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1. Vectors

Example 1.1. Given A=(2,-1) and B=(5,2), find vector AB and draw this vector in standard
position.

Solution:
AB=b—-a=(52)—-(2,-1) = (3,3)
Example 1.2.
AUu+v=(-1,-23)+(-2,—-1,1) = (-3,-3,4)
b) =3(-1,-2,3) —5(-2,—1,1)

= (-3,-6,9) + (10,5,-5) = (7,—-1,4)
Example 1.3 Solve for vector % in terms of vectors d and b:
b+3(%—4d)=5F+d) —(d—b)
Solution:
b+3(%—4d) =5F+d) —(d—Db)
b+3%—12d=5%+5d—d+ b
3% —5%¥=4d+b—b+ 12d
—2X = 16d

X =-8d



©Prepl101 MATH 1600 Final Exam Booklet Solutions

1.5 Homework on Chapter 1

1. Solve for the vector & in terms of the vectors @ and b

—5% = —27h + 3d

a

ull W

X==—h-—
b)%+3d—3b =4(%+d+Db)
X +33—3b = 4% + 43 + 4b
¥—4% = 4d —3d + 4b + 3b
—3%=3+7b

. 7b
473

Wl =

5
X=-

2. a —v+3w==—-(-2,-1,1)+3(5,-1,-2)
=(2,1,-1) + (15,-3,-6) = (17,-2,-7)
b) 3u — v + 2w = 3(—1,-2,3) — (-2,—-1,1) + 2(5,-1,-2)
=(-3,-6,9) + (2,1,—1) + (10,-2,—4)
=(9,-7,4)
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2. Products, Distance, etc.

Example 2.1. Given the following vectors:u = (—1,-2,3),7 = (—2,—1,1), find i - v.
u-v=0-1,-23)-(-2,-1,1)=(-D2)+ 2D+ B)(1)=2+2+3=7

*** Recall, a dot product ALWAYS gives you a number or scalar answer!! Cross product always gives

you a VECTOR answer, ie. (1,2,4) etc.

Example 2.2. If i = (—1,—2,3), find its magnitude:
Solution: [lill = /(-1 + (=2)2+32 =V1+ 4+ 9 =14

Example 2.3. Find a unit vector in the same direction as u = (1,3)
Solution:

@]l = V12 + 32 = V10
u _(13)

So, a unit vector in the same direction is === =

1 3
Vo~ o Vi)

Example 2.4. Find all the value of k for which the vector u = (k, 2) has magnitude

equal to v/10.

Solution:

Jk? +22 =10
k?+4=10
k?=6
k=+V6
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Example 2.5. Find all values of ¢ such that the vector (c% %) is a unit vector.

Solution:

Je+Gr+r=1

49c?
=1
36
49¢? = 36
36
c?==
49
36 6
c=4 |—= +-
49 7

Example 2.6. Given the following vectors: i = (—1,—2,3) and v = (-2,—1,1),
find the distance between them.

Solution:

d, ?) = (—2+ 12+ (-1+2)2+(1-3)2=Vi+1+4=+6
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Example 2.7. Given U =(—-1,—-1-2) and V =(1,-3,2), find the cosine of the angle between the
two vectors. Simplify your answer.

Solution:

a-v

cosd =

=
<l

(-1-1-2)-(1,-3,2)

JOEDP (A1) + (=2 () +(-3) +(2)°
B ~1+3-4
S 1+1+4\1+9+4
-2
N

2

N

Although this value is correct, we can actually simplify it further.

Cosf = ——

N

Example 2.8. Find the value of k for which the vectors (14,k,k) and (4,k,15) are orthogonal.

Solution:

(14,k, k) - (4,k,15) =0
56 + k*+ 15k =0
k* + 15k + 56 = 0
(k+7)(k+8)=0

k=-7-8
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Example 2.9. a) Determine whether the angle between u = [1,2,3,—1] and ¥ = [5,6,2,1] is

acute, obtuse or a right angle.

Solution:

i =[1,2,3,—1] and ¥ = [5,6,2,1]
i-v=1[123,-1]-[5621]
=5+4+124+6-1

=22>0

~ 0 is acute

b) Find the angle between u and v

Solution:

uv

(gl

cosO = —
v

[ldl| = V12 + 22 4+ 32 + (—1)?
=Vi+4+9+1
= /15

|171] = V52 + 62 + 22 + 12

=V25+36+4+1
— V66

0 = cos™! <L>
V15v66
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Example 2.10. Find the projection of ¥ onto u’'where i = [_31] and v = [i]

Solution:

o u-v\ .
proj,v = =7 U
_( B3,~1)(54)
_((&—1)(&—1))(3’__1)
_(15-4 _
_(9+1)(3' D
11
_10(3’ D

(33 -11
_(E’W)
Example 2.11. Find the area of the triangle below:

B(1.8 |

A4,2) 9. /"

AAAAAAAAAA
vvvvvvvvvv

sinf = ——
14B]|
h = ||E|| sin @

Area = l||1ﬁ||h
2

= ~ |[AC]| [4B]|sin

10
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—_

AC = [5,—1] — [-4,2]
= [9, _3]
= [3,3]

Jc] = V7 3
=+81+9
=+/90

48] = 2+ 32
=+/18

(9,-3)-(3,3)
cosO =
V9018
p 27 —9 18 18
@\/ﬁ VoV10v18 3V10V18
cosf = ——
V1E630
cosO =
@%/E
" 245
p 1
cosf = —
V5
1
29— _
cos“ 0 = z

sin?0 + cos?6 =1

. sin?0 =1 —cos?0

sin® =+/1 — cos?0

sinf =,1-1/5
8 4 2
sinf = |-=—

5 5

~ Area = 1 ||R||||E|| sin @
2

11
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A= ZVOVTOVoVZ ()

V10V2

A=3(3) NG

A = 9v2/2 = 9 x 4 = 36 units?

V5
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Example 2.12. Find the area of the triangle between the points A(1,-2,5) B(0,-1,4) and C(1,0,4).

Solution: :

METHOD 1:4u-v=0+2+1=3

[l = V(1)2+ 12+ (-1)2=+3

131] = JOZ+ 22+ (—1)2 =5

—
v

<l

cosO = —
7|

=l

3 3

V35 Vis
sin = V1 —cos26

sin = [1— (%_5)2

cos O =

9
15 15

I

=1 &lg] =
| I
lo| &le

15

A = |lal||13]] sin 0

1 6 1
A=5V§\/3\/1:5=5

V15 V6
V15

12
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METHOD 2: 4 - v = 3 (from Method 1)
uu=(-11,-1)-(-1,1,-1)=1+1+1=3

3

<l

proj,, v = ﬁ u
3

=2(-11,-1)

=(-1,1,-1)

A == |1al]]1% - proj, 3|

A= % V3 11(0,2,-1) — (-1,1,-1)]]
:§\/§ 11(1,1,0)|]
ziﬁm
—13vz=0

* Cross Product is ALWAYS a Vector

The cross product is orthogonal to both vectors U and V.

Example 2.13. Find the cross product where 1 = (1,2,1)and v = (-1, —2,4).

Solution: Write out the vectors twice, with u first if you are finding u x v

1 2 11 2 1
-1 -2 4-1 -2 4

B8—-(-2), -1-4, -2+2)

i x 7= (10,—5,0)

13



©Prepl101 MATH 1600 Final Exam Booklet Solutions

Example 2.14. Find the cross product # x ¥ where 1=(3,-3,-1) and v=(-1,-1,2).

Solution:

3 -3 -1 3 -3 -1
-1 -1 2 -1 -1 2

Uxp=(—6-1,1-6-3-3)

= (=7,-5,—6)

Example 2.15. If A = (4,5) B = (6,1) and C = (10,3) determine if AABC is a right A.

Solution: If the dot product of any two vectors is 0, there is a A
right angle in the triangle.

AB =B —A=(61)— (45) = (2,—4)
AC = (6,-2)

BC = (10,3) — (6,1) = (4,2)

AB -BC = (2,—4) - (4,2)

=8-8=0
~ AB 1 BC
~ AABC is aright A

14
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Example 2.16. For any two vectors a and b, prove that the cross product of a and b is
orthogonal to b.

Solution: (@ x b) -b = 0 if d x b is orthogonal to b

dxb= (a1, az,a3) X (by, by, b3)

~
Q
X
S

—
S

= (azbs — azb,, asb; — aybs,a;b; — azby) - (by, by, b3)
- a2b3b1 - a3b2b1 + a3b1b2 - a1b3b2 + a1b2b3 - a2b1b3

=0 - orthogonal

Example 2.17. Which of the following make sense where ¢ is a scalar and i, %, and w in R®,
a) |lu - vl

b) u - (3V — 5w)

c)u-(v-w)

dc-@U-7)

Remember, you can only do cross product in R3,

a) is undefined as once you do dot product, you get a scalar or a number and you can’t do the
magnitude of a number, only a vector

b) is defined since we can subtract the vectors first in the brackets and then we can dot product
that vector with the vector @ in front

c) is undefined since once we do the brackets first, we dot product to get a scalar or a number
and we can’t do the dot product of vector 1 with a scalar like 5.

d) is undefined since we can subtract the two vectors in brackets and get another vector but then
we can’t do the dot product of a scalar, ¢, and a vector. We can only do the dot product of two
vectors.

15
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2.13 Homework on Chapter 2
1. Find the projection of the vector (0,1,6) onto the vector (4,-1,2).

<
<

projV.U Eal—

(‘ ,1,6)-(4, —1,2)
(4, -1, 2)-(4, -1, 2)
_ 0-1+12 (4,_1,2)

16+1+4

11
=2=(4,-1,2
7L )

<l
<l

o

(4,-1,2)

2. Find the distance between the vectors # = (1,3,2)and v = (—1,4,5).

du,v=+/(-1-1)2+ (4 —3)2 + (5 — 2)2

—ViTiT9=vid

3. Find the area of the triangle between the points P(3,-1,4) Q(1,-1,3) and R(4,-3,2).
Stepl u=q-p=(1,-1,3)-(3,-1,4) =(-2,0,—-1)
v=r—-p=(4,-32)—-3,-14) = (1,-2,-2)

2 0 -1 -2 0 -1
Sep2 " 5 5 1 2 —2

Uxv=(0-2-1—4, 4—0)=(-2,-54)

Step3 A=- [I(-2-54)

_ 1 ToN2 L (—_ev2 2
=~y (=2)2+ (=5)2 + 4
_lyT¥ 2516
:%vqg

16
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4. Find the area of the triangle with vertices A(3,-1,2) B(1,3,1) and C(1,2 3).
u=b—a=(-2,4-1)

v=c—a=(-231)

-2 4 -1 -2 4 -1
-2 3 1 -2 3 1

UXv
=(4+3,2+2,-6+8) = (742)
1 1
A =5”(7,4,2)” =EV72+42+22
=-VA9+16+4 =:V69

5. Find the area between points A(3,—1,4) Q(1,—1,3) and R(4,—3,2)

Method 1
i =(-20-1)
U= (1,-2,-2)

i@l = V=22 + 02+ (-2 =5

19l] = VIZ+ (=22 + (-2)2=V9 =3
uv
[EH

(=2,0,-1)-(1,-2,-2)
V5

cosf = —
v

cosO =

_ —240+2

V5
sinf = V1 —cos20=+V1=1

cA=1(VB)E)W) = 2E

2

=0

Method 2

1)

gl

-
u

. -
roj, v = =53
projy S

<l

=0sinceu-v=0

= A= ll]]|5 - o] A=%\/§(3)=%§

17
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6. If 1=(5,4k,3,6) and v=(-2,2,-3,k) are orthogonal, find k.

A.-1/14 B. 19/14 C.-19/14 D. none of the above

(5,4k,3,6) - (—2,2,-3,k) =0
—10+8k—9+6k=0
14k = 19
k =19/14
Therefore, the answer is B).

7. Find all values of ¢ such that the vector u = (2c, 3c, ¢, 0)is a unit vector.

V202 + (3¢)2+c2+02=1
4c24+9c2 +c? =1

14¢2 =1

, 1 N
“Tu ‘T Tt

8. If ¥ = ku is a unit vector in the opposite direction to the vector i = (3,3,3,3), what is the

value of k?

