZ] =5 [Uz]
7171 — Uy = 5171
41]1 + 3172 = 5172
From[1] 2v, = v,
Uz = 2171

let v;=1

V= B] is the eigenvector. The family of this eigenvector is all multiples of it, ie. t(1,2).
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U5.a) 22 —tr(A)A +det(4) =0
Or _det(A —AH)=0

1 -1 0 1 0 O
det [—1 2 —-1|—-1|0 1 0] =0
o -1 1 0 0 1
1-1 -1 0
det| -1 2-21 —1] 0
[0 -1 1-2
1-12 -1 0 1-2 -1
—1 2—-1 -1 —1 2—-21
-1 1-2 -1
left—0+1(1—/’l)+1(1—/’1) right =(1-1)2—-31+
A2)+0+0
=1-14+1-2 =2-31+22-21+32% -
/13
=2-21 =2-—51+42*-23

detA =right — left =0
2-51+42-23-(2-21)=0
234422 -31=0

b) —-A(A2-42+4+3)=0
A=0 1-3)1-1)=0
A=3,1 « eigenvalues (3 of them)

AV = v

1 -1 01V %1
-1 2 —=1||v2|=3]|V2
0O -1 111lvs U3
vy — v, =31 = —V, = 2V, Oor VU, = —21,
—vy + 2V, — V3 = 3v3
1
) + U3 = 3v3 - =V, = 2173 or v, = —2173 or vy = _Evz

letvy =1,thenv, = -2and v; =1

1
A =3 has eigenvector [—2]
. 1
v
1

w3 2 A

oo -]

Av
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Find the eigenvector for eigenvalue A = 0
Av =

1 -1 01" U1 0

A=0 [—1 2 —1] [vzl =0 [172] = [O]

0 -1 111vs U3 0
vi—v, =0 [1] v, =v,

_v1+2U2_v3:0

_v2+v3:0 U3:U2
letvy, =1 -vy=1 v3=1

1
vector [1 for A=0
1
check A v
1 -1 0711 0
o bl
0o -1 1111 0
0
05=[o
01
Find the eigenvector for eigenvalue 1 = 1
A=1 A v A v
1 -1 01][V1] U1
[_1 : 1”1]
0 -1 111vsl U3

vl—vzzvl - v, =0
-V + 2V, — V3 =V, - v +0—-v3=0

V1 =V3
—Vy + V3 = V3 - v, =0
1
letv, =1 vector [O] fori=1
-1
Av = v Av

S G R
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Ué6. a)

1 -2 1 0 0
det|[4 -5 A0 1 0
8 —4 0 0 1

1-2
det| 4 —5— =0
8 —4 5— A

1-1 =2 -2 1-1 =2
4 -5-1 -2 4 —5—/’1
8 -4 5-1 8
left = —16(=5—21) +8(1 — 1) — 8(5 )
=80+164+8—-841—-40+ 84
=161+ 48
right = (1 —2)(=5—A)(5 — 1) + 32 + 32
= (1 -2)(—25+51—51+ 1%) + 64
=—25+4+51—51+12+ 2514 —-51%2+51%2 - 23 + 64
=—23+2%2+ 251+ 39
detA = —A3 +251+39—(161+48) =0
23+ 224+251+39-161—-48=0
—A3+22491-9=0
AB—22-91+9=0
A-1)-9(1-1)=0
A-1)(A2-=9)=0

b) 1 =1,3,-3 eigenvalues
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c)A=1
Av = v
1 -2 =21["1 U1
[4 -5 —2] [vzl =1 [172]
8 —4 5113 U3
vy — 20, — 203 =1, —2v, =2v;3 vV, = —U;

4v, — 5v, — 2v3 = v,
8v; —4v, + 5v; = vy
8vy —4v, +4v3 =0
8v, —4(—v3)+4v3=0
8v; +4v3+v; =0

8171 + 8173 =0
8U1 = _8U3 V1= —V3
~letvy=1 -v,=-1 v;=-1
-1
vector —1] fori=1
1

check Av=1v

A e

= AV = Av

-2
[EE R
—2v2—2v3—3v1 .
4v, — 5v, — 2v3 = 3v,
8v1—4v2+5v3=3v3
From —2v, —2v3 =2V, Or vV =-—V, — U3
From [2] 4v; —8v, —2v3 =0
2v1 —4v, —v3 =0
2V, = 4v, + 3

V= -V, — U3 X 2 2v, = —2v, — 2v;

2v, = 4v, + v3 2V, = 4v, + 3 subtract
0= —6v, —3v;
3v; = —6v, V3 = =21,

Sub into 2v; = 4v, + vy
2v; = 4v, + (—2v,)
2171 = 2U2 V1 =7,
letv, =1, v3=-2(1)=-2
vector [ 1 ] for A=3

check Av = v
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;= 2L
s-3)-L

let A =-3
AV = v

EE

- 2v2 — 2v; = =31,
4 —5v, —2v; = —3172
8v1 — 4v, + 5v; = —3v3
from —2v, — 2v3 = —4v, vy +v3 =21
from 4v, — 2v3 = 2v, 2v, —v3 =V, same as
from 8v; —4v, = -8v; 20, —v, = =20,
2v; = —2v3 + v, subinto

LV, U3 = =203+ 1,
3v;=0 v3=0
subvy =0 into[2] 2v,—-0=v,
1
-l
0

Uz = 2171
Av = v

vl
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U7. Av = Av to find eigenvectors

2 1 =21[" V1
A=2 -3 0 4 (V2] =2]|V2
-2 =1 411v3 U3

2V, + v, —2v3 = 2v; Uy = 203
— 3v; + 4v; = 20,
Subst. from[1] — 3v; + 4v; = 2(2v3)
—3v; +4v; = 4v,
—-3v;=0 v;,=0

0
lett =v3 . vector [Zt] or any multiple
t

0
lett =1,you get [2‘
1
~ B is the solution

NOTE: [0 0 0] is NEVER an eigenvector

U8. Short-cut: (Multiple Choice only)
tr(A)=2+1=3
detA=ad —bc=2(1)—-2(1)=0
A% —tr(A) + detA=0
A2-=31=0
A1-3)=0
A=03 ~ E is the answer
Long Method:

det(A—AI) =0

aa(? 3-f 9 -o
det[ZI/1 13/1]:0
ad —bc =0
-VDa-1)-2(1)=0
A2 —-31=0

AA1=-3)=0
A=0,3

AMATH 1201 Final Exam Booklet Solutions
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U9. Short-cut: (Multiple Choice only)
tr(A)=1+3=4
detA=1(3)—-002)=3
2—42+3=0
1-3y1-1 =0
A=13
~ E is the solution

Long method

det(A—AI) =0
det([; 3]-[5 ) =0

1-2 0 1_
det[ ) 3_)L]—O
ad —bc=0
a-21HD@B-21)-0=0

1-DB=21) =0
A=1,3
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U10. A= 212-81+12=0
1-2)1-6)=0
A=126

Short-cut: (Multiple Choice only and only for distinct eigenvalues)

eigenvector [/1 E a] = [2 E 2] = [?)] or any multiple

Vg
B= 22-81+12=0

A = 2,6 eigenvector [/1 E a] = [2 E 6] = [_34]
¢= [—42 (2)]

[A? a] - [2 : 4]

Long method

S Vg

[_22 ] or any multiple

det(A—AI) =0
det([g 2]—61 0):0

2—1 3 1_
det[ 0 6—)L]_O
ad —bc=0
2-1)D6—-21)-0=0
1=2,6

det(B—AI)=0

(s Y-[2 9-o

6—21 3 1_
det[ 0 Z—A]_O
ad —bc=0
6-1)2-21)-0=0

6-1)2—-21) =0
1=2,6
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U11. Short-cut: (Multiple Choice only)
detA=ad —bc=004)—-(-1)(0)=0