A.6 B.-6 C3 D.-3 E.-1/6

lull = V32 4 32 + 32 + 32
=V9+9+9+9=v36=6
N -3 -3 -3 -3 . . . . .
v =k(3,3,3,3) = (?,?,?,?) «unit vector in opposite direction
w k==
6

Therefore, the answer is E).

18
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9. Let 4, ¥,and W be vectors in R® and let c and d be scalars.

Which of the following operations are defined?
i) ci + dv

i) d + (cw)

i) u-(v-w)

iv)c+w

A.li),ii)andiii)only | B.i)andii)only | C.i),ii)andiv) only | D. i) and iii) only E. none of the
above

i) defined, ie. you can do it ii) defined iii) not defined as once you do the dot product in the
brackets, you can’t dot a vector with the scalar you got in the brackets iv) no defined as you can’t

add a scalar (number) with a vector
Therefore, the answer is B).

10. Letu = (2,—1,6)and ¥ = (2,2,2)be vectors. Find cos0.
-9 =(2,-16)(222)

=4-2+12=14

lull = 22 + (-1)2+ 62 = V4 + 1+ 36 = V41
5]l = V22 + 22 + 22 = V12

cos 6 = uv 14
lzl Izl Vaiviz

11. Let O be the angle between vectors i = (1,—4),v = (k,3).1f cos 8 = 0, find k.

uv
cosd =——=0
[lwll vl

V1Z+(-4)% VkZ+32

k—12=0

k=12

19
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12. Find the angle between the diagonals on two adjacent sides of a

cube with side lengths 2. iifd
u-v=1_022]-[20,2]
=04+0+4=4 Q(o,y,z) M [xy,z)
|ldl| = V0Z+22+2Z2= V8
||1_7)||: V22+02+22:\/§ o
. __wv 4 _4 o
= C0S6 = s T VeV 8 |
cosf =-
_ -1(1
0 = cos (2)

6 = 60° (from special triangle’s)

20
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13. Find all value(s) of k such that the expression (2,—1,1)+k(—4,1,-2) is a unit vector.
First, let’s simplify the expression:

(2,-11)+k(-4,1-2) = (2-4k,~1+k,1-2k)

. . . 2 2 2 2
To be a unit vector, we require that V]| = X2 +y?+22 =1 orequivalently X" +y +2°=1"=1,
The second equation is easier to solve because the square root is gone.

So, let’s figure out what value(s) of k make this true.

X2+ y2 2% =(2-4k)" +(~1+k)" +(1-2k)’
=(2-4k)(2—-4k)+(-1+k)(-1+k)+(1-2k)(1-2k)
=(4-16k +16k* )+ (1- 2k + k* )+ (1- 4k + 4k?)
=6-22k + 21k?
=1

21k* —22k +5=0

Use the quadratic formula.
a=21

b=-22

c=5

_ b+ Jb? —4ac

2a

22+ 222 —4(21)(5)
- 2(21)
 22+[484-420
- 42
_22+/64
Y,

2248
Y

30 14
T8

51
"7'3

k

Therefore, if k = 1/3 or 5/7, then the expression produces a unit vector.

21
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14.u X v is only defined in R3
i) defined ii) defined iii) undefined iv) undefined v) undefined
Therefore, the answer is D).

How would your answer differ if it were in R3? iii) and iv) would be undefined since when you
do the brackets first, you get a number since it is dot product and then you can’t dot or cross a
vector with a number, so you can’t do it!

15. Find the cross product ¥ x % where u=(5,2,-1) and v=(-1,2,3).

swn —12 3 -12 3
5 2 -1 5 2 -1
=(-2-6, 15—1, —2—10)

= (—8,14,—12)

6. i=b-a= (-1 1,-1)
v=c—a=(02-1)

-1 1 -1 -1 1 -1
0 2 -1 0 2 -1

UxXvp=(-1+20-1,-2-0)

=(1,-1,-2)

1
A=3201-1,-2)

A= 12+ (D2 + (-2)?

1 6 .
=E\/€ or \/2——umts2

22
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-~ -1 3 -1 1 3 -1
17. uxv 9 4 -1 -2 4 —1
=(-3+4,2+1, 4+6)

= (1,3,10)

A=(1,3,10)|| = V1 + 9+ 100 = V110 units?

18. P(0,-2,-1) Q(2,2,0) R (1,1,1) and S(3,5,2)

P(0,-2,-1) Q(2,2,0)

S(3,5,12) R(1,1,1)

a=q_p=(21411)

=(—4—-1,1+22—4)
A=(=53-2)l

=/(=5)2 +32 + (=2)2 = V25 + 9 + 4 = V38 units?
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3. Lines and Planes

Example 3.1. Find the normal form for the line containing the point P(7, 8, 9) with normal
vector n=(1, 2, 3).

Solution:
n-(x—p)=0
(1,23) (x—(789)=0 or (1,23)-(x—7,x—8x—9) =0
Example 3.2. Find the equation in general form (standard equation) each case below.
a) containing the point P(4, 5, 6) with normal vector n=(1, 2, 3).

Solution:

Step 1. Find d.

d=7-p=(123)(456) =4+ 10 + 18 = 32

Step 2.Write ax + by + cz = 1 - p where 11=(a,b,c)

In this question, 77=(1,2,3) so a=1, b=2 and ¢=3

Therefore, the equation in standard form is: x+ 2y + 3z = 32
OR don't use d at all and go straight to ax+by+cz=n-p

b) containing the point P(0, -1, 2) with n"=(5, 3, 4)

Solution:

a=5 b=3 c=4

5x +3y+4z=(53,4)-(0,-1,2)

5x+3y+4z=0—-3+8

5 +3y+4z=5
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Example 3.3. Give a vector form equation for the line passing through P(1,2,3) and parallel to
the vector d =(4,5,6).

Solution:

X=p+td

x =(1,2,3) +t(4,5,6)
(x,y,2) =(1,2,3) +t(4,5,6)

If we solve for X, y and z, separately, we get the PARAMETRIC EQUATIONS for the line.
(x,y,2)= (1,2,3) + (4t, 5t, 6t)= (1+4t, 2+5t, 3+6t)

X =1+4t
y =2 +5t
Z =346t

Example 3.4. Find a vector form equation and the parametric equations for the line passing
through the point P(-1,4,3) and parallel to the vector d= (5,0,-1).

Solution:
X=p+td

(x,y,z) = (-1,4,3) + t(5,0,-1)

x =—-—1+ 5t
y=4
z=3—-t
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Example 3.5. Find a vector form equation for the line passing through the points P(-1,4,3) and
Solution:

Q(-4,5,-6).

P(-1,4,3) Q (—4,5-6)

d= (_3; 1! _9)
X=P+td
x=(-1,4,3)+t(-3,1,-9)

Example 3.6. Find the vector form and parametric form equations of the plane that contains the
point P(5,1,2) and has normal vector (1,3,2).

Solution:

P(51,2) 1(1,3,2)

General ax + by +cz= 7n-p
1x + 3y + 2z = (1,3,2) * (5,1,2)
x+3y+2z=12

NOTE: To find points, just use any x,y,z that make the left side equal to the right side, which is
12 in this question.

P (5,1,2) Q = (12,0,0) R = (0,0,6)
Uu=Q—P=(12,0,0)—-(512)=(7,—-1,-2)
$=R—-P=(0,06) - (512) = (=5,—1,4)
X=p+su=tv

7 -5
_1]
4

-1
-2

X
Vector form of plane 2> [yl = +s +t
Z

5
1
2
x=547s—5t

Parametric{ y=1—s-—t
z=2-—2s+4t
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Example 3.7. Find the distance from point Q(1,3) to the line 2x - 4y = 8.
Solution:

a=2 and b= -4 from the normal of the general equation.

Also, c=8 from this equation

From Point Q(1,3), x, = 1 and y, = 3.

jaxo + by, —cl _ () +(-H(3) -8 _ 18 _ 18

d(P,L) = = ==
va? + b2 2% + (—4)2 V20 V445
. . 9 .
The distance |37§un|ts.

Example 3.8. Find the distance from point Q (2,5) to the line L: (x,y) = (—1,4) + t(1,-1)
Solution:

Method 1

d(P,L) = d(v,projv)

Step 1.

d=(1,-1)

v=q-p=025-(-149)=GB1

Step 2. Find the projection of ¥ onto d using

. d¥ 3 (1,-1)G
ProJavV=a-3 d= (1,-1)-(1,—1)

(1,-1)=5(1,-1) = (1,-1)

Step 3. Find ¥ - projav
(31)-(2,-2) = (1,-1)
Step 4. Find d(P,L)=llv — projavlI=lI(3,1) — (1, =Dl = 22| = V22 + 22 =8 =22
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Method 2

An easier way to do this is:

laxy+by,—c|

,/a2+b2

Note: in R2,ifd = (1,—1) then 7 = (1, 1) to find 7 from d in R2 (or vice versa)

Distance from a Point Q(xo, yo) to a Lineis d(P,L) = where ax+by=c.

4. Switch the sign of y -coordinate and
4. Switchxandy
From point Q(2,5), x, = 2 and y, = 5.

ax + by=n-p
x+y=(1,1) - (—1,4)

X+y =3

ap,1y = o byo—cl _1D@+ W) =31 _ 4
’ Va? ¥ b? VIZ+ 12 V2
4 2 42

—\/—EXE—T—Z\/E

Example 3.9. Find the distance from the point Q(1,3,5) to the plane P:5x +y - 3z = 0.
From the plane, 7 = (5,1, —3), so a=5, b=1 and c= -3. The right side of the equation is d=0.
Also, Q=(1,3,5)s0 xy = 1,y, = 3 and z, = 5.

40 p=laxotbyetezo—dl_ [GM+M@+(E) -0l _ [8-151 _ 7 _ 735 Or\/ﬁ
QP e - errn? | Vs v 3 T s

Example 3.10. One plane Py has equation 4x - 2y - 7z = 3. Determine if another plane
Po:4x +y + 2z = 2 is parallel, perpendicular, identical or none of these.

Solution:

ny = (4,-2,-7)

n; =(4,12)

Check to see if their dot-product is zero.

o, =(4,-2,-7)(412) =16 — 2 — 14=0

Therefore, the planes 4x - 2y + 7z = 3 and 4x + y + 2z = 2 are perpendicular.
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Example 3.11. Two planes have equations 5x - 2y + 3z = 3 and 10x - 4y + 6z = 6. Determine if
they are parallel, perpendicular, identical, or none of these.

Solution:

ny - n, # 0, so they are not perpendicular planes.

n; = (5,—2,3)and n; = (10,—4,6)

Notice that the normal vectors are scalar multiples. ie. 2n; = n,
Therefore, the planes are parallel. Check for identical:

The constant terms on the right are a multiple of 2 as well, so they are identical planes.

Example 3.12. Find a general form equation of a line through (2,3) and perpendicular to the
line 5x - 4y =2,
Solution:

Perpendicularto 5x —4y =2 7, = (5,—4) d; = (4,5)

General (Standard) form ax + by

n-p
n, = dj = (4,5) since perpendicular
~4x + 5y = (4,5) - (2,3)
4x + 5y =8+ 15

4x + 5y = 23
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Example 3.13. Find the vector form of the equation of a line through point (1,2) and parallel to
the line (—2,6) - (x — (1,—6)) = 0.

Solution:
(-2,6) (x—(1,-6)) = 0.
This equation is in normal form with:
m =(-26) ~ dy=(—6,—-2)o0r(62)
Vector form is: ¥ = p + td
Since our new line is parallel to the original line, we have:
d, = dy = (6,2)

x = (1,2) +t(6,2)

Example 3.14. Find the vector form of the equation of a line through point (1,2) and
perpendicular to the line(—2,6) - (x — (1,—6)) = 0.

Solution:
(=2,6)-(x—(1,-6)) = 0.

This equation is in normal form with:
ny = (—=2,6)
Vector form is: # = p + td
Since our new line is perpendicular to the original line, we have:
dy =7y = (~26)

x=(1,2) +t(-2,6)
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Example 3.15. Find the point of intersection of the line (x,y,z2)=(5,-1,-2)+t(1,2,3) with the plane
3x + 2y +z = 21.