A2—41=0
AA—4)=0
A=04

~ Ais the answer

U12. a) Short-cut: (Multiple Choice only)
tr(A) =a+d=1+1=2
detA =ad —bc =1(1) - 2(-1) =3
A —tr(A)A+detA=0

A2—=22+3=0 a=1b=-2 c=3
won'’t factor
1= — —b+Vb2—4ac _ 2+/(-2)2-4(1)(3) _ 2+V4-12 _ 2+v/-8 _ 2+VaV2i
2a 2(1) 2 2 2
A= 2+22\/§l,2_22\/§l or 1+V2i1-+2i
a b

1 2

A=1++/2i A= |-1 1]
c d

b) Short-cut: (Multiple Choice only and only for distinct eigenvalues)

Eienvector[b]=[ 2 ]=[2]
& A—al Tl1+vZi-1] T V2
Long method:

fFA=1+V2i A=1-+2i

AV = v

1 2|V _ N [V1
[—1 1 |172] - (1 + \/El) [Vz]
171 + 2172 = (1 + \/zi)vl
—v1 + 172 = (1 + \/Ei)vz
v+ 20, = v+ V2iv,
vy +¥r= v+ V2iv,

From[1] 2v, =V2iv,
V2i

vV, =1
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A=1-+2i
. J— — b = 2 = 2
Elgenvector—[/,l _ a] = [/1 _ a] = [1 —\2i — 1] B [—\/fi]
Long Method 1:
A=1-+2i

AV =AWor(A—ADv =0
:1__1A 1 EA] [2] - [8]

[1—(1-+2i)
R [

|1 \/2_1] vzl

\/Z_iv1+2v2=0

2172=_\/2_ivl
V2i

2172:_7 Ul

Letv1=2

Vy, = — Zl

) = |z
\/_

Long Method 2:If A = 1++2i A=1-+2i A=
1 2|V _ N [V1

[—1 1 |v2] - (1 - ﬁl) [vz]

v1 + 21)2 = (1 - \/zi)vl

-V + Uy, = (1 - \/Ei)vz

From
vy +2v, = vl—\/fivl
2v, = —V2i 12
2i
2=—7"0
Letv, =2

[zﬂ - [—351']
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3 2 3 1 0 0
U13.a) det(A—/ll)=det<[O 6 10]—1[0 1 OD=0

0 0 2 0 0 1
3—-4 2 3
det[ 0 6—1 10 ] =0
0 0 2—2
In upper A form, so you can just multiply along the main diagonal and get the
eigenvalues, instead of basket weaving. As a result, the numbers on the main diagonal are
always the eigenvalues. (for any matrix in triangular form)
B=-DE-1)N2-2)=0
~1=362

b) Eigenvector for A = 2 (smallest eigenvalue)

Av = v
3 2 31" (21
[0 6 10] Uz‘ =2 [172]
0 0 2I1lvs U3

3U1 + 2172 + 3U3 = 2171
6v, + 10v; = 2v,

2173 = 2173
From[2] 4v, = —10v,
v, = —va3 =_75v3 sub into

3171 + 2 (_Tlov3) + 3173 - 2171
3v; — 5v3 + 3v3 = 21,

-5 4
v =203 & (2,7,1> or (4,—5,2) isaneigenvector [—5]
2
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Here are some more to try!!

-2 0 0 O

- - 0 4 0 O

U14. Find the eigenvalues for 0 0 3 0
0O 0 3 4

Then, find the eigenvectors for the largest and smallest eigenvalues.

U15. For A= [i _32] find the eigenvalues and eigenvectors.

—4

U16. For A = [i ;

], find eigenvalues and the eigenvector for a — bi.

Ul17. For A:[g _54] find the eigenvalue and the eigenvector for a+bi.
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-2 0 0 O A 0 0 O
0 4 0 0/ _|0 2 0 of)_
0O 0 3 4 -0 19 0 A
—— 0 0 0
—-2-2
4—-21 0 0o |_
det 8 0 3-2 o0 |7V
0 0 3 4 — 2
1,1
A1+l _ 4 -1 0 0 _
(=D (=2 = 2) det 0 31 0
0 3 4 — 2]
(_2—/1)((—1)1+1(4—/1)det[3;’1 42/1' ~0
(—2-D@-D[B-HAE-DN]=0
SA= —2,4’ 3’4
Find e-vector for A = 4
Av = v
_2 O O 0 vl Ul
O 4‘ O 0 vZ :4172
0 0 3 0]]|Vs V3
O O 3 4- 174_ 174_

[1]-2v,=4v; ~ 6V, =0 ~v; =0
[2]4v, = 4v, « doesn't mean v, = 0
3v3 =4v; ~v3=0
3173 +4v, =4v, -~v3=0

.. eigenvector

0 0 0
%2 =v, (1) + v, 8
Uy 0 1
T T
2 e-vectors

Find e-vector for A = —2

AV = v

187



©Prep101 AMATH 1201 Final Exam Booklet Solutions

V1 V1
v v
3 3

—2v; = —2v; <« doesn’tmeanv; = 0
[2]4v, = —2v, ~ 6V, =0 ~v, =0
3173 =—-2v3 ~5v3=0 ~v;3=0
3v3 +4v, = —2v, - 3v3=—-61,
V3 = =27,
Butv; =0 ~v, =0

-2 0
4
0
0

w wo o
> OO O

0
0
0

2 1

0

0|="n 8

0 0
T

e-vector for A = —2

5 -2
u15. A= | - |
Short-cut: (Multiple Choice only)
tr(A) =8
detA =ad — bc =53) — (-2)(1)
=17

A2 —tr(A)A+detA=0
A2—81+17=0

Doesn’t factor
A>—81+16=-17+16
1-4)?=-1
A—4=+4V-1
A—4=i, 1—4=—i

A=4+i4—1i

188



©Prep101

Find the eigenvector:(Long Method)
A=4+i

4D = 1
[} Sl =@+l

5171 - 2U2 = 4U1 + iv1
Ul - iU1 = 2U2

_ vi(1—1)
U, = 2

Letv1=2 U2=1—i

i§]=[12_l

Note: it could also be
[ 2 1X1+41i
1 —iIxX1+i

2+ 2i ]
'1J5i+_2§'_i22+2i
=[11++1]=[ 2|
=2[ 11]

a-m[] =[]
P |

5— j — L
[ (;Hl) 3—(42+i) [Z2]=[g]

[T 2 ll=0)
aQ-dv,—2v,=0

A-Dv, =21,

AMATH 1201 Final Exam Booklet Solutions
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(1-10)
UZZ 2 Ul
Letv1=2
Uzzl_i

[zﬂ - [1 2— i
Note: it could also be

[2 X1+1
1—-ilx1+i

2+ 2
[151_21"_1'2]“2'
[157]=17%"

1+1
L[+
=2 [ 1 ]
Ul6. A = [i _34] Find eigenvalues and the e-vector for a — bi

Long method

det(A—AI) =0

cee(f; -4l 1) =0
det[> T4 TH]=0

ad —bc =0

G-DB—-A)+4=0

15—51—314+124+4=0

22-81+19=0

22 —-81=-19
22-81+16=-19+16
(A—4)?%=-3
A—4=4V=-3
A=4+-3
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(A-ADD=0

PR | R

A=4+V-3

5 — (4+\/—_3) —4 “vl] _ [0]
1 3—(4+v=-3)|W21 10

R | s B

vy + (—1 — \/§i)v2 =0
v = —(—1 — \/§i)v2
v = (1 + \/§i)v2

Let UZ = 1
[1 "‘1‘/§i] is the eigenvector

Ul7. A =

af{u _L}v

af{u1 N} e

det(A — AI) =0
der([s S1-[5 31)=0

2—1 —41_
det[ c 5_/1]—0
ad —bc=0
2-21)GB-1)+20=0
10—71+22+20=0

A2—=71+30=0
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_7+449 - 4()(30)

2(1)
771
)
_7HVTIE 7=V
==

(5 516 D=1
[2 ;'A‘ si:fa][z;]:: [8]

7+V71i
2

7 +/71i
_<T>

A=

|

—4

7 +71i [zz]zz[g]
()
N K

2

3 —+/71i
2

2 V2

-3+ V71
7172

5v1+ vzzo

51]1:—

Ulz
Letv, = 2,v; = =3 +V71i

- the eigenvector is [_3 "‘ZV 711']
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Simplifying with Complex Numbers...Try These!

U18. Evaluate each of the following:
1. (3 + 4i) + (10 — 2i)

2. (44 70)(~2 — 30)

U19. Evaluate and express in form a + bi:

U20. Find the absolute value of 2 + 3v2i.
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U1s.
1. (3 + 4i) + (10 — 20)

=13 + 2i

2. (4 + 7)) (—2 — 30)

= —8 — 12i — 14i — 21i?
= —8—26i —21(-1)

=13 - 261

U19. Evaluate and express in form a + bi

(4-20) (1-30) 4—12i—2i+6i°
(1430 (1-3i) 1-—3i+3i—9i2

_ 4—-14i+6(-1)
 1-9(-1)

0-14i_ 7
10 2

U20. Find the absolute value of 2 + 3v2i

lz| = Ja? + b2 a=2 b=3V2

= J22+ (3v2)°

=J4+9(2) =22

AMATH 1201 Final Exam Booklet Solutions
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V. Applications of Eigenvalues and Eigenvectors

Example 1
2 0 . N
a) A= [1 3 X = 101 (A1) + v, (A,)t

=a[@ +e[]] 6
Find the unknowns
Atx, = [ﬂ findc;and c, (t=0)
=< [7er sellon
—c
HEIPSE N
l=—¢ +~c=-1
l=c+c,

1 = _1 + C2 CZ = 2
X = 101 (A1) + v, (A)°¢

) (AT
b) lett =3
%= (-1 ] @ +z2[j]er)
= —8[]@*+54[]
=[_88]+[504]

¥ = [486]

c) as x approaches infinity, x; = [—1 [_11] (2)t+2 [(ﬂ (3)f]approaches infinity as both
(2)t and(3)*will approach infinity.
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Example 2.
W B D
3 1 1
B |1 0 0
D

1/5 3/4 1/2

-3/5 1/4 1/2 . .
s 3y Wl 7
-3 1 1
Ex+§y+zz] N
L

1 3 1 VA
_Ex+zy+EZl
From[2] y=cx letx=5
y=1
3 1 1
From [1] SXtiyt+oz=x
3 1 1
E(5)+Z(1)+EZ_5

34-+4+22=5
1 * z 1
-z=5-3—-
2 4
1
-7 = —_—
2 4
1 8 1
-7 =-—=-
2 4 4
1 7
-7 = -
2 4
4z = 14
14 7
7 = — = -
4 2
5 10
1 |x2=]|2
7/2 7
p—— =£Walk
10+2+7 19
bike = —
19
drive = —
19
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Practice Exam Questions
V1. find eigenvalues trA = —9
detA=20—-6=14
A2+91+14=0
A+2)A+7)=0
A=-=2,-7

A = =2 eigenvector [/1 E a] = [_22+ 4] - [;] or [ﬂ

A = =7 eigenvector [_72+ 4] - [_23]

a)
X = 101 (A1) + U, (A)E “t=0

o =alieve+e [Z]en]
o= a1+ 552
1=cq+ 2c,
_2 = Cl - 3C2

_1:5C2 sz_g
1=c+2(—2)
1—c1—§ €1 =

__% ﬂ + % [_23]
56 636
5 5 — _[126
l se|T| 1020 %% =|_517
5 5
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V2. a b

A=

1 2
2 1] trA =2 detA=1—-—4=-3
c d
A2—-21-3=0
1-3)A1+1)=0 1=3,—-1

1 = 3 eigenvector [/1 B a] = [3 E 1] = [;] - [ﬂ
A = —1 eigenvector [A E a] = [_12_ 1] = [_22] - [_11]

. . — — 1 1
%= () + 6P () X =)@ e | D

Xo = B] att =0 B] =q [ﬂ (3)° + ¢, [_11] (—1)°

1=C1+C2
2=¢-0¢
3 = 2C1 Clzg 1:§+C2
3 1
=1-3="3

3 .1

=79 H 3 [_1]
71 L

= 227‘ + 12‘ ﬁ
2 2
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1
V3. FromU3. x, = [1

3]
Xe = C1v1(/11)t + 0, (Az)t

-1 —1 1
(—Df4c| 0 |(-Dt+c3|1[(2)¢ subt=0

1
1] (2)°
1

X =¢

0
1
x0=[1]=cl
3
1=—c¢ —c,+c3 [1]
1=c +c3 c1=1—c¢3
3=c;+c3 c;=3—c3 subinto[1]
1=—1—-c3)—(3—c3)+c3
1=—-14+c3—3+c3+c3
3c;=1+4

-1
0 ] (—1)° + ¢4
1

-1
1 ] (—-1D)%+¢,
0

wlu

5 2
=1-2=
€1 3 3
c —3——=——
2 3

1
i

1@

]( D+

1
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W. Systems of Recursion Models

Example 1. Consider the system of recursion equations:
[x1(t) _ [4 —3] [xl(t -1
x,(t) 6 —7lx,(t—1)

If x;(0) = 3,x,(0) = —5, then find the solution for x(t).

tr(A) = 4+ (=7) = —3
detA = ad — bc = 4(-7) — (=3)(6) = —10
A2+31-10=0
A+51-2)=0

A=-5 2
a b
[4 -3
6 -7
c d
~ b -3 ~ -3
”1=[,1—a]=[—5—4 ”2=[2—4]

=[Col=[3] =[51=[]
Xe = 101 (4)" + cv,(A2)"
% =[5 -5 +e 5] @
Att=0 ¢ [;] + ¢y [;] = [_35]

1c; +3c, =3 [1] (x—3)
3c; +2¢c;, =5

—3¢; —9¢;, = -9
3c; +2¢c, = =5
Add —T7c, =—14
c, =2
c;+3(12) =
cg=3—-6
cg=-3
cg=-3, ;=2
-E%@=qﬁ@ﬁ+%@@ﬁ
x1(0)] _ 1 ¢ 3 ¢
[xz(t) =3 [3] (=5)" +2 [2] )

x,(1) = =3(D(=5)" +2(3)(2)* = =3(=5)" +6(2)"
x(t) = -3@3)(=5)"+2(2()" = -9(=5)" +4(2)
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b) Find the long-term behaviour:

Ast — oo,

%) » =3 [;] (=5)® + 2 B] 20

2 X(t) > o

O[] =3 o+ 2[f @

The geometric rate of increase of the population is 5 since that is the largest eigenvalue in
absolute value. Since 5 >1, it is an increasing population, rather than a shrinking one.

d) The eigenvector associated with the eigenvalue of 5 is [;] in the long-run we would expect 1
juvenile for every 3 adults.
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Practice Exam Questions

W1. Consider the system of recursion equations:
[xl(t) _ [5 —3] [x1(t -1)
x,(O) 12 =2llx,(t - 1)
If x;(0) = 6, x,(0) = —8, Find the solution for x(t).

tr(A) =5+ (-2)=3
detA =5(-2)—(-3)(2)=-10+6 = —4

A2—-31-4=0
“A-4HA+1)=0
A=4 -1
a b
5 5
c d
N b -3 ~ -3
=, 2 =1l b=y

-1

=[1=1}]
Tt = 5171(/11)t + szz(lz)t
%= 2] @+ e[l (-1

Att =0 [_68]=cl[?1’]+c2[%
6=3c;+c,(x—2)
—8=c; +2¢

—12 = —6¢; — 2¢,
—8=1c¢; +2¢,
Add —20=-5¢
cp =4
—8=4+2c,
—12 = 2c,
c, =—6
x(0)] 13 ¢ 1 "
| REIH (ORI E I
b) The dominant eigenvalue in absolute value is 4, so the geometric rate of increase
of the population is 4. Since 4>1, the population is growing.

c)The eigenvector associate with eigenvalue 4 is [i] so we would expect to count 3

juveniles for every 1 adult in the long-run.
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W2. Consider the system of recursion equations:
[xl(t)] [ [xl(t - 1)
X, (t) xz(t -1
If x,(0) =4, x,(0) = 7 then find the solution for x(t).
trA=1+4=5
detA=1(4)—-1(-2)=4+2=6

A2—-51+6=0
1-2)1-3)=0
A=2, 3

a

1 1

- d

X = 03 (A1) + a1 (A2)"

%=l @ +e[] G
ae=0 [=al]+el]

4=c +c
7 =1c¢1+ 2c,
Subtract —3 = —c,
c, =3

4=C1+3
C1:1

2O)=1[@r+3[} er

Another one to try!!