Solution:

x=5+t y=—-1+2t, z=-2+3t
3x+2y+z=21
36+t)+2(—-1+2t)+(-2+3t) =21

154+3t—2+4t—-2+3t=21

10t +11 =21

10t =21-11
10t =10
t=1

x=5+1=6

y=—1+2(1) =1

z=-2+3(1)=1 -~ POI(611)
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Example 3.16. Find the point of intersection of the two lines given below:
x=1+t y=3-—-4t

x=2+4s y=3-12s

Solution: At the point of intersection, the x-values are equal for both lines and so are the y-

values. So, we set them equal:

X=X y=Yy
2+4s=1+t 3—2s=3—4t
4s —t=-1 [1] — 25+ 4t =0 [2]

Now, write the equations on top of each other and eliminate one of the variables:
4s —t =-1

—2s+4t=0 (x2)

4s—t=-1
—4s+8t=0
Add 7t=-1
p=_1
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Example 3.17.

You can find the normal using the cross product or you can use matrices:
Remember, your normal can be any multiple of what you get for the cross product as well!!

Method 1: Use Cross product to find the normal vector

}/ 13-4 141 7/1

u

5 21 1 2 1 1
n=uxv=01+1-2-11-2)
7=(2-3-1)

ax+by+cz=n-p
2x —3y—z=(=2,3,1)(1,2,3)

2x—3y—z=-7

Method 2: Use Determinants to find the normal vector

u 1 1 -1
v 2 1 1

Using determinant=ad — bc

(det H _11] ,[=]det B _11],det B ﬂ)
Afi=(2,-3,-1)

ax+by+cz=n-p
2x—3y—z=(-2,31)(1,2,3)

2x—3y—z=-7
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Method 3: Use matrices to find the normal

We solve the homogenous system:
1 =10
L | 0] R2-2R1 > R2

1
~1
1 —1|
1 -3

_31| 8]R2x-19R2

OR OR NF

0
O]Rl—RzeRl

Xy z

o 7 Sl

Letz =1t

n=(x,v,2z) = (-2t,3tt) =t(-2,3,1)
General form:

ax+by+cz=n-p

—2x+3y+z=(-2,3,1)-(1,2,3)
—2x+3y+z=-2+6+3
—2x+3y+z=7

or2x—3y—z=-7

MATH 1600 Final Exam Booklet Solutions
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3.12 Homework on Chapter 3

1. Find the normal form for the line containing the point P(0, -1, 2) with 71=(5, 3,64).
(53,64) - (x—(0,-1,2)) =0

2. Find the equation in general form (standard equation) containing the point P(2, 2, -1) with
fi=(1,3,-2)
a=1 b=3, c=-2

1x + 3y — 2z = (1,3,-2) - (2,2, 1)

x+3y—2z=2+6+2

x+3y—2z=10

3. Find the parametric equations for the line passing through the point P(2,-3,4) and parallel to

the vector d = (4,1, -2).

(x,y,2z) =(2,-3,4) +t(41,-2)

x=2+4t
y=-3+t
z=4-2t

4. Find a set of parametric equations for the line passing through the two points P(1,4,6) and
Q(3,4,7).
d=q—p=(201)
X=p+tv
(x,y,2) = (1,4,6) + t(2,0,1)

x=1+72t y=4 z=6+t
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5. Find the vector equation of a plane through the points P(5,3,4) Q(1,-1,2) and R(3,4,6).

First, find the direction vectorsu =g —pandv =r—p
u=(1,-12)—-(534) =(—4,—4,-2)

b=r—p=(346)—(534) = (-2,12)

Using point P, we get the equation: x = (5,3,4) + s(—4,—4,-2) + t(—2,1,2)

6. Find the distance from point Q(1,2,-1) to the plane P: 4x -2y + 32 =0
From the plane, a=4, b= -2 and c=3 and d=0. From point Q, x, = 1, yo, = 2,and z, = —1

D+ D@+ (D -0 3
J42 + (—2)2 + 32 V29

7. Find the distance from Q(5,4) to the line (x,y)=(2,6) + t(1,-1).

d(Q P)

Step 1.

The point P on the line is P=(2,6). Point Q=(5,4) and the direction vector is d= (1,-1)
v=q-p=(54)-(26)=(3-2)

Step 2.

Find the projection of ¥ onto d using

. dB 3 (1,-1)(3,-2) 5 5 5
projav=s=d = =22 (1,-1) =2 (1,-1) = G, —2)

d (1,-1)-(1,-1)

Step 3. Find ¥ - projav

09-G-D= (544D

Step 4. Find d(Q,L)=||lv — projv||= ’(%)2 + (%)2 = \E =

Sk
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Method 2:

From Point Q(5,4), x, = 5 and y, = 4.

From the line, d= (1,—1), so the normal is 77=(1,1) and a=1, b=1.
The equation is ax + by=#-p

x-y=(1,1)-(2,6)

x-y=8.
L _latby —cd _IOE+O@W-8]_ 1 V2
Va? + b? VIZ+ 12 22

8. Find the vector form and parametric equations of a plane through points P(2,1,4) Q(1,-1,0) and
R(1,3,4).

X=p+su+tv
u=q—-p=>1,-10)—-(2,1,4) = (-1,-2,-4)
v=r—p=(134) - (214) = (-1,2,0)
Therefore, the vector form of the equation is:

X =(214) +s(-1,-2,—4) + t(—-1,2,0)

And, the parametric equations are: x=2 - s - t, y=1 -2s + 2t and z=4 -4s

9. Find the general form equation of the plane passing through the point P(1,2,1) with normal
n=(-1,3,4).
-x+3y+4z=(-134)(1,2,1)

—x+3y+4z=-1+6+4

—x+3y+4z=9
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10. Give the parametric equations of the line passing through the points (1,2,3) and (3,1,-5).

d=q—-p=(2,—-1,-8)

%=(1,23)+t(2,—1,—-8)

x =142t
y=2-t
z=3-—8t

NOTE: If you used point Q, your parametric equations would look different, but they would still
be correct

11. Which point lies on the plane 4x -y + z =10?

A. (1,-2,1) B. (2,0,2) C.(2,-2,1) D.(3,1,1) E. None of the
above

See which point gives LS = RS Check (2,0,2)
LS=4(2)—04+2=10
RS =10 ~ LS =RS

Therefore, the answer is B).

12. Find a vector form equation through P (1,2,4) and parallel to a line with parametric equations
x=-3s+2, y=4s+5 and z=2s-7.

The direction vector is the numbers in front of s, so d = (—3,4,2) and point P is (1,2,4)

So, the equationis  ~ x =p + td

X=(124) +t(-342)
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13. Two planes have equations m;: 4x - 2y + 6z = 3 and m,:6X - 3y + 9z = 4.5. Determine if they
are parallel, perpendicular, identical, or none of these.

n, = (4,—2,6) n, = (6,—3,9)
N 3 N 3
ngX- =1, and 3><5=4.5
~The constant terms on the right follow the same multiple as the normals  ~They’re
identical planes

14. Two planes have equations m;: 4x - 2y +2z = 1 and m,: 5X - 3y - 15z = 5. Determine if they
are parallel, perpendicular, identical, or none of these.

(4,—-2,2)-(5,-3,-15) =20+6—-30+0
~not perpendicular
n, is not a multiple of n,  ..not identical or parallel

Therefore, the answer is none of these.

15. Find the distance between the parallel lines:

*1_11 -3
tuily] =[]+ (]
and
1*1_15 -3
taly] = 3]+ e[}
Since the lines are parallel, choose arbitrary points Q on #; and P on #,,
LetQ = (1,2) and P = (5,3)
The direction vector of £1and £, is d= (-3.4)

ow,5=PQ =q—p=(12)-(53)

=z

_(=3,4)-(-4-1) [—3]
~(=3,4) -(-3,4) L4
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12 -4 —
~9+16 | 43]
8 —
- 25 | 43]
-~ the distance between the lines is
|| ¥ — proj; V||
=[] -=
&
of (IE3E
25
- 100 24]
| 25| | 2s)
- —76
of | I [l = L
| 25

1 72 2 _ Y5825
—25#( 76)% + 7% = e

Note: you would need to use a calculator for the last step

16. Find the distance between these parallel planes:
Pi:2x+y—3z=0and P,:2x +y—3z =2
Since P; and P, are parallel, choose any arbitrary point on P;,Q = (0,0,0) and find d(Q, P,).
P, has equation 2x + y — 3z = 2, so a=2, b=1, c¢=-3 and d=2. Since Q=(0,0,0) we know
Xo=Yo=20=0
~d (P, Py) =d(Q,P;)

lax, + byy + czy — d|
T Vet bt 2

12(0) + 1(0) — 3(0) — 2|
- V22 + 12 + (—3)2

_ 2 _ 2 _JE
d (P, P,) = Varire via s T
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17. Find the acute angle between planes

Pi:x+y+2z=0andP,:2x+y—3z=0

1 2
Pl:n_1)= 1 Pz:ﬁ;: 1
2 -3
ny- ny
s cosf = rperer——
| e Il 72l

__ W@+ MA@ +2(=3)
V12 412 + 22 /22 4+ 12 + (—3)?2

-3
- V612
cosf = —— 6 =cos~ ! <_—3)
V84 V84

18. Find the point of intersection of the line x=(1,2,3) + t(-1,2,4) with the
plane x - 2y + 4z = 20.

Step 1. The parametric equations are x=1-tand y=2 + 2t and z= 3 + 4t
Step 2. Substitute them into the plane x - 2y + 4z = 20.

(1-t) -2(2+2t) +4(3+4t) = 20

1-t—4-4t+12+16t=20

11t+9=20

11t=11

t=1

Step 3. Substitute t=1 into the parametric equations above.
x=1-t=1-(1)=0

y=2+2t=2+2(1)=4

z=3+4t=3 + 4(1)=7

So, the point of intersection is (0,4 ,7).

41



©Prepl101 MATH 1600 Final Exam Booklet Solutions

19. Find the point of intersection of the line x=(1,-1,0) + t(1,2,1) with the
plane 3x —y + 2z = 10.

The parametric form equations of the lineare: x =1+t y=-14+2t z=t
Substitute them into the plane to find t.
3X-y+2z=10
3(1+t) —(—1+4+2t) +2(t) =10
3+3t+1-2t+2t=10
3t+4=10

3t=6

t = g = 2 Now, substitute t back into the parametric equations to find the point of

intersection.
x=1+t=1+4+2=3 y=-14+2t=-1+22)=3 z=t=2

The point of intersection is (3,3,2).
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20. Find the point of intersection of the two lines below:

x=-1+3t x=1+2s
y=3-2t y=4-—s
x=Xx y=Yy
1+2s=-1+3t 4—-s=3-2t
2s —3t=-2 —-s+2t=-1
2s =3t =-2

—s+2t=-1 %2

2s —3t=-2
—2s+ 4t = -2
Add t=—4

x=—-1+3(—4) =—-13 andy=3 — 2t = 3 — 2(—4) = 11. The point of intersection
is (-13,11).

21.x=3+s5 Xx=2 +1
y=3- 2s y=3- 4t
Z=S z=t-1

** [f there is an answer that says “no point of intersection”, you want to make sure you
check your final point of intersection in BOTH LINES to make sure it is the same for x, y
AND z in both sets of parametric equations. If it isn’t, the answer is “no point of
intersection”.

We first start by dealing with just the first two variables, x and y as before:

X=X y=y
3+4s=2+4+t¢t 3—2s=3—-4t
s—t=-1 —254+4t=0
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s—t=-1 X2

—25+4t=0

2s — 2t =-2

—25+4t=0

Add 2t = =2

s—t=-1
s—(-1)=-1

s+1=-1

Now, substitute the value of s into the equations involving s:
x=3+s=3+2=1
y=3—-2s=3-2(-2)=7
z=5=—2

The point of intersection is (1,7,-2).

Now, substitute the value of t into the equations involving t:
x=24t=2-1=1
y=3—-4t=3-4(-1)=7
z=t—-1=-1-1=-2
~ POI (1,7,-2)

NOTE: This is the same point of intersection we got on the last page!!
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22. Find the point R on £ that is closestto Q = (2,5) and £: x = (—1,4) + t(1,—1)

=PQ let w=PR= Projav

b = P + td and our line is ¥ = (—=1,4) + t(1,—-1)
P=(-1,4)andd = (1,-1)
o e 2 -1
Then,v=PQ=q—p=[5]—[4]

=[3]

|5
Q|
Uy

Also, W = projuv =

Qu
QU

W= ((11 11))((13 11)) [ ]

- %[_11] - [_11]

~. the point R on ¢ that is closest to Q is [(3)] .
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4. Systems of Equations

Example 4.1. i) and iii) are linear...answer is D

Example 4.2. (3,5+s, t,3+s+t) is a solution with 2 parameters, so it is a plane of intersection.
Example 4.3. (1,2+t,t) is a solution with only 1 parameter, so it is a line of intersection.
Example 4.4. (2,3,4) is a solution with O parameters, so it is a point of intersection.
Example 4.5. Which of the following are in row-reduced echelon form?