Example. Find the long-term behaviour if x[t] = 2 [ﬂ G)t +3 B] (1)t

ast— oo

wa =2[1(3) +3 [} e

x[t] =04+ 00 > oo
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X. Systems of Differential Equations

Example 1.
Rewrite the second equation:

uy' () = —5uy () + uy(t)
u,' (t) = uy(t) + —2u,(t) + 3

u(t) = [212((?)] ad= [g] and A = [_15 _12]

w(t) = Au(t) +
o= Lao+[]

Case 1. Real and Distinct Eigenvalues

Example 2. Determine the solution to u’(t) = [_32 _21] with initial condition #(0) = [é]

The solution is:
u(t) = coeMt;] + ce2ty;
Find ¢, &c,
- 1
() = g
_ 17 _ —-171 o o1
Lett =0 [8] —cl[ 1 ]e + e [2]
1 = _Cl + CZ
8 = + 2C2
ADD 9 = 3¢,
c, =3 substinto
8=c +2(3)
8 = + 6
C1 = 2
L) = 2¢% [ 1] + 3¢t [ ]
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Example 3.

\1‘ =

= o

L

-

Case 2. Complex Eigenvalues

Example 4. a b
Solve u'(t) = [9 _1] u(t) withu(0) = [5]
5 7 5
C d
1. Find eigenvalues
tr(A) =9+7=16
detA = 63+5 =68
A2 —161+68=0
1= —-b+Vb2-4ac
2a
1= 16+,/256—4(1)(68)
2(1)
1= 16+V—-16

2
_ 16t4i

H-

=8+2i

2. Find the corresponding eigenvectors
[A : d] gives a vector with i on top

A1 = 8+ 2i (positive imaginary part) A, =8 — 2i

[8 + 251' —.7] [8 —.25i - 7]
:.712[1-;21] 72:[1_521]

(v; has the positive imaginary part) (the conjugate of V)
o I
! 5 5 0

)

N

T
Xy
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3.u(t) = c;e*(cos(bt) x — sin(bt) y) + c,e* (sin(bt) X + cos(bt) )
A, =8+2i a=8 b=2

u(t) = ce® (cos(Zt) [é] — sin(2t) [SD + c,e8(sin(2t) [é] + cos(2t) [é])
Substitute in initial condition:

ZONH
o] = cie (1] - 0) + cxet0+ 1 [g]
5] = crls]+ <2 o

[g] =101 + 6V,

sl =cilgl+ <2 ]

5 = Cl + 2C2
5 = 5C1 + 0 1 = 1
Substitute ¢ = 1 into

5:1+2C2
4‘=2C2
C2:2

Final Answer:
u(t) = e (cos(Zt) [;] — sin(2t) [(2)]) + 28 (sin(2t) [;] + cos(2t) [(2)])
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Here are some more to try!!

1. Consider an age-structured population made up of juveniles and adults. Each adult in year one
produces on average 27/4 juveniles counted in the next year. Each juvenile we count in one year
survives to be an adult in the next year with probability 25%. Also, each adult in one year
survives to be counted as an adult again in the following year with probability 9/4.

a) Fill in the blanks in the diagram below

|
o
(

b) If Xt is the number of juveniles in year t and y is the number of adults in year t and xo=24 and
yo=8, find an explicit expression for x;and y: in terms of t.

c) What is the long-term geometric rate of increase of the population? Is it growing or shrinking?

d) In the long-run, how many juveniles will we count for every adult? Explain.
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2. a) Find uy(t) and u(t) such that:
uy ' (t) = 4uy (t) — up(t)

uy' () = 2uy () + u,(t)

with u;(0) = 0 and u,(0) = 3.

b) Sketch the solution to the initial value problem in part a) below using a solid curve for te
[0, ). Label your initial condition and show the direction of travel using arrows.

c) Sketch the solution to the differential equations from part a) with initial condition
u,(0) = —1 and u,(0) = —2.

d) Repeat part c¢) for u,(0) = 2 and u,(0) = 2.
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Solution:
1.
a)
1
4
}
o
2
t
ﬂ
4
b) Xt YVt
[xt] _ Xt[ O 27/4 [xt_l]
vel " yel1/4 372 | lyeq

And [;2] = [284]

o [0 27/4
Find eigenvalues A—[1/4 3/2
det(A—Al) =0
27
O 71 m o
det| |; 3 _[0 ,1] =0
4 2
» 27
4 | _
det 1 3 ] =0
4 2
ad-bc=0
3 27 (1
-A(-2)-2(3)=0
22-32-2-0 x16
2 16

1642 =241 —-27 =0
(41 —-9)(41+3) =0

4] = 41 = -3

Al=

-PI\D@
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Eigenvectors

h] o]

1

4

Al_z

3_29_6_°%__3

2 4 4 4 4
9 27

4 4 |0
1 3 [172] [0
4 4

1 3

Zvl_zvz—o

1 3

Zvl ZUZ

3v, = v

Letv1=

Uzzl

[ﬂ is the eigenvector

1 = 3
27 4
3 ( 3 _6 3_9
2 2t171
3 27
4 4 0
P e bl =[]
4 4
1
ZV1+4VZ—O
1 -9
AT
v = —9v,

1
v2=—§—9v1
letv; =9

[_91] is the eigenvector
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. -3 9
c) The eigenvalues are 3

d) A,

o

AMATH 1201 Final Exam Booklet Solutions

. .9 . . .9
=~ the largest one in absolute value is " Therefore, the geometric rate of increase is ”

because % > 1 we know the population is growing.

9

= has eigenvector [ﬂ

=~ in the long run we have 3 juveniles for every adult

a) A:[;L _11]

det(A—AI) =0

st F)-[s 2=t
det|*2 " T |=0
ad-bc=0

AG-DA-)-(-12)=0

4—41—-214+2>+2=0

A2—514+6=0
1-2)1-3)=0
A=23

Al=2

a-anfy] -]
12 -
2o

Uz = 2U1
letv, =1

Z;] = B] is the eigenvector

%i f33 —1 1™ _ [0
- 2 1-3 [Uoz] B [o]
2 —2] [v;] - [O]
V41—V = 0

Uy, = Vq
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[ﬂ is the eigenvector

u,(0) =0
u,(0) =3

ﬁ(t) = Clvle)'t + szzelt

u(t) = ¢ B] e?t + C, [ﬂ e3t

Bl=cfyle +efi]e
0=0C(1)+C(1) - € =—C,

3:2C1+C2

o 3 = 2(_C2) + Cz

3 = _2C2 + C2
3 = _CZ

CZ = _3

o Cl = _3

u() =3 [;] e?t —3 [ﬂ e3t

u; () = 3e?t — 3e3t and u, (t) = 6e?t — 3e3t

AMATH 1201 Final Exam Booklet Solutions

b) 4, =2 (+=away from origin) A, = 3 = += (away from origin)