If it is not, explain why. If it is row-reduced echelon form, solve the system.

1 0 0f2
a) [0 1 0 3]
4

0 0 1
yes, it is the identity matrix, so it is a unique solution POI (2,3,4)

0 0 0 0]0
b)][o 1 0 04

0 0 1 111
Solution:
no, the row of 0's must be in the bottom
1 0 0 210
c){fo 1 0 0f3
0

0 0 1 1
yes...infinitely many solutions

Solution:

Solution:

the parameter is x, = t (not a leading 1)

From the first row, we get x;, = —2t

From the second row, we get x, = 3

and from the last row, we get x; +t = 0 or x5 = —t.

The solution is (-2t, 3 -t, t) where t € R , a line of intersection (one parameter)
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o o 1ls)
Solution:

yes, it has infinitely many solutions...let y=t be the parameter
The first row gives x+2t = 2 and we get x= 2 - 2t and the second gives z=5.

The solution is (2-2t, t, 5) where t € R.

Solution:

yes, and since the last row is 0=2, there is no solution

1 0 0 0]1
f) 0 1 0 012

0 0 0 0/4

0 0 0 olo
Solution:

yes, and it has no solution even though row 4 says infinitely many because row 3 says no
solution, so there is no solution to the whole system

)|

Solution:

S O -
S ON
o = O
SN W
OSON =

yes, and there are 3 leading 1's, so 6 -3 = 3 parameters

Letx, =randx, =sandxs =t

from the firstrow, weget x; + 2r +3s+t=1andx; =1—-2r—3s—t
from the second row we get x; + 2s + 2t =3 and x3 = 3 — 25 — 2t

and from the last row we get xz = 1.

The solution is (1-2r-3s-t, r, 3-2s-2t, s, t, 1 wherer,s,t € R.
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Example 4.6. Solve the following system using Gauss-Jordan Elimination.

3x+3y=15
2x+ 3y =13
Solution:
3 3115
> 3 13] R1 x 1/3 -»R1
(1 1|5
2 3 13] Re-2Ri-R;
g eeren
1 0 2]
0 113

The POl is (2,3). This is a unique solution and a consistent system ie. has a solution.

Example 4.7. Solve using Gauss-Jordan Elimination.
12x -3y =6
-16x + 4y = -8

Solution:
[ 12 —3| 6
l—16 4 1-8
12 —3| 6
-4 1 1-2

]szi—>R2

]R1 x 1/12 - R,

PR

4
-4 1
1

1
El R, + 4R, > R,
-2

_1_1
4 12

0 010
Infinitely many solutions Let y=t
1 1

—t==
XT3t T3

1.1
=Ty

The solution is (% + %t, t) where t € R. It is a consistent system ie. has a solution.
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Example 4.8. Solve using Gauss-Jordan Elimination.

4x -8y =6
X-2y=5
Solution:
1 Sl Reore
i 22| Re-4Rio R,
(1) _02 _512] Rz - 2R1— R,

The last line says 0 0 / # so there is no solution

Example 4.9. Solve using Gauss-Jordan Elimination.

5X+4y-z=0
20y - 62 =22
22=6

Solution:

5 4 -1]0

0 20 —6|22|Rix1/5-R:

0 0 216

Rox 1/20 »R2 andRsx 1/2 - R3

1 4/5 -1/5 0

0 1 -=3/10 11/10]

0 0 1 3

R2+3/10 R3— R2

1 4/5 —-1/5|0

0 1 0 2]

0 o0 1 I3

R1-4/5 R2—>R1

1 0 -1/5|-8/5

0 1 0 2 ]

0 0 1 3

R1+ 1/5 Rs—R1
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1 0 0
0 1 0

-1
2
0 0 113

The point of intersection is (-1,2,3)...exactly one solution

Solve:5x+4y-z2=0
20y - 62 =22
22=6

From the last equation 2z=6, we get z=3. We can substitute this into 20y-6z = 22 and get:
20y - 62 = 22

20y — 6(3)=22
20y=22+18
20y=40

y=2

Lastly, we substitute y=2 and z=3 into the first equation to get:
S5X+4y-z=0

5x +4(2) — 3 =0-

5x +8-3=0

5X=-5

x=-1

And once again, we get the solution (-1,2,3).
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Example 4.10. Solve using Gauss-Jordan Elimination.

4x -2y + 22 =2
3X+2y-4z=4
-6x + 3y -3z =2
Solution:
4 =2 2|2
3 2 —4]4|Rix1/4-R1
-6 3 =312
1 =1/2 1/2|1/2
3 2 —41 4 ] Rz - 3R1—=R2 , R3 + 6R1—-R3
—6 3 312
1 —-1/2  1/2 |1/2
0 7/2 -—-11/2|5/2 There is no solution since 0=5 is not true.
L0 0 0 5

Example 4.11. Solve the following system using Gauss-Jordan Elimination:
2x1 - 4x2 + 6X3 + 2x4, - _6

le_xZ+3X3_X4=O

Solution:

> 15 AllReom

; :i 3 _11|_03] R2 - 2R1—>R2
b 5 5 slg|ReoR2
:(1) _12 _31 _11|_23] Ri++2R2-R1
1 0 1 -—-111

0 1 -1 —1|2]

Let x3=s and x4=t
X1=1-s+t
Xo=2+S+t

The solution is (1 -s + t, 2+s+t, s, t) wheres,t € R...two parameters...therefore a plane of
intersection
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Example 4.12. Find the value of "k™ so that the following system of equations has no solution,

exactly one solution and infinitely many solutions.
4x - 2y =6
12x + 2ky =4
Solution:
2 orcla]
12 2k 14
R>—3R1 —R>

[4 - 6
0 2k+61-14

If k=-3, we get 0 0/-14 which means no solution
If k# -3, we can row-reduce the matrix to get the identity matrix, so there is exactly one solution.

Since all k values except k=-3 give the identity, it is impossible to get a row of zeros...So, there is
"no value of k™ that will result in infinitely many solutions ie. 0 0/ 0

1 0 1 3 3 0
Example4.13.10 1 0 1 4 0
0 00 0 c2-36lc+6

For what value of ¢ does the matrix above have:
a) a 3-parameter family of solutions?  b) a 2-parameter family of solutions?
c) no solution? d) exactly one solution?

Solution:

a) Ifc=-6,weget 0 0 0 0 O /0 which is infinitely many solutions...this will have two leading
1's and therefore, 5-2=3 parameters

b) If c#6, -6, we can get 3 leading 1's and therefore 5-3=2 parameters
c) Ifc=6,weget: 0 0 0 0 O /6 which means no solution

d) no value of c....we can't get a 5x5 identity since there are only three rows
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1 0 0 0 14
Example 4.14. Find the value of k for which the matrix [0 1 0 0 2] has a unique
0 0 k+1 k-5Ile
solution.
A. k=-1 B. k=5 C.k=-1,5 D. no value of k | E. all values of k
Solution:

A unique solution means we get the identity and with 4 columns we would need at least 4 rows

to get a 4x4 identity. So, a unique solution is impossible. ie. D. is the solution, no value of k

1 0 0 0 |4
Example 4.15. Find the value of k for which the matrix [0 1 0 0 2] has a one
0 0 k+1 k-5Ie
parameter family of solutions, ie. one free variable.
A k=-1 B.k=5 C.k=-1,5 D. novalue of k | E. all values of k

Solution: It is the same matrix as the last example, so we know that a unique solution is
impossible. For no solution we would need all 0’s before the line and then the 6 after, ie. 0 0 0 0/
6 but there is no value of k that will make both k+1 and k-5 equal to zero at the same time, so no
solution is also impossible. Therefore, the system ALWAY'S has infinitely many solutions and
the answer is E.

Example 4.16. Find the value of k for which the matrix has no solution, infinitely many

solutions and a unique solution.

A
Solution: R, — kR, —» R,

[(1) 1 133]( |4 —kkz]

infinitely many is impossible since k= -1/3 makes the left side 0 and
k=2,-2 makes the right side 0

no solution k= -1/3

unique k# —1/3
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Example 4.17. Find the value of k for which there is a 2-parameter family of solutions:

1 3 4 5 6
0 0 1 k—4|k*-16
0 0 0 k*—9I1 k-3

Solution:
# parameter = n —r = number of columns — rank
# parameter = n —r = 4 columns — 2 leading 1's
=2
. this means the last row must be all 0's (since we already have two leading 1°s)

2k?=9=0 and k—-3=0 ~ k = 3 in order to have 2 parameters (free variables).

Example 4.18. Find the rank of each matrix.

1 1 1
2 2 2

1 1 1

a) A=

Solution:

R2-2R1- R2 and R3-R1 - R3

1 11
0 0 O0]|inRREF
0 0 O

A=

So, the rank is 1....only count the non-zero 1's...same as the number of leading 1's
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1 2 -1
b) B=|0 1 1
0 1 1
Solution:
do R3-R2 — R3
1 2 -1
B=10 1 1 | do R1-2R2 - R1
0 0 O
1 0 -3
0 1 1
0O 0 O
rank=2

11
2 3

The system of equations 3x + 4y =0 is a homogeneous system.

Example 4.19. A = [ |8] represents a homogeneous system because b=0 vector.

2x+3y=0
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4.15 Homework on Chapter 4

1. Which of the following equations are not linear?

0)2x +4y? ++z =15

ii)—2x+3z=3y—-11

ii)xy—y+2z+3w=26

MATH 1600 Final Exam

Booklet Solutions

A. i) only

B. ii) only

C) iii) only

D. i) and iii) only

E. ii) and iii) only

i) and iii)...answer D

2. Which of the following equations are linear in x, y and z? Note: a, band c € R

1
Dax + b’y +—z =12

b

c
ii)ax? + bz + 5 17

"'a+Z+ 12
lll)x Ctye=

A.i)only

B. ii) only

C) iii) only

D. i) and iii)
only

E. none of them

i) yes ii) no iii) no...answer is A

3. Which of the following are in row-reduced echelon form?

If it is not, explain why. If it is row-reduced echelon form, solve the system.

01 0 3
a0 0 1 3

0 0 0 O

0
4
1

|

Yes, and the last row indicates no solution, so it is inconsistent.
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0
3
1

no, as the third leading 1 (last row) has a 1 above it and we can only have 0's above and below

101 2
b)lo 1 0 0
0011

leading 1's
1 0]0
C) [0 1 2]
0

0 0
it is a unique solution because it has the 2x2 identity. The solution is (0,2).

4. Write the augmented matrix for the system of equations below.
X-2y=4-3z
X+8-3y=2z
y+2z=3

Make sure the equations are in the proper form first, with all of the variables on the left and the
constant terms on the right.
X-2y+3z=4
X-3y-2z2=-8
y+2z=3

The augmented matrix is:

1 -2 314
-8
3

1 -3 -2
5. Write the augmented matrix for the system of equations below.

0 1 2

X+2y=6
X =3
_3+X:y

1 216

1 013

1 -113
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6. Find the value of "k" so that the following system of equations has:
SX-y=2
6x +ky =6

a) no solution

b) infinitely many solutions

c) a unique solution (exactly one solution)

_kl |§] R2-Ri1— R2...if you want to avoid fractions, you must do this in several steps.
-1 |2
k+114
k+1 |4
-1 12

k+1 4]
0 —-5k—-61-18

a) if -5k-6=0 then -5k=6 and k= -6/5 and this will result in no solution

] R, ©R2

] R>-5R1— R2

Ul = Ul O Ul

b) there is no value of k that will resultin0 0/ 0
c) Any other value of k can be row-reduced to the identity matrix...exactly one solution

If k+# -6/5 there is exactly one solution
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7. Find the value of "k" so that the following system of equations has:
2X—y =2

3x+ky=3
a) no solution
b) infinitely many solutions

c) a unique solution (exactly one solution)

g _kl|§] Ri+2- R1
:)1, _}c/2|51’] R2 - 3R1—-R2
112

0 k+;|0

a) there is no value of k that will result in no solution
b) if k=-3/2 or -1.5 there will be a row of zeros...infinitely many solutions
Any other value of k can be row-reduced to the identity matrix...exactly one solution

c) If k#-3/2 there is exactly one solution

1 0 1 2
8.0 1 6 4
0 0 k*—-16l4+k

For what value of k does the matrix above have:
a) infinitely many solutions?

b) no solution?

c) exactly one solution?