-l [

The trajectory of (0,3) can’t cross v; = B]

ie. the line u, = 2u,

c)
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u;(0) = -1
u,(0) = -2
w= (2]
-2
v A =2
uz /
/
/
/
/
/
3 /
/
| /
/
/
I/
/
| | | | | | 1‘1
I I [ /’ I I I
-3 / 3
;S
(-1,-2) «
B run [1] — U,
rise 121 < U4
3 direction follows
must follow u,=2 u,
d)
u,(0) =
=2
2
U;
must follow u;=u,
3 i
7 (2,2)
—+
s
o
-3 // 3
g
e
s
/s £
s
s
e
s ST
s
17_2‘}[2 = 3 T

(Positive away from the origin)
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Practice Exam Questions

X1. Determine the solution to u'(t) = [2 :3] with initial condition

u(0) = [—35]
tr(A) =4+ (-7) =-3

detA = ad — bc = 4(—7) — (—3)(6)
= —28+418 = —10

A —tr(A)A+detA=0
A2+31-10=0
A1+5)@A=-2)=0

A=-52
a b

[4 -3
6 -7
c d

n=[; 2l =152 = Gl = [l

m=[, =5l = [

The solution is

u(t) = cie™t [;] + c,e?t B]

t=0

[ 55l = et 3]+ cee[3)

3=rc¢ +3c, (x—3)
_5:3C1+2C2

—9 = —-3¢; —9¢,
—5 =3¢, + 2¢,
Add —14=-7c,
Cy =2 into
3=c+3(2)
cg=3—-6=-3

u(t) = —3e7%t [;] + 2e?t B]

The eigenvalues are real, one positive and one negative, so it is a saddle point.
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X2. Determine the solution to u'(t) = [g :;] with initial condition

. 6
u(0) = [—8]
tr(A) =5+ (-2)=3
detA =5(-2)—-(-3)2)=-10+6 = -4
A2—-31-4=0
A-49)A+1) =0
A=4-1

a b

[5 -3

2 =2

c d

w=[,2 =12 = =[]

w=[_2 ==}

The solution is u(t) = c;e** [ﬂ + et B]

_ 61_ . 0f3 o[l
t=20 [_8]—016 [1]+cze [2]
6 =3c, +c, X —2

-8 =1c¢; +2¢,
—12 = —6¢; — 2¢,
—8=c; +2¢
ADD —20 = —5¢,;
c,=4
Subinto[1] 6 =3(4)+c,
c;=6—12=-6

u(t) = 4e*t [ﬂ —6et B]
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X3. Determine the solution to u'(t) = [g _21] with initial

condition u(0) = [130]

tr(d) =2+ (-1 =1
detd = 2(-1) — 2(5) = =2 — 10 = —12

A2—21-12=0

A=—4)1+3)=0

A=4, A=-3
a b
2 2]
5 -1
c d

b 2 2
vl:[z_a]=[4_2] vz=[_3_2]

-1l L
The solution is u(t) = ¢c;e* [ﬂ +cze’ [_25]
=0 [F]=aer v

1 =5
10 = ¢4 + 2¢,
3=c —5c
SUBTRACT 7 =Tc,
;=1
subc, =1 into
10 = ¢4 + 2(1)
c, =8

i(0) = 8e* [1] + e[ ]
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X4. Determine the solution to u'(t) = [_12 ﬂ with

initial condition u(0) = [;L]

tr(A)=14+44=5
detA=1(4)—-1(-2)=4+2=6

A2 —51+6=0
1-2)1-3)=0
A=2, A=3
1a bl
[ 4l
c d
- b - 1
vl:[z_a]=[2i1] v2=[3—1]

=[1] =[2]

The solution is u(t) = ¢ e?t [ﬂ +cze’ B]

t=0 [47}] =cie’ [ﬂ + cze” B]

4=C1+C2
7:C1+2C2

Subtract —3 = —c,

C2=3
Subinto[1] 4=c¢; +3
C1=1

The solution is:

() = e2t [ﬂ + 3¢t B

N _[2 5] = =y _ [8
X5. Solve u'(t) = 5 4] u(t) withu(0) = [4]
tr(A)=2+4=6
detA = 2(4) —5(-2) =8 + 10 = 18
A —61+18=0
1= —-b+V62—4ac
2a
_ 64,/36-4(1)(18)
- 2(1)
6+V=36

2
_ 6161

2
3+
=3

i

= 3
a >0 .spiral away from origin
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a b
[2 5
-2 4
c d
a=3
b=3

ﬁlz[A;d]:[3+E;—4 :[—1_7;31']

- _[-1+3i1_1[-1 3
vl_[ —2 ]_[—2]+l[o]
X y
u(t) = e (cos(bt)x — sin(bt)y) + c,e*(sin(bt)y) + c,e* (sin(bt)x + cos(bt)y)

2 U(t) = ¢pedt (cos(3t) [:;] — sin(3t) [g]) + c,e3t(sin(3t) [:;] + cos(3t) [(3)])
Substitute u(0) = [2]

t=20
[Z] = c,e’ [cos 0 [:;] — sin(0) [(3)” + c,e%(sin 0 [:%] + cos0 [(3)])

ol = (53] -0)+ e+ [oh

[al=e Gl + e ]
8 =—c; + 3¢,
4=-2c,+0

c1 =—2 subinto

8 =—(—2)+ 3¢,
8—2=3c

3c, =6

c, =2

u(t) = —2e3(cos(3t) [:;] — sin(3t) [(3;]) + 2e3¢(sin(3t) [:%] + cos(3t) [(3;])

A=2 5]

-2 4

Since in the complex eigenvalues, the real part a=3>0, it is a spiral away from the origin.
Since the value of a,; = —2 < 0, it goes in a clockwise motion.
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Long Method
A=3+3i

A= [_22 451]
A=AD5=0
(12, 36 =i

[2_(Ez+ ) 4 — (3+31)“ ] [0

2 -l

—21]1 + UZ - 3iv2 = 0

—21]1 = _UZ + 3iv2
172 - 3in
V1= 2
Let Uz = 2
2 —3i(2)
Ul = 2
v, =1-3i
i) 1 —3i _
"[Uz]_[ ) ]orx 1
Or —1_-;31]
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X6. Solve w/(t) = [g 113] () with @(0) = [}g
tr(A)=3+1=4
detA =3+ 13(5) = 68
A2 —414+68=0

4+./(-4)%2-4(1)(68)

A=
2(1)

_ 4+V-256

_4il6zi

T2

A=2+8i a b
[3 —13]
5 1
c d

a=2 b=28

a = 2 > 0 spiral away from origin

. [A=d]_[2+8i—1]_[1+8i

] G e B o
_ 1 . [8
=) +to]
x oy

u(t) = c,e*(cos(bt)x — sin(bt)y) + ce? (si(bt)x + cos(bt)y)

u(t) = c,e?t(cos(8t) [é] — sin(8t) [g]) + c,e?t(sin(8t) [é] + cos(8t) [g])
Substitute u(0) = [13]

t=0

Hg] = c;e%(cos 0 [é] —sin0 [g]) + c,e%(sin0 + cos 0 [g])

[10] =[5+ <2 o

18 = ¢; + 8¢,
10 = 5¢; sub into
18 =2+ 8¢,
216 =8c, |[c;=2

u(t) = 2e?t(cos(8t) [;] — sin(8t) [g]) + 2e2t(sin(8t) [;] + cos(8t) [g])

Does the spiral move in a clockwise or counter clockwise direction?

A= [g _113] a = 2 > 0 spiral away from origin. And, a;; = 5 > 0, so it is moving

counterclockwise.
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Quiz 6: Practice on Sections H to L

_ 6—8 2
1. Ax [3 —4] [18 + 16] [34
First element is = -2
Second element is =34

0 -1 212 0(2) —1(3) +2(4)
2. My=1|1 2 4 [3] =| 1(2)+2(3) +4®)
1 -2 3114 1(2) + (=2)(3) + 3(4)
0—-3+8 5
My=12+6+16 =[24]
2—6+12 8
The first element is 5.

3, A=[(2) é] trA=7  detA =10

22 —71+10 =0
(A—2)(A—5) =0
A=2 A=5

vl:[/lfa vzz[l—a

=[2—2]‘[o] [o] =[532]=[§]

—_ t t
xt = Clvlll + szzlz

Let t=0
% = o] @+ e[ 6)
C] =g @°+e [ o)
8 =cy+2c,
6 = 3¢,
6 = 3¢,
c, =2
8=c, +2(2)
8=4+4c
cp =4

st 2o
wx(t) = 4(2)F + 4(5)*
y(t) = 6(5)°
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4/5

0 2/5] ( ¥

4/5 2/5
trA=§ detA = —%=—28—5
2_2_8 _ D 2/5
5 25
2 (/1 4
: 1 )

: 2/5
vy = 25 = [_11 /
5
21 7
5 5 2 1
l ‘ H [ ] - [2
(O =al D el
wimo a2 ol
4=c+c
7=—c; + 2¢,
11 = 3¢,
=2
4=c + =
12 311 1
=—-5=3 1
---f@)——[ NG )t+“[2]<)t
a) Juvenile x1(t) = 5(1)(_ E)t - (1)(§)t:§ (— g)t 11 (4)t
b) Adults x2(t) = : (-1)(= D' + 2 @ @)=— (- )t + 2 *22 (4)t

c) the population is shrinking, since as t approaches infinity, both (-2/5)*t and
(4/5)"t will approach 0. NOTE: If one of the fractions was (8/5)"t or 2, etc. then
as x approaches infinity, that term would approach infinity, so it would be growing

over time
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5. a)Al2—31—-4=0
A-4HA+1) =0

A =4, A=-1

Positive negative

~moves away from goes toward (0,0)

o0 -5 =[] =[]
3 1

u; (0] _ 2] at 17 ¢
[uz(t) _Cl[g]e +C2[ 1 ]e
4 =2c;— ¢y
6 =3¢, + ¢,
Add 10 = 5¢;
cp =2

4=2(2)_C2
4=4_C2

[Zigg =2 [g] e*t
uy (t) = 4e*t

u,(t) = 6e*t

b)[;g] = [g] e + ¢, [‘11] et
—4 =2¢c;—Cy

16 == 3C1 + CZ
Add 12 =5¢;
12
Cl :?
12
=2
—4‘ =?_C2
Z20 2%
5 5 2
44
4
Cz —?
ur(t)] _ 12127 jar , #44[—1] -t
[uz(t) 5 [3] t [ 1 ]
24 44 _
uy (1) =< t et
u,(t) = 3?66‘“ + %e‘t
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a b
6. A=|-3 —6]
5 8
c d tr(A)=-3+8=5
det(4) = ad — bc
= —3(8) + 6(5)
= —24+ 30
=6
A% —tr(A)A + det(4) =0
A2 —-514+6=0
1A=2)1-3)=0
A=2, A1=3
. -6 —6 — -6 -6 -1
2 :[2—( ol =51 m=lal ==
u()] _ 6 o2t 17 3¢
[v(t) Cl 5 +C2[1]e
3 6 -1
Ll=algleorel e
3=—-6¢; —Cy
2=5¢c+¢c
Add 5=—c
c; =5
2=5(-5+¢c,
24+25=c¢,
cy, =27
u()] _ —6] 2t —17 3¢
[v(t) ——S[S]e +27[1]e

u(t) = 30e%t — 273t
v(t) = —25e?t + 27e3t
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Y. Predator and Prey Equations

Examplel. -r+wr=20
—r(l—-w)=0

r=0 w=1 sub into [2]
0,0y . A
r=0 w—-—wr=0 - ( ) is an equilibrium
r,w

w—0=0
w=0
w=1 w—wr=0
1-1r=0
1=r
(1'1) is and equilibrium
rw

)

NOTE: I tested points in different regions for practice!

Testpoint (3,2) w=2 1r=3
L r+wr=-3+203)

dt
=3>0 -~right
%zw+wr =2-203)

=—4<0 -~down

Test point (21:,;11)

T=rdwr =-2+(-DQ)
=—4<0 -left
S =w-wr=-1-(-1)@) =-1+2
=1>0 s up
Test point (r.l‘jvz)
T=ordwr =142(-1)=-1<0 = left

Z—V:zw—wr=2—2(—1)=4>0 Lup

, -1,-1
Test point ( row )
% =-r+wr=1+(-1)(-1)=2>0 -~right

Y ew—wr=-1-(-1D(-1)=-1-1=-2<0 . down

dt
21
Test point ( ‘z)

r,w
%z_r+wr=—z+§(z)=—1<o « left
Y —w—wr=:-2(2)=--1=-:-<0 -down
dt 2 2 2 2
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Lo twr=-12 l(1) —4-=-2<0 ~ left
dt 2 \2 2 4

dw 1 1(1\_1 1
w=wowr=1—2(3)=3-7=3>0 sup

=2

Test point | 2’

r,w
ﬂz—r+wr=—l+2(l)=—l+1=1>0 ~ right
dt 2 2 2 2

dw 1
Y ew-wr=2-2(3)=2-1=1>0 ~up

Integrate to find the equation
ﬂ —-r+wr _ r(-1+w)

dw ~ w-wr w(1l-r)

J-(l—:)dr _ j-(—lv:—w) dw

1) dw

JG-Dar=IG+

Inr—r=—-Inw+w+ |
—

i -
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Example 2.
I T I N I A A
0 5000 10000 15000
N(t) Ladybugs
400
200
>t
N(t) Aphids
>t

Practice Exam Questions on Predator and Prey Equations

Y1. See graphs

R®)

t=0

W)
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' _ prey , _ . (predator
Y2. x _x(a—ay) y _y(—b+Bx)
a,b,a,B all positive constants

Find equation
x'=0 x(a—ay)=0
x=0 a—ay=0
a=ay
a
Y=
y =0 y(-=b+Bx)=0
subx=0 y(-b+0)=0
—by =0
y=0
(0,0) is an equilibrium

a
suby = into [2]
“(=b+Bx) =0

'_ab_|_a'ﬁ=0
a a
aBx _ ab
a - a
Bx=b
b b a\. i1 .
X == (—,—) is another equilibrium
B B «
. b
Test point (Z—,Z—a)
B «a
X,y
r— _ _2( _ (_a)
x'=x(a ay)—B(a a a)
2b b —2ab
=22 0% 2D <0 s left
B Ba B

a

y' =y(=b+Bx) = 2;(—b + B (%))

—2ab b 2ab
I S0 _ 20 yp

a a

Test point (i, i)

x'=x(a—ay)

= i(a-a(2)
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ab baa __ 2ab-ab

2B 4Ba 4B

y' = y(—b + Bx)
=5t + 8GR

__—ab abB
T 2a  4aB
—2ab+ab —ab
= =—<0
4a 4a

b 2a

Test point <23' a:)
X,y
x'=x(a—ay)

=5i(e ()

_Q_Zab
_ZBb 2B
—a
—§<0 ~left

y' = y(—b + Bx)
=S|+ EGp)]
ey

—-2ab 2ab
= +

a 2a
__ —4ab+2ab

2a
__ —2ab

Test point (2, —)

X,y
x'=x(a—ay)

=2 (a-a())

__2ab 2ab
- zg 2B

a .
=5 > 0 ~ right

y' =y(—=b + Bx)

ab ,
=5 0 ~right

«~ down

AMATH 1201 Final Exam Booklet Solutions

229



AMATH 1201 Final Exam Booklet Solutions
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==|- b + B(—)]
—ab
- g 2a
= % >0 Sup
(2a)/ol —— 4[ J
y =a/ol /\
a/(20l)—— Kﬁ L

b/(28B)

x = b/B

(2b)/B
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Y3.