If k= -4 we get a row of zeros
If k=4, we get 0 O 0/ 8...no solution

If k# 4, -4 we get a unique solution
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9. Solve using Gauss-Jordan Elimination. (Find the RREF and solve)
4x+2y =18 3x-y=16

4 2 118 1 1|2

5 Sl mrtom 3 5 1561 fo =3 = R
[ 1 |9
1 == r 119
—253 RZX(_E)_’RZ 1 2 5]R1—3R3—>R1
0 = ° 0 1l-1 2
| 2 12
(1) (1) _51] The solution is (5,-1). There is a solution (unique), so it is consistent.

10. Solve using Gauss-Jordan Elimination. (Find the RREF and solve)

2X -6y +6z2=-8
4x + 6y -22=30
4x-3y-z=19
2 —6 6 |—8]
2 3 —1|15] Divide row 2 by 2
4 -3 —1119
1 -3 3 |—-4]
2 3 -—1(15
4 -3 —1119
R2-2R1 - R2
R3-4R1 — R3
1 -3 3 |-4 1 -3 3 —4
0o 9 -7 23] 0o 1 -=7/9 23/9]
0 9 -13135 0 O -6 | 12
R2+9 - R2 R3+ -6 - R3
R3-R2 - R3
1 -3 3 —4 1 -3 3|4 1 -3 0]2
0 1 —7/923/9] 0 1 01] [0 1 01]
0 O 1 -2 0 0 11-2 0 0 11-2
R2+7/9R3 — R2 R1-3R3 - R1 R1+3R2 - R1
1 0 0|5
0 1 0] 1| Thesolutionis (5,1, -2). This is a unique solution and the system is consistent.
0 0 11-2
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11. Solve using Gauss-Jordan Elimination. (Find the RREF and solve)

X+y-3z=4

2X+y-2=2

6x +4y-8z=12
1 1 =-3|4]
2 1 -1|2
6 3 —8I12]
(1 1 -3|4] 1 1 -=-3| 4 1 1 3|4 1 0 2 |-2
2 1 -1]|2 0 -1 5|-6 0 1 -5]|6 0 1 -5]6
6 3 —8I12] 0 -3 101-12 0 0 olo 0 0 010
R2-2R1 — R2 -R2— R2 R1-R2- R1
R3-6R1 — R3 R3-3R2 - R3

There is a row of zeros in the matrix. Therefore, there are infinitely many solutions.
We need to introduce a parameter or free variable.
Let z=t. From the second row, we get: y-52=6
y-5t=6
y=6+5t
From the first row, we get:  x +2t=-2

X=-2-2t

The solution is (-2-2t, 6+5t, t) where t € R....intersection is a line since there is one parameter.

The system has a solution (infinitely many), so it is consistent system of linear equations.
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12. Solve this system of linear equations:

2X +2y +22 =2

3y+3z=3

4y + 47 =8
2 2 2|2]
0 3 3(3|R1+2—->Rl1andR3+4 - R3andR2+3 — R3
0 4 418l
1 1 1|17 1 1 11
0 1 1|1|R3-R2-R3 [0 1 1|1
0 1 1121 0 0 ol

...we don't need to finish!

From the last row, we can see that there is no solution. So, we don't need to row-reduce any
further. If they asked for the RREF, we would have to do R1- R2 —» R1. The system has no
solution, so the system is inconsistent.
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13. Row-reduce and write the solution:

2 4 2 0 22
11 -1 1 212

2 4 2 0 212] migi _
{1 1 -1 1 212 Divide row 1 by 2:
1 2 1 0 1|1

1 2 1 0 11

b i oo 1 1l ReoRe

1 2 1 0 1|1

o 1 2 1 _1l4] Ri-2R2-R
1 0 -3 | ]

0 1 2 _1 -1

So, there are leading 1's in the x1 and X2 columns and so there must be 3 parameters

Let x3=r, x4=s and xs=t

From the second row, we get 1x>+2r - 1s - t = -1 and solving for xz:
Xp=-1-2r+s+t

From the first row, we get X1 - 3r + 2s + 3t = 3 and solving for xywe get:
X1=3+3r - 2s - 3t

(3+3r-2s-3t, -1-2r+s+t, r,s,t) wherer,s,t € R
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1 1 2 1 1]0

14. Row-reduce and write the solution: |0 2 2 4 012
11 -1 1 212

1 1 2 1 1]0]

0 2 2 4 0]2]|Dividerow 2 by 2:

1 1 -1 1 2121

1 1 2 1 1]0]

0 1 1 2 0[|1|R3-R1-R3

1 1 -1 1 2121

1 1 2 1 1]0]

0 1 1 2 0[|1]R1-R2-R1

0 0 -3 0 112

1 0 1 -1 1]-1

0 1 1 2 0]1 |R3+3-R3

0O 0 -3 0 112

1 0 1 -1 1 —1 7 1 0 1 -1 1 -1

0 1 1 2 0 1 R2 - R3-»R2 [0 1 0 2 1/3 5/3]R1-R3—>Rl

0 01 0 -1/3|-2/3 0 01 0 -1/31-2/3

1 0 0 —1 4/3 |—-1/3]

010 2 1/3|5/3

0o o1 0 -1/31-2/3]

The first three columns have leading 1's...s0, there are two parameters representing the 4th and
5th columns

Let x4=s and xs=t

The last row gives us....x3 - 1/3t=-2/3 or x3= -2/3 + 1/3 t

The second row gives us...x2 + 2s+ 1/3t=5/3 or xo=5/3 - 25 - 1/3 t
The first row gives us...x1 -s + 4/3t=-1/3 or x;=-1/3 +s-4/3 t
The solution is a plane since there are two parameters and it is:

(-1/3 +s-4/3t,5/3-2s-1/3t,-2/3 +1/3t, s, t) where s,t € R
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15. Describe the region that is the intersection of the following planes:
NOTE: You have to row-reduce first!

X+y+2z=-2
3X-y+14z=6
2x+4y =-10

1 1 2 |-2 1 1 2]-2
3 -1 14| 6 | R2-3Ri~»R2|0 —4 8|12 [R2+—4 - R2and R3 — 2R1- R3
2 4 01-10 2 4 01-10
1 1 2 |-2]

0 1 —-2|-3|R3-2R2—-R3

0 2 —41-6.

1 1 2|2

0 1 —-2|-3|R1-R2—>R1

0 0 01O

1 0 4|1

0 1 -2|-3

0 0 01O

infinitely many solutions

# parameters=n—-r=3-2=1

Since there is only 1 parameter, it is a line of intersection
Let z=t

The solution (not required) is:

from the first-row x+4t=1 and x=1-4t

from the second-row y-2t=-3 and y=-3 +2t

(1-4t, -3 +2t, t) wheret € R
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16. Describe the region that is the intersection of the following planes:
2X-2y-6z=2

6X - 6y - 182=6

AX + 4y + 127 = -4

[ 2 -2 —6]2]
6 —6 -—-18|6 |R1+2-R1
|—4 4 12 1—4]
[1 -1 -3 | 1]
6 —6 -—-18| 6 | R2-6R1-R2and R3 +4R1-R3
|—4 4 12 1—4]
[1 —1 -3]|1
0 o 0 |0| Thisis in row-reduced form
0 0 010

There is one leading one (column) and two other columns representing parameters.
Since we have 2 parameters, the region is a plane.

The solution (not required) is:

Let y=s and z=t

The intersection is a plane, since we have 2 parameters.

The solution (not asked for) is:

From the first row, we getx -y -3z=1

and with the parameters, we get x -s - 3t =1 or x=1+s+3t

The solution is (1+s+3t, s, t) where s,t € R

17. If A + B are square matrices of some dim or slice, is (4 + B)? = A% + 24B + B??
In general, no:
(A+B)?>*=(A+B)(A+B)

= A%> + AB + BA + B?

AB + BA for many matrices A and B
If AB = BA (A, B are commutative then it is true)
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18. Solve by back substitution.
a)2x+y+3z=8 (1)
2y-z2=1 (2)

3z=3 (3)

Substitute z=1 from (3) into equation (2).

2y-z=1

2y-1=1

2y=2

y=1

Substitute y=1 and z=1 into equation (1)
2x+y+3z=8

2x+1+3(1)=8

2x =4

X=2

The solution is (2,1,1).

MATH 1600 Final Exam Booklet Solutions
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b)2x-y+z=13 (1)
y-4z=2 (2)
3z=9 (3)

From equation (3), we get z=3.
Substitute z=3 into equation (2):y - 4z =2
y - 4(3)=2
y=14
Substitute y=14 and z=3 into equation (1):
2Xx-y+2z=13
2x-14+3 =13
2x = 13-3+14
2x=24
x=12

The solution is (12, 14, 3).
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19. Find the value of k so that the system of equations has
a) no solution,
b) exactly one solution and

c) infinitely many solutions.

k1 1|1
2 2k 2 2] R1le R3 and R2+- 2 — R2 and divide row 3 by 3.
13 3 3kI3
(1 1 k|1
1 k 1)1 R2-R1 - R2 and R3 -kR1 - R3
k1 111
1 1 k 1
0 -1+k -—-k+1 0 R3+R2 - R3
0 —k+1 —k*+1l-k+1
1 1 k 1
0 —-1+k —k+1 0
0 0 —k?—k+2l-k+1

factor —k> —k+2=0

—(k2+k—-2)=0
—(k+2)(k—1)=0
k=-2, 1

If k=1...

the last row becomes 0 0 0/ 0 infinitely many solutions

Ifk=-2...

the last row becomes 0 0 0/3 no solution

If k# 1, —2 there is a unique (exactly one) solution
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2 4 —6 8
20.13 -1 5 2 |Divide row 1 by 2:
4 1 a?—-14la+2
1 2 -3 4
3 -1 5 2 R2-3R1 —» R2 and R3-4R1 —» R3
4 1 a?—-14la+2
[1 2 -3 1‘%
0 1 -2 - R3+7R2 - R3
0 =7 a*—2[q—14
1 2 -3 1‘%
0 1 -2 -
0 0 a2 16|, 4

If a= -4, we get 0 = -8 which means no solution
If a=4, we get 0 = 0 which means infinitely many solutions

Therefore, there is a unique solution if a#4, -4

21. Row reduce and find the solution: 3x, — 6x5 + 6x4 + 4x5 = —5
3x; — 7x, +8x3 —5x, +8x5 =9
X1 — 3%, +4x3 — 3x4 + 2x5 =5

1 -3 4 -3 2|5
01 -2 2 1|3
0 3 -6 6 41-5
R3-3R2 2 R3

[1 -3 4 -3 2|5]
0 1 -2 2 1 |-3|REF
L 0 0 0 0 1 4]

R2-R3 2> R2

[1 -3 4 -3 2|5]
01 -2 2 0 (-7
L 0 0 0 0 1 4]

R1-2R3 > R1
-3
-7
4

1 -3 4 -3 0
01 -2 2 0
0 0 0 01
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R1+3R2 > R1
0 3 -6 6 4|-5
3 =7 8 =5 8|9
1 -3 4 -3 215
R1<-> R3
[1 —3 4 -3 2|5]
3 =7 8 =5 8{9
L 0 3 -6 6 4 I|-5]
R2-3R1 <> R2
1 —3 4 -3 2|5]
0 2 —4 4 2|-6
[0 3 -6 6 4I-5]
R2+-2->R2
S t

X1 X3 X3 X4 Xg

0 -2 -3 0 |_p4
0 -2 2 0|-7]|RREF
0 0 0 0 4
Letx; =s,x, =t
X, —2s —3t=-24
nxy =—24+2s+ 3t
Xy, — 25+ 2t =-7
X, =—7+2s—2t
X5:4
Solution is:
X171 [—24+2s+3t7] [—24 2 3
X2 -7+ 2s—2t =7 2 —2
X3 | = S = 0 +s 1 +t 0
X4 t 0 0 1
X5 4 4 0 0

MATH 1600 Final Exam Booklet Solutions

where s,t € R
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22.

1 1 -3

2 1 -1

6 3 -8

1 1 -3] 1 1 -3 1 1 -3 1 0 2
2 1 -1 [0 -1 5 [0 1 —5] [0 1 —5]
6 3 -8l 0 -3 10 0 0 O 0 0 O
R2-2R1 — R2 -R2— R2 R1-R2—- R1
R3-6R1 — R3 R3-3R2 - R3

The rank is 2. i.e. 2 non-zero rows in RREF

23, []1 _13 |’ﬂ
R, — kR, — R,

o 173l Sl
infinitely many is impossible since k= -1/3 makes the left side 0 and
k=2,-2 makes the right side 0
no solution k= -1/3
unique k= —1/3
24.# parameter = n —r = number of columns — rank

# parameter = n —r = 4 columns — 2 leading 1's

=2

= this means the last row must be all 0's (since we already have two leading 1°s)

“k?*—9=0 and k—-3=0 ~k=3
1 0 0] 3

25.10 1 1|2k|R3 —-5R2 - R3
0 5 kil 4

1 0 0 3

0 1 1 |2 k

0 0 kK-—514-10k

If k=5, we get 0 0 0/ -46 which means no solution
If k= 5, we get a unique solution

There is no value of k that will make the bottom row a full row of 0’s, so infinitely many
solutions is impossible.
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5. Network Analysis

Example 5.1. Find all solutions f = (fu, f>, f3) € R® to the following network flow problem.

Solution: f1+f3+5=3

o fit+fa=-2 1

V i+, =4 2

\fa f,=1;+6

f2-f3 =6 3
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Matrix form

1 0 1]1|-2

1 1 0[4|R2-Ri2R2
01 -1le6

1 0 1]-2

0 1 —-1/6|Rs—R22>Rs3
0 1 -116

i 2 f3

1 0 1]|-2
[0 1 —-1]6 ‘

0 0 010

Let f; =t (t € R) parameter

fivt= -2 o fy=—2—t

fz_t= 6 f2 =6+t
fi —2—t -2 -1

~ solutionis | fo|=| 6+t |=|6 |+t| 1| wheret €R
f3 t 0 1
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Example 5.2.

If the solutions are:

fi=16—t
fr=6-t
fs=21+t
fa=t

Flows are positive in real-life examples, so we get constraints for ¢

Sincef, =t [t=0 ~fa=20

Fromf,=6—t, 6—-t>=0 ~6>tor[t<6]

The other constraints won’t make any restrictions smaller than what we already have:

~weget0 <t <6

and

Since f; =16 — t 50,10 < f; < 16|

Substitute t = 0,t = 6

Substitutet = 0,t = 6

fz=21+t¢t 50,(21 < f; < 27|

Substitutet = 0,t = 6

fa=t 0<f, <6
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5.3 Homework on Chapter 5

1. Find all solutions f = (f3, f2, fs) € R® to the following network flow problem.

10

A. 12+4:f2+f3 'f2+f3:161
B. 10+f2+20=f1 "'fl_f2=30 2

Matrix form

0 1 1]16] 1 -1 0]30

1 —1 0|30]|Rz1switch R, 0 1 1|16 R3—Ri2> R3
|1 0 11401 1 0 1140

(1 —1 0]30]

0 1 1|16 Rz—R22> R3

10 1 11104

[1 —1 0]30

0 1 1/16] Ri—-R:2R:

0 0 0l-6

~ no solution

h 2 fs

1 0 1j46
0 1 1j16
—6

0 0 O
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B
X, 40
90 10 60
—> A cC ——»
| Tx
D ——E

Consider the network of streets with intersections A, B, C, D, and E above. The arrows indicate
the direction of traffic flow along the one-way streets, and the numbers refer to the exact number
of cars observed to enter or leave A, B, C, D and E during one minute. Each x; denotes the
unknown number of cars which passed along the indicated streets during the same period.

a) Write down a system of linear equations which describes the traffic flow.

b) Solve the system of linear equations.

Solution:

a) We can set up a system of linear equations based on each intersection:

A 90+x, =x,+10

B: 40 =x, +40
C: X, +10=60+40
D: X, =204 X,
E: X, +30=X,

Simplifying, by putting variables on the left and numbers on the right, we get
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w

A X, — X, =—80
=0

o O
<
N
|
X
Il
)
o

Matrix form:
1 -1 0 0 -80]
1 0 0 0 O
0 0 0 1 90
01 -1 0 20
0 0 1 -1 -30]
Gauss time!
1 -1 0 o0 -80 1] -1 0o o -80
1 0 0 0 0| go-ra+r, |0 0 0 80
0 0 0 1 9|—lo o o0 1 90
0 1 -1 0 20 0 1 -1 0 20
0 0 1 -1 =30 0 0 1 -1 =30
0 0 0 0
st lo @ oo o 8o
—— o o o 1 90
0 0 -1 0 —60
0 0 1 -1 =30
0 0 0
Reors | 0 0 0 80
— o o0 -1 =30
0 0 -1 0 —60
0 0 0 1 90
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0 0 0 0

R4—>R3+R4 0 0 0 80
- |0 o0 -1 =30
0 0 0 -1 -90

0 0 0 1 90

1] o o o0 0

Reors | 0 0 0 80
0 0 -1 =30

0 0 0 90

Lo 0 0 1 90
1] o 0 0 0]

R3->R4+R

Rooorpens [0 00 80
0 0 0 60

0 0 0 90
Lo 0 0 0 oA

From the RREF matrix, we can see that
% =0

X, =80

X; =60

X, =90
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6. Linear Independence

Example 6.1.
Avre the following vectors linearly independent or dependent?
{12).(4.2).(7.0)}
Solution:
span{(1,2),(4,2),(7,1)} =(0,0)
a(1,2)+b(4,2)+c(7,1)=(0,0)
a+4b+7c=0
2a+2b+c=0
1 4 7|O] R2—2R1-R; [1 4 7 |0]
2 2 110 0 -6 —-1310

R
o o4 7 |o]
0 1 -13/61l0

Ri—4Rz~R:1 [1 O —5/3|0]
0 1 13/61l0

Since the third column is a free variable (parameter), this indicates that the vectors are linearly
dependent.
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Example 6.2.
1 1;/0 1|1 O ] .
Is the set S :{[ }{ }{ }} where S € M,, linearly independent or dependent?
0O 0|0 1|0 O
Solution:
Using matrices,
1 1 0 1 1 01_10 O
Cl[o 0]+CZ[0 1]+C3[0 0 _[0 0
Find C;, C,,and C;
Cl + C3 = 0
c;+C, =0
C, =0
1 0 110
1 1 0|0|R2-R1~>R2
0 1 010
(1 0 1 |O0]
0 1 —-1|0|R3-R2—>R3
0 1 0 I0l
1 0 1 |0]
0 1 —-1|0|R2+tR3 > R2
0 0 1 Iol
1 0 1107
0 1 0[0|]RI-R3=>RI1
0 0 110l
1 0 0]0]
0 1 010
0 0 110l

~since C; = C, = €3 = 0 the matrices are linearly independent
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Example 6.3.

Is the vector w=(2,3,-7,3) in the linear span of ¥1=(2,1,0,3), v>= (3,-1,5,2) and ¥3= (-1,0,2,1)?
Solution:

In other words, can you make w from a combination of ¥1, ¥, and ¥3?
(2,3,-7,3)= ¢1(2,1,0,3)+ ¢2(3,-1,5,2) + ¢3 (-1,0,2,1)

From the first entry: 2=2 c1+3c2- c3

From the second entry: 3=c1-c2: c1=3+c

From the third entry: -7=5co+2c3  c3=-7/2-5¢2/2

Sub back into the first equation

2=2(3+ c2) +3 c2- (-7/2-5 ¢2/2)

-15/2=15 C/2

Co=-1

c1 =3+ cp=3+(-1)=2

c1=2

3= -7/2—5/2 c;=- 7/2 - 5/2 (-1)=-2/2 = -1

c=-1

Check to make sure this works for the fourth entry:

3=3c1+2co+ c3

LS=3 RS=3(2)+2(-1)+ (-1) =3

OR use matrices:

2 3 -1]2 1 0 0]2
[1 -1 0 |3|..RREF...{0 1 0 —1] andwegetc; =2,¢c, = —-1andcy = —1.
0 5 2 17 0 0 11-1

This works, so w is in the linear span of vi, v2 and vz because w can be created by a linear
combination of the three vectors.

— - - -
W = 20, — Uy — Uz
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Example 6.4. Is vector b in the span of the columns of matrix A?

B3 g

Solution:
b is in the span of the columns of A if the system Ax = b has a solution
le. Ifx+2y=5

3x +y =2 hasasolution

1 2

3 1|g] - row reduce

R2 — 3R1 — R2 [é _25 |_513]

, 1 2|5
R2 + (=5) - R2 [O 1‘13/51

1 0

R1—2R2 - R1 0 1

s T\ N
13/5 s/ 5 s

A 25 = [g] Therefore, yes b is in the span of columns of A. (since itis a

5
multiple of A)
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Example 6.5. Are the vectors u (2,—1,1) v(3,—4,—2) and w(5,—-10,—-8)

linearly independent?
Solution:

QU+ B+ csw=0
20, +3C, +5C; =0
—C, —4C, —10C; =0
C,—2C, —8C; = 0

2 3 5 |0 10 —210
—1 -4 -10|o| ..RRREF...]0 1 3 |o
1 -2 -8lo o0 olo

Let C; =t (parameter or free variable)

|

=~ the solution is NOT the trivial one C; = C, = C3 = 0. .. vectors are linearly dependent.

OR use rankA=2<3=n, so they are linearly dependent.

84



©Prepl101 MATH 1600 Final Exam Booklet Solutions

Example 6.6.
EYR A IV P

IsB = [_41 g] a linear combination of A,, A, and A3?

Solution:

We want to find scalars C;, C, and C5 such that
C1A1 + CZAZ + 63A3 = B

a5 ol el dvaly of=[% 7l

[C2+C3 C1+C3]:[4 5]
~1

—2C,+C; C,+2Cs 7
C2+C3:4
Cl+C3=5
—261+C3=—1
C2+2C3:7
0 1 1]4 1 0 1|5
1 0 1{5 1 1|4
_2 0 1_1 R1<_)R2 0 1_1 R3 +2R1_) R3 andR4__R2_>R4
0 1 217 0 1 217
[1 0 1|5] 1 0 02
0 1 1|4 . 1 14
0 0 3lo|Rs T3~ Rs 8 5 1l3| R2—Rs > R,andR, —R; >R,
[0 0 113} 0 0 113
1 0 027
0 1 0f1 . _ _ —
0o 15 fnC=2 Cp=1,05=3
L0 0 0lo

Therefore, B is a linear combination of A, A, and A;.

B= 2A1 + Az + 3A3
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Example 6.7. Determine if the matrices are linearly independent.

0 1 1 0 -2 -1 -1 -3
A=14 2|B=|2 4|C=]0 2| D=|1 8
-1 0 1 1 0 1 3 4

Solution:

We need to find the constants so that: C;A + C,B + C3C + C4 =0

0 1 1 0 -2 -1 0
C1[4 21+ C |12 4({+C51 0 2 +C4 ] \ 0]
-1 0 1 1 0 1 0
C2_2C3_C4_=0
Cl_C3_3C4=O
4C,+2C,+C, =0
2C1+4CZ+2C3+8C4=0
_C1+C2+3C4=0
C2+C3+4‘C4=0
G C (3 Gy
0 1 -2 —-1)0 1 0 0 070
1 0 -1 -=-3]|0 0O 1 0 010
4 2 0 110 0O 0 1 010
2 4 2 8 o[®REo o0 0 1]o
-1 1 0 3 |0 0O 0 0 010
L0 1 1 4 10- L0 0 0 O0fo-

The solution is:
C; = C, = C3 =C4 =0 -~ the set of matrices is linearly independent

(only the trivial solution)
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1.Determine whether the set S = {(1,2,11),(2,0,2,2),(2,2,2,0),(2,4,0,2)} is linearly dependent.