R(t)

wit)
+200
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Z. Phase Plane Analysis

Example 1. Lotka-Volterra Predator-Prey Equations

(R,W)
R —aRW =0 [1] — kW + bRW =0 [2]
R(r—aW)=0
[R=0Jor r—aW =0

r=aW or|W = £ R nullclines are R=0, W=r/a

From equation 2: sub in R=0
—kW + bRW =0

-kW+0=0

Equilibrium (0,0)

SubW = ginto equation 2:
—kW + bRW =0

—k (g) + bR (2) =0
—kr + bRr =0
bRr = kr

R=F _

- W nullclines are W=0 and R=k/b

Equilibrium (k/b, r/a)
k r
~ equilibrium (E'E) and (0,0)

You can also just do R nullclines from the first equation and N nullclines from the second
equation and graph the lines and see where they meet. Where an R Nullcline meets an N
nullcline is an equilibrium. Make sure you don’t use where an N nullcline meets another N
nullcline as an equilibrium or where an R nullcline meets another R nulicline.

2k 2r
Test point < b’ a>

R, W
Z—f = rR — aRW
() e (&)
_ ok _ark
b b
=2E<0  aleft
aw

& — —kW + bRW
=-k(3)+2(5) ()
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— —2kr + ﬂ
oo
= 2kt >0 Soup
a
2k
Test point < b '2a>
R W
= =R — aRW
2k 2k r
=r(3)-<(3) (&)
_ 2rk 1k
= 7 .
=2=>0 -right

“;—Vtv — —kw + bRW
=—k(5)+2(5) (5)
_ kK
2a a
_ —kr+2kr

k2a
T
_-EE:> 0 S up

2k 1
Test point <b '2a>

R,W
& =1R—aRW
-2k -2k r
=r(59)-a(5) ()
—-2rk rk
= T
= _Tkr <0 ~left

W — _kW + bRW

dt
r -2k r

= —kG)+ (357) ()
_ Zkr kv

T 2a a

_ chr _ 2kr

o 23ak 2a

== <0 ~ down

2a

AMATH 1201 Final Exam Booklet Solutions
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“2k 2r
Test point < b ’a>

R W
Z—Rer—aRW
=r(5)-a(57) (%)
_ erk | ark
b b
=ﬂ>0 ~ right
‘;—sz—kW+bRW
=k (%) +2(5) ()
_—Zkr ﬂ
_6” < 0 ~ down

NOTE: I included extra test points for practice again!

k 2r
Test point <2b a>
R,W

=—<0 «left

W — _kW + bRW
dt

=—k(3)+2() ()
2k | kr

a a

-k
= TT <0 ~ down
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ko
Test point <2b ’ 2a>
RW
dR

— =rR—aRW
dt

-r(5)-a(Z)3)

T 2b  4b
__ 2kr—kr

i
T .
_E>O s right

W — _kW + bRW

dt
=k (52) + (3) (2)
_ —kr E
4a

2a
__ —2kr+kr

- k4a
—KT

=—<0 ~ down
4a

(2r)/a——

R

-
o

| R

r/(2a) — T r' [ L
|
\

(-2k)/b k/(2b) (2k)/b

R = k/b
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Example 2.
Set dx/dt=0 and we get the x nullclines:

5x —2xy=0
Factorx(5 —2y) =0

5
x=00ry=§

Set dy/dt=0 and we get the y nullclines:

—-y+xy=0
y(=1+x)=0
y=0orx=1
x=1
| A
I 5
_':_ (1'5) 5
———————— - —P-=—————- *V=5
I
B
| y=0
—
-4 /'_I_ 4
0,0) |
i
T
-4 -4
!
x=0
y

Equilibrium at (0,0) and (1, 5/2)
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Practice Exam Questions on Phase Plots

Z1. x — nullclines

dx

EZO

x(1—-x)—xy=0
x—x?—xy=0
x(1-x—-y)=0

x=0o0orl—-x—y=0
~y=1—x ory—1=x

not an equilibrium
(x nullcline meeting
another x nulleline)

y — nullclines

day
= =0
dt

2y (1-%) =32y =0
2y —y?—=3xy =0
y2—-y—-3x)=0
y=0or 2—y—3x=0
~2—=3x=y or y=2-3x

x,y nullclines meet
therefore, equilibrium

v nullcline

4 2

equilibrium

(0,0) (1/2, 1/2) and (1,0)

Test point (4,-1)

dx/dt=4(1-4)-4(-1)= -8<0 left

dy/dt= 2(-1)(1)=9>0 up

4 y=2-3x

x=()
x nullcline

2 4 v=()

y=1-x
x nullcline

v nulleline

Equilibrium (0,2)

So, sketch the direction of motion on the graph
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Z2. See graph on next page

x — nullclines y — nullclines
< _ 9 Y_o
dt dt
x _ _ y
2x(1-%) =2y =0 0=3y(1-%)-2xy
2x —x>—xy=0 0=3y—y%—2xy
x2-x—-y)=0 0=y(@B—-y—-2x)
x=0o0or2-x—-y=0 y=0 or 3—y—2x=0
y=2-x 3—-2x=y
Test point (4,2)

dx _ 2(4)(1 —g) —4(2)=-16<0

= 32) (1 —g)—2(4)(2) —2-16<0

dt
dy
dt
Test point (-1,1)

Z=2-D(1+3)- DWW =-2()+1=-2<0

dx
t %:3(1)(1—%)—2(—1)(1)=3(§)+2=4>0

Equilibrium algebraically:

Sub.x =0 intoy =3 —2xand get y = 3. So, (0,3) is an equilibrium.

Sub. y=0 into y=2-x and get x=2. So, (2,0) is an equilibrium

Set y=2-x equal to y=3-2x and get 2-x=3-2x and 2x-x=3-2 and x=1 and subst. x=1 into
y=3-2x and get y=3-2(1)=1 and the other equilibrium is (1,1).

We also have an equilibrium at (0,0) from the two equations.
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y
4
T equilibrium
y=0)
X 1 v nulleline
A 3 D\.J 4
equilibrium y=2-x

x nulleline

2
v nullcline

4
x=0

x nulleline

You can also get the equilibrium by graphing the equations you get when you set
dx/dt= 0 and dy/dt=0, ie. called the x and y nullclines.

Equilibrium at (0,0) (2,0) (0,3) and (1,1).
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Z3. x nullclines, set dx/dt=0
x(—x—y+1)=0
x=0andy=—-x+1

Z4. x nullclines, set dx/dt=0
2 _

x—y =0
xX=y

N

y null clines, set dy/dt=0
2—x=0o0rx=2

Equilibrium:
Substitute x=2 into x = y? and get x = +/2
So, the equilibrium are: (2, v2) and (2, —V2)

At test point (3,1)
dx/dt= 3-1=2>0 right
dy/dt=2-3=-1<0 down

2

-

x nullcline

l—.
\

b

'y nulleline
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Z5.

I test pt (3,1)
Z=3+2(1)=5>0
dy _ _
5—2(3) 1=6>0

Il test (—1,3)
%=—1+2(3)=5>0

Y 2(-1)=3=-5<0

fII
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Z6.

. Consider the graph of the system Z—f = —x —y and %{- = 4x + y. Find the direction of
tion at [ and II below.