Step 1:

Write the vectors in the set as the columns of a matrix.

o O -

2

2
2
0

2

N O b

2
Y2
0
-2

1 2
) ) . 2 0
We’ll call this matrix A. We find: A= 1 2
1 2
Step 2:
Reduce the matrix A into row-reduced echelon form.
1 2 2 2 1 2 2 2 1
2 0 2 4 0 -4 -2 0 0
- -
1 2 20 0 O 0 -2 0
1 2 0 2 0O 0 -2 0 0
1 0 0O
01 00
%
0 010
0 0 0 1

2

0
-2

0

o O O -

O O P DN

=
N
, o o N

Therefore, since matrix A reduces to the identity matrix, the set must be linearly independent.
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2. Determine whether each of the following sets of vectors is linearly independent:

a) [;] [_51] Since neither vector is a multiple of the other, they are

NOT dependent
~the set is linearly independent

Jiini

Find Cy, C, and C54

0 0 1 0
Cil1|+C| 1 |+C5 0]=[O]
1 -1 1 0
C;=0
Ci+C, =0
Ci—C,+C3=0
Since C3 =0
Wehave: C;+C, =0
c;—C,=0
Add 2C, =0

Cl == 0
. C; = C, = C3 =0 they are linearly independent
(only the trivial solution)

SR

—-1]0 1 1 -1]0
[3 1 3 0] [0 -2 6 0]
0 -1 310 0 -1 310
R2 —3R1 - R2 R2 + (—2) » R2
1 1 -1]0 1 1 -1]0 1 0 2|0
0 1 —30] 0 1 —30] [0 1 —30]
0 -1 310 0 0 o1lo 0 0 010
R3 + R2 - R3 R1—R2 - R1 infinitely many solutions
Cg =t
C, =—2t
C, =3t . linearly dependent

(—2t,3t,t) where t € R.
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3. a) Are the following vectors linearly independent or dependent?

{(10,2),(10,1),(0,1,2)}

span{(1,0,2),(1,0,1),(0,1,2)} =(0,0,0)
a(1,0,2)+b(1,0,1)+¢(0,1,2)=(0,0,0)

a+b=0
c=0
2a+b+2c=0

a+b=0—->b=-a
2a+b=0
c=0

2a—-a=0
a=0,b=0

a=b=c=0

Since the only solution is the trivial solution, the vectors are linearly independent.

89



©Prepl101

b) Isthesetvvzz{{1 1},{0 1},
0 1]1]0 1
1 1/{0 1|1 O
spanW = span , ,
o 2J1s Akt o
11 01 10
=a +b +C
o 4l < o
|00
oo
a+c=0
a+b=0

c=0
a+b=0

MATH 1600 Final Exam Booklet Solutions

E g}} where W € M,, linearly independent or dependent?

a=b=c=0

Since the only solution is the trivial solution, the vectors are linearly independent.
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4. Given the vectors v, =(1,2,3), v, =(111), V, =(11,0), and v, =(9,14,16), express v, as a

linear combination of v,, v, andV;.

Identify scalars a, b, ¢ such that:

v, =av, +hbv, +cv,

(914,16) = a(1,2,3) + b(1,11) + c(1,1,0)
(91416)=(a+b+c,2a+b+c,3a+hb)
Thus:

1. a+b+c=9

2. 2a+b+c=14

3. 3a+h=16

Egn.2-Eqn1=>a=5
Substitute @=5 into Eqn. 3 =>b=1

Substitute a=5, b=1into Eqn. 2 =>C=3

Therefore:

V, =5V, +V, +3V,

OR

1 1 1(9 1 0 0|5
2 1 1|14|RREF..[0 1 O0f1
3 1 0l16 0 0 113
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5. Do the vectors vi=(2,-1,3), V2= (4,1,2) and vs= (8,-1,8) span R*?

In other words can any vector w=(x,y,z) be made from a combination of v1, v, and v3?
(Xayvz) :a1(2’-1’3) + az (4’1!2) + a3(8’-118)

From the first entry: x = 2a; + 4a; + 8as a1 = x/2 —2a; —4as3

From the second entry: y =-a; + a2 — a3 y=-(X/2—-2a;—4a3) +a2—as
y =-X/2 + 3a2 + 3a3

3az=y — X/2 - 3a3

a2 =y/3+Xx/6 - a3

From the third entry: z = 3a; + 2a; +8as

Z=(3x/2-6 (y/3 +x/6 - a3) — 12a3) + (2y/3 + x/3 — 2a3) +8a3

z = 3x/2 -2y — x+ 6az — 12a3 + 2y/3 + x/3 +6a3

z -5x/6+4y/3 = Oaz

There is no value of a3 that will work therefore these vectors do not span R3,
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6. Find all values of k for which the set of vectors {(1,0,1),(0,3,2),(k,k,3)} is linearly independent.

We’ll use the test for linear dependence.

First, place the vectors in the set as the columns of a vector. We find:

1 0 k
0 3 k

1 2 3

Now we row-reduce this vector as follows:

[1 0 k ]
1 0 k Z 0 1 k
0 3 k|- > s |- 3
1 2 3 1 2 3— 2k
12 3=kl o o 3—k—<?>J
10 k
> [0 1 k/3]4oR3-R1- R3,R3 — 2R2 > R3)
0 o5k

3

Roughwork:3—k—%=-—___=_

In order for the vectors above to be linearly dependent, their corresponding matrix must
reduce to the identity matrix. In order for the above matrix to be reduced to the identity
matrix, the third row must have a leading 1. This leading 1 can then be manipulated to
“clear” the entries above it.

In order for this entry to be made into a leading 1, it cannot be zero.
Thus, we find the condition:

9—5k¢0
3
9-5k#0

:>k¢g.
5

Thus, the set of vectors is linearly independent for k € R such that k = % .
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7. Let s ={u, v, w}be a linearly independent set of vectors in a vector space V. Which of the
following sets are also linearly independent?
A {0,u+v,v—w}
B. {2u, —v, 3w}
C. {u,u+v,u+w}
(1) BandC
(2 All
(3) Aand C
(4) Conly
(5) Aand B

The answer is (1): B and C.

Statement A is NOT true since k10 + ko(u + v) + ka( v —w) =0 < kou + (k3 + k2)v — ksw = 0.
But u, v, and w are linearly independent. Hence ko = 0 and ks = 0 but k1 can be either O or non-
zero number. Therefore, the set {0, u + v, v — w}are linearly dependent. In general, any set
containing the vector 0 is linearly dependent, for the same reason.

Statement B is True since k1(2u) + ka(—V) + k3(3w) = 0 < 2kiu — kov + 3ksw = 0. But u, v, and
w are linearly independent. Therefore, 2ky =0, —k2 = 0, and 3ks = 0. Or ki =k = k3 =0.

Statement C is True since kiu + ka(u + v) + ks(u +w) =0

< (ki+ko+k)u +kov+kaw=0 < ki +ko+ks=0,kz=0,and ks=0 = ki =k, =kz =0.
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4

.F h I fkisM=
8. For what values of k is [k—l 1

(1) k=2and k=-1

(2 k=0

(3) k=—2and k=-1
(4) k=2

(5) k=2and k=-2

The answer is (1): k=2and k=-1.

k-1 1 1 1 k2

1 4 a+4b b-a
= 2 s
k-1 1 a+bkc a+4b

b=4+a
at4b=1

a +4 (4+a)=1
a+l6+4a =1
5a=-15

a= -3

So,b=4+(-3)=1

=
a+bk?=k-la+4b=1

{a+4b:1,b—a:4 {bzl,a:—3

a+bk?=k-1

B3+k=k-1

k>-k-2=0

(k-2)(k-1)=0 and we get k=2, - 1.

MATH 1600 Final Exam Booklet Solutions

1 - 4 1
}inthevectorspaceW:span{{1 J,L(z 4}}?

1 4 1 -1 4 1
} = a{ } b{ 4} where a, b are numbers.

=-1
2 = .
ke—k-2=0 k=2
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9. Show that R? = span ([g] , [—22])
We must show that for any vector
Bl =[5 =15)
for some x and y.
[g _22 |Z] row reduce R1-+2 - R1

R2 — R1 - R2

[(1) _14|ba£2a] R2 = (—4) > R2

[1 1a/2‘
Sl R1-—R2-R1
0 1_—4
a
or |11 /2 @a_ab
' 0 1|22 2 4
a+b
1 0|4 _ 2a-a+b
0 1|ap T4
4
a+b
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4/5 2/5J Ll/s -2/5
2:

an . Find a linear combination of P1 and P given
2/5 1/5 -2/5 4/5

10.If P :L

6 2
above, which is equal to {2 3}.

We need to find « and b so that

4/5 2/5+ 1/5 —2/5_6 2
2/5 1/5] |-2/5 4/5] |2 3

So, we must have

4 |V -

/5a+/5b—6

2/ 2 =

/5a /Sb—2

1 4/ 1 _

/5a+ /Sb_3

multiply the first equation by 5 and the second equation by 5 as well
4a+b=30

2 a—2b =10 (divide by 2)
Adding the equations below:

4a+b=30
so a—-b=5
5a=35=a=7,b=a-5=2

Thus,

7[4/5 2/5J+2L1/5 —2/5J_{6 2J
2/5 1/5] 1-2/5 4/5] |2 3

97



©Prepl101 MATH 1600 Final Exam Booklet Solutions

5 2

11.|sc=[5 ‘

] a linear combination of A;, A,&A3?

Find Cy, C,&Cs:
o[ el el o= d

[C2+C3 C1+C3]_5 2]

—2C,+C; C,+2C; 15 6
C2+C3:5
C1+C3=2
—261+C3=5
C2+2C3:6
0 1 145
1 0 112
5 0 1[E|rRie>R2
0 1 2l6
1 0 142 1 0 12
0 1 1|5 0 1 1}5 N
9 1 IR RsrRI > R3GH2) | 1 15|Re+ 3> R3
0 1 2le 0 1 26
1 0 12
0 1 1|5
0 0 13R4-R29F\’4
0 1 2le

2
>|R4-R3 > R4
1

OO R
O O O
[ -

1 0 112

0 1 1|5 .
0 o 1l3 No Solution
0 0 0l-2

~ Cis NOT a linear combination of 4,, A, and of A5
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. : 12 0 -4 -1
12. Determine if matrices A = [_3 1] B = [ 0 ] C = [ 12 34] are linearly
independent.

G~ ]+CZ[ 1]+C3 12 34] [ ]
2C; —4C,—16C;=0

—C, —6C;=0

—3C; —12C; =0

C, +5C,+34C; =0

2 —4 -1610 1 0 4|0

0 -1 —610 01 6]0 _
3 0 —12lo[RREE|5 5 o [gltetcs =t

1 5 34lo 00 olo

Cl+4‘t=0 x Cl=_4t
Cz+6t=0 -’-CZ=_6t

C, —4t
~ solutionis |C,| = |—6t

Cs t

where teR

=~ the set of matrices A, B, C is linearly dependent (not just the solution C; = C, = C3 = 0)
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13.a) ¢, [ﬂ + ¢, [:g] =

4C1 _8C2 = 6

C1_2C2:5

H

Row reduce:

41L :g g] Ci1oC

L o] e

(1) ‘02 _512] C2—2Ci— C,

MATH 1600 Final Exam Booklet Solutions

= Since there is no solution; v is not a linear combination of vectors u; and u,

5
0
0

b) ¢,

4
20
0

+C2 +C2

5C1+4‘C2_C3=0

20c, —6c3 = 22

2C3:6

A

=~ from the last equation c; = 3

Using back substitution

20C2 - 6C3 = 22

20c, — 6(3) = 22

20c, = 22 + 18
20c, = 40
C2 = 2
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5C1+4‘C2_C3 = 0
5¢, +4(2) — (3) = 0

5, +8—3=0
5C1:_5
C1=_1

~ v is a linear combination of u;,u, andus;

and v = —u; + 2u, + 3uz

14. Recall, b is in the span of the columns of A if and only if Ax = b has a solution.
3x +3y =15
2x +3y =13

15
13

5
13

|R1x1/35R1
| Rz - 2Ri-R:

5
3] Ri- Ro—>R:

_ Ok, NPk DNW
S Rk Wk WWw

i 2]
0 113
There is a unique solution. AX=Db, so:

A [g] = Hg] and yes, b is in the span of A.
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7. Matrices, Matrix Operations, and Matrix Algebra

Example 7.1. State the dimension of each matrix.

a)[;] dim 2x1

b) [; g ‘2*] dim is 2x3

c)[3 5 4] dimis1x3

1 3
d) [2 3| dim is 3x2

3 6

dimis 4x3

B W N -
NSO Rk O

Example 7.2.

B 12L+[§ g]:[fo 182]'
Example 7.3.

A B A e ot B
Scalar Multiplication:

Multiply every entry in the matrix by the scalar k.

MATH 1600 Final Exam Booklet Solutions
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1 -1
Example 7.4. A=|2 2
3 1
Find 2A - 3B
Solution:

1 -1 2 2
2[2 2 —1]—3[2

3 1 2

Example 7.5. Find the transpose of each matrix.

1 2 3
b)B:[456]
7 8 9

Solution:

1 4 7
BT =2

3 6 9

o
o]

c)C=[2 3 4]

Solution:

Example 7.6.

Solution:
a) 3x2 multiplied by 2x2

Possible and answer is 3x2

0+9 0+6 9 6
=15 3
3 1

2+3 142

6—-—3 3-2
b) 1x3 multiplied by 3x1
Possible and answer is 1x1
[—4 + 10 + 12] = [18]

] and B =

1 -1

MATH 1600 Final Exam Booklet Solutions
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c) 2x4 multiplied by 3x3
Since 4#3, this product is NOT possible.
d) 3x1 multiplied by a 1x3, gives a 3x3
-1 -3 -4
2 6 8

1 3 4

Example 7.7. Consider the following matrices A, B, C, and D:

1 0 -3 7 5 1 2 3 3 4
A= , B= , C= , D=
P M R A S VN

Compute each matrix sum or product (if possible) or explain why an expression is undefined.

a) B-3A
b) cD
c) C'D

Solution:
7 5 1 1 0 -3 7 5 1 -3 0 9 4 -5
a) B-3A= +(—3) - + _
2 -5 -3 4 -5 2 2 -5 -3 -12 15 -6 -10 10
2 3|3 4 3 17
-3 2||-1 3 -11 -6

; {2 —3}{3 4} {9 —1}
c) CD= =
3 2|-1 3| |7 18

104
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Example 7.8. Use matrix column representation of the product to write each column of AB as a

linear combination of the columns of A, where:

1 0 2 1 2 -1
A=]-1 1 3|/B=|0 2 1

0 1 1 3 0 1
Solution:

The column vectors of B are
1 2 -1
3 0 1

So, the matrix column representation is

11 [0 (21 [7]
Aby =1|-1|+0[1|+3]|3|=]8
Lol Ll 1l L3
01 21 [2]
Ab, =2|-1|+2]|1|+0]|3[=]0
Lol il 1l L2
1 0 21 1
Abs = —1|-1|+ 1|1+ 1[3] =5
0 1 1l 12
7 2 1
AB=|8 0 5
3 2 2
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2 -1
1 2

3 0

4 3 2

Example 7.9. If A = [O 11

] and B =

then
2 -1
Ab, = [g _31 ﬂ [;] _ [127] and Ab, = [3 _31 ﬂ[ (2) ] = [_22]

Therefore, AB = [Aby! Ab,] = [127 _22] .

Notice here that the matrix-column representation of AB enables us to write each column of AB
as a linear combination of the columns of A with the coefficients being the entries of B.

For example,

| ERTHERT RS

Suppose Aism xnandBisn X r,so the product AB exists.

If we partition A in terms of its row vectors, as

Ay
Ay
A=
A
Then
~A5 AB
A3 A;B
A= B=|
A, A, B

Once again, this result is a direct consequence of the definition of matrix multiplication. The
form on the right is called the row-matrix representation of the product.
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Example 7.10. Using the row-matrix representation, compute AB

2 -1
a=[s 2 ZandB=|1 2]
3 0
We compute
2 -1 2 -1
AfB=1[4 3 2]|1 2|=1[17 2]andA,B=[0 -1 1]|1 2 |=[2 -2]
3 0 3 0
_[AB] _[17 _2
Therefore, AB_[ZZ_B_ =15 _2],as before.

The definition of the matrix product AB uses the natural partition of A into rows and B into
columns, this form might well be called the row-column representation of the column-row
representation of the product.

In this case, we have

_Bi
_Bz
A=[a; a anlandB =
B,
SO
B
B
AB=[a1 a; .. ap]| |=ayB; +a,B,+ - +a,B, (2)
B,

Here, note that the sum resembles a dot product expansion; the difference is that the individual
terms are matrices, not scalars. Let’s make sure that this makes sense. Each term, a;B; is the
product of an m X 1 and a 1 x r matrix. Thus, each a;B; is an m X r matrix — the same size as
AB. The products a;B; are called outer products, and (2) is called the outer product expansion
of AB.

Poole, D. (2014). Linear Algebra: A Modern Introduction (4™ Edition). Cengage.
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Example 7.11. Let A:[(l) g] Find A2 and A3 and A%.

Solution:

A? = [(1) g] [(1) g]:[é g]...the 2,2 entry is 3%=9

A0 96

A = [(1) 3915]

A3 = AA% = [ ]...the 2,2 entry is 3%=27

Example 7.12. If Ais a 2x4 matrix, BT is a 4x3 matrix and C is a 2x3 matrix, then ATC + B is:

A. undefined B.a3x4 C.a2x4 D. a 2x3 E. none of the above

Solution:
AT isa4x2
ATC is a 4x2 2x3 which gives a 4x3

so the final answer is a 4x3 + 3x4 which is not defined and the answer is A.

1 0 2 1 5 6 0
Example 7.13. Given the matrices E=|{0 1 O|and A={8 4 7 -1/, determine EA,
0 0 1 2 51 7

and explain (in words) the action of the elementary matrix on matrix A.

Solution:
5 -5 8 14
EA=/8 4 7 -1
2 51 7

Row 2 and Row 3 are unchanged and can be copied directly from matrix A.

Row 1 is a linear combination of R1 + 2R3 from A.
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Example 7.14. Given A= i g _11] find Ae; and e, A.

Solution:

0
_ 3 2 -1 _ -1 . P rd
Aeg,—[4 5 1][(1)]—[1] =~ this is the 3" column of A
2x3 3x1 Ans 2% 1

e;A=1[0 1] [i % _11]=[4 2 1] - thisis the 2" row of A

1x 2X%X3 Ans 1 X 3

N——
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a b

MHB:[C b andA:[o 1]

1 1
=[]l dl=leSe »id
e A | o B PR
Since AB = BA

[c d]_[b a+b]

a+c b+dl ld c+d

c = b[1] d=a+b[2]
a+c=d[3] b+d=c+d[4]

From[1]b = ¢
From[2]and

a+b=d

at+c=d

. at+tb=a+c

~ b=c (same as )

From |2|d = a + b substitute into
a+c=a+b

~ ¢ = b (same again!)

From[4] b+d=c+d

~ b = c too!

~c=bandd =a+b

'.'Bz[g a-llj-b]
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Example 7.16. Consider the following matrix:

-2
A=

o o O
M~ O O

0
0
Determine:

a) A
b) A

Solution:

Since A is a diagonal matrix, this will greatly simplify our calculations.

8 0 0
a) A=/ 0 216 0
0 0 64
200
b) A=| 0 6 0
0 0 4

1/a,? 0 0
A2=] 0 1/a,? 0
[ 0 0 1/as?
_1 0 O_
4
1
A%2=l0 — 0
36
0 0 1
16
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7.11 Homework on Chapter 7

MATH 1600 Final Exam Booklet Solutions

1. Find each of the following, given matrices A and B.

1 0 3 1 0 2
A=|2 2 3landB=|2 1 1
-1 1 1 1 0 -1
a) AB
1 0 311 0 2 4 0 -1
AB=|2 2 3l12 1 1|59 2 3
-1 1 1111 0 —-1412 1 -2
b) ATBT
1 2 -1111 2 1 -1 3 2
ATBT =10 2 1 [0 1 0]=[2 3 —1]
3 3 1112 1 -1 5 10 2
2. Let A:[1 4 ] Then, A2 equals:
3 -1 '
A[Z 8] B 1 16 “ 3 o D13 o
L6 -2
9 1] [0 11] [0 13 E. none of the above
» 1 4771 471_7113 0
2= Sl Al=15 13l
The answer is d).
o1 171 35
3. Let matrix B—[O 1], find the (1,2) entry of B*°.
Al B.0 C.35 D [1 35] E. none of the
o 1
above
. 1 1y 11_1 2
B _BXB_[O 1”0 1]_[0 1
3 o2 o211 1111 3
B*=28 XB_[O 1”0 1]_[0 1]
35 _[1 35
B> = 0 1]
The (1,2) entry is 35.
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4. Let A be a 3x4 matrix, B be a 3x3 matrix and C" be a 4x3 matrix.

Then, which of the following is not defined?

i) ACT i) A+4C'B iii) AC'B

A.i)only [ B.ii)andiii) only | C.i)andii) only | D.ii)and iii) only

E. none of the above

i) ACT=3x4 by 4x3 = 3x3=defined

ii) A +4CTB= 3x4 + (4x3) by (3x3)
=3x4 +4x3

=undefined

iii) 3x4 (4x3) by (3x3)

=3x3 by 3x3

=3x3

The answer is E). ii only is undefined
1

5
6

1 2 3
5. LetA= andB=|4 5 6. Which of the following is defined?
7 8 9

A) B+ 2A

B) AT + 5B
C) 2ABT + 4A
D) A% + 7TA
E) BTA + 5A

A) B+2A ...no, matrices must be the same dimension to add them

B) AT +5B ...no

C) 2AB" +4A=3x1=no

D) A% +7A= you can't square matrices that aren't square, so not defined

E) B TA+5A=3x3 3x1 + 3x1= 3x1 + 3x1 Yes this is defined
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Therefore, E) is defined.

6. Let A:LlL 2] and let | be the 2x2 identity matrix. Find the value of k for which A?=l.

A k=1 B.k=-1 C.k=1,-1 D.k#+1 E. none of the
above

AN
[4+4k k2] [(1)

The only value that works for both the (2,1) and (2,2 positions is k= -1. NOTE: k=1 doesn’t give
the 0 in the (2,1) entry for the identity

The answer is B).

7. Find matrix X such that X-2A= -4B.
a=[y o 5=[3 3l
X—244+4B=0
K=2fy g+l °J=o

A% [:2 —10] [

el

X= [—62 —42]
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8. If A, B and C are matrices of appropriate size, which one of the following rules does NOT
generally hold?

1) (AB)(BA)=AB’A
2) (ABC) =C'B'A
3) (A+B)C=AC+BC
(At ) (A+C)=AB'A+AB'C
) (CB)(AB') =CBA
4) doesn’thold (A'B) (A+C)=AB'A+AB'C
(AB) (a+C)=(B (&) )(A+C)=(B'A)(A+C)
Since B'A# AB', (B'A)(A+C)#=(AB')(A+C).

Therefore, (A'B) (A+C)= AB'A+AB'C.

1 -1 0
9.LetR=[0 1 2.
0 0 1

Find (R — 31)%, where I is the 3x3 identity matrix.

1 -1 0 1 0 O\

0 1 2(-3l0 1 0

0 0 1 0 0 1
12

=[O -2 2

0 0 -2

-2 -1 O01][-2 -1 O
=0 -2 2 0 -2 2
L 0 0 -211L0 0 -2
[4 4 =2

=0 4 -8

0 0 4
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1 2 3 a b 5
10. IfM=|0 1 4|andN=|20 ¢ -4
5 6 0 -5 4 1
1 0 0
We are given that MN=I=[0 1 0
0 0 1
So, we have...
1 2 31[a b 57 [1 0 O
0 1 4|20 ¢ —-4|=]0 1 0
5 6 0oll-5 24 11 lo o0 1
1 2 31 [a b 5] 1 0 0
0 1 4[20 ¢ -4|{=(0 1 O
5 6 0ol l-5 4 1 0 0 1

Find a row and column that can be multiplied to find "b"...

1,2 entry= first row of M multiplied by the second column of N

b
[1 2 3] [ ]:O since the 1,2 entry of matrix I, the 3x3 identity is 0
4

b+2c+12=0
b=-12-2c

3,2 entry= third row of M multiplied by the second row of N

b
[5 6 0] [ ] =0 since the 3,2 entry of matrix I, is 0
4

this gives us 5b+6¢ + 0 = 0 substitute b=-12 — 2c

and get:

5(-12 - 