T lesy p4 (2,0
M= _g_|=-3<0

al
%% = Lf(l}‘\" :0’70

i 4684'@-(“2/’3\
I = _—(=3)=1 >0
ko

= 4R)+(B)40
7

|

I
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y — nullclines

dx _ =0
dc dt
3x+2y—2=0 2x—y+1=0
2y =—-3x+2 2x+1=y
y=—%x+1 y=2x+1
Ve
4
2
equilibrium (0,1)
-4 2 0 2
y nulleline
2
Find x nullcline
Sety=y 4
— gx +
multiply by 2
—3x+2=4x+2
7x =10

x = 0 substitute x=0 into either equation and get y=2(0)+1 =1

Equilibrium is (0,1).
Test point (3,1)

dx/dt=3x+2y-2=3(3)+2(1)-2=9>0 right

dy/dt=2x-y+1=2(3)-1+1=6 >0 up

equilibrium
algebraically:

1 =2x+1
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AA. Practice Final Exam Solutions
t
AAL N = No()n

1.t
~ N = 100(5)20

AA2.v(t) = eJ PO
— efidt —ent-2) _ ¢ _ 9
= = (WO W) = v()q (1)
L=(t-2W=(t-2)*
(t—2)u=42ﬁ—8t+c
u(1)=3 (1-2)(3)=2(1)2-8(1) +c

c=-3—-2+8
c=3
(t—2)u=2t>—-8t+3

u(4) =?
(4—-2)u=2(4)>-84)+3
2u=32-32+3

3
u=-
2
AA3.
£ | = : = i~ :
— 1 2 3 4 5
N =0, 1, 4 equilibrium
1 dN 1/1 1
N=; T=3G-1)a-p<o
N=2 ‘;‘l—’:=2(2—1)(4—2)>0
N=5 Z=55-1)(4-5)<0

~ Itwill go to 4

AA4, is false. It is only true if E, F are independent.
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AAS. Let H = heart disease B = high blood pressure
Pr(H) =0.15 Pr(B) =0.25 Pr(HnB) =0.05

Pr(H or B but not both) = 0.10 + 0.20

=030 or -2

100

H B

b) Pr(H nB¢) =Pr(H) —Pr(HNB)
=0.15 — 0.05
=0.10 SEE VENN DIAGRAM

Pr (B°nH) _ 0.10
Pr(d) 0.5

10 _[2
15 |3

Pr(HNB) _ 0.05
Pr(B)  0.25

5 1
25 |5

c) Pr(B¢/H) =

d) Pr(H/B) =

AA6.

D+
0.20
M < 0.80
0.50 o
0.50
F

Pr(M n D*) = Pr (M) x Pr (D*/M)
=0.5x%x0.20

_1(2)_ 1
“2\10/ T |10
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AA7. a)
X Pr (x)
1 0.4
2 0.3
3 0.3
1

E(x) =Y xPr(x)
= 1(0.4) + 2(0.3) + 3(0.3)
=04+06+09

=[19]

b) Var(x) =Y x?Pr(x) — [E(x)]?
= 12(0.4) + 22(0.3) + 32(0.3) — 1.9?
=04+124+27-3.61
= 0.69

SD(x) =+0.69 = 0.83

2

AA8.a) d(x) =F'(x) = %x =35X
f(x) =§x

Pr(0§x§1)=”2ﬁ

@

2
2 1
T 18 9

b) E(x) = fjoooxf(x)dx
3 =f03x(§x)dx
=]0 gxzdx
=[],
i

[9]

N0 INY
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f(x)
6/9 1
ey
e
r

4/9 4 A
29+ A ’

f'//

. I X

1 2 3

AA10. x = 30 s? =25

36—?s =30

36 —s?7=30
36 —30 =57
57=6

?—E

win [y 2 [ 2 13- ()
2x33x1 Ans 2 X 1

AA12. invertible ifad — bc # 0
ad — bc = 2(—6) — (3)(—4)
=-12+12
=0
~ not invertible since ad — bc =0

247



©Prep101

AA13. noinverseifad — bc = detA =0

3 0 1 3 0
0 k 2 0 k
1 k+1 1 1 k+1

left=k+6(k+1)+0 right=3k+0+0
=7k +6 =3k

detA=R—-L=0
3k—(7k+6) =0

3k—7k—6=0
—4k =6

k=-8=-_3

4 2

AA14. ] A adult
] 0 07 25
A 09 O 0
adult 0 08 O

AA15.2) =1 b) =3
=2 d)y=4

AMATH 1201 Final Exam Booklet Solutions
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AA16. tr(Ad) = —6+5=—1
detA = —6(5) — 3(4) = =30 — 12 = —42
22 — tr(A)A + detA = 0

A2+1-42=0
A+7(A—-6)=0
A=-76
A=-7 A=6
b b
vlz[ﬁ—a vzz[l—a]
_ 3 _[ 3
B [—7—(—6)] - [6+6]

- [—31] - [132] - Ll;]

AA17. tr(A)=2+4=6
detA = 2(4) — (5)(—2) =8 + 10 = 18
A2 —tr(A)A+detA=0
A2 —61+18=0
a=1b=—-6 c=18
4 = —bVbP—zac
2a

__ 614/36—4(1)(18)
- 2(1)
_ 6+V-36

2
_ 616

v1=[’1;dl]=[3+3i_4]

B [Si -1

-2
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AA18. from AA16, A=7,—6

[—(6)] [13]
2:[ +6] [0]

<
=

<L

X = 0155(/11)t + Cz@(lz)t

% = [ o] D+ e [J] (-6)

Att =0 [193] =0 [133] te [(3)]

9 = 3C1 + 3C2
13= 13C1
Cl = 1
9 = 3C1 + 3C2
9 = 3(1) + 3¢,
6 = 3C2
C2 = 2
x,(t) 13 0
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AA109. P B H
3 1
P /5 /2 0
B 1/5 0 1/2

H1/5 1/2 1/2

x

1/5x+1/22 =I3’l

z

From[1] 3/5x+ 1 y=x
1/2y= 2/5"

10(1/5y) = 10(3/50)
S5y = 4x

y=4/5x
Letx =5 then y=4/5(5) Ly =4
From|[2] 1/5x+1/22=y

1+1/,z=4
Iyz=3 wz=6
51« P
[4 < B
6l H
~ Pr(pasta) = 5+45L+6 - % - %
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AA20. A=a b
1 2
s 5l

tr(A) =1+ (-3)=-2

detA = 1(=3) — 2(6) = —
A2 +21-15=0
(/1+5)(/1—3) =0

}:gﬁ IRERRAEN

=[5 24 =[] =11
u(t) = ¢qyv ettt + v etet
u(t) = ¢ [_13] e St +c, [ﬂ e3t
Att =0,
[_21] =c [_13] e’ +c, [ﬂ e’
2 = Cl + CZ

_1 = _3C1 + CZ
subtract 3 = 4c,

c; =~
174

2=c+c
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3 —13
AA21. A= [5 h ]
c d
tr(A)=3+1=4
detA = 3 + 13(5) = 68
12 —41+68=0
A — 44_‘1/16—4(1)(68)

2(1)
:4im:4i\/ﬁl_4i4l:2i2i « a=2 b=2

EI:[/112201]:2[22+25i_—f]:[1:21']
ﬁ=[§]+i[oj
X y

_ _ -~ 1 -~ [2
a=2,b=2 x—[s] y—[o]
u(t) = e*k,(0)(cos(bt)x — sin(bt)y) + e*k,(0)(sin(bt)x + cos(bt)y))

Z;Eg] = e%'k,(0)(cos(2t) [é] — sin(2t) [(2)] + e%'k,(0)(sin(2t) [é] + cos(2t) [g])

Sub t=0,
1] = @]+ O[]

2 = k,(0) + 2k, (0)
1 =75k, (0)+0

ki (0) =

2 = 2+ 2k, (0)

2= 2= 2ky(0)

1 9
k1(0) =3 & k,(0) = 10
uq (t) = e?'k,(0)(cos(2t) — 2 sin(2t)) + e?'k,(0)(sin(2t) + 2 cos(2t))
u, (t) = ieZt(cos(Zt) — 25sin(2t)) + %eZt(sin(Zt) + 2 cos(2t))
_ 2 2t 18 ot _ 4 2t 9 2t
= e cos(2t) + € cos(2t) € sin(2t) + e sin(2t))

= 2e? cos(2t) + %ez’f sin(2t)
= e2t(2 cos(2t) + %sin(Zt))
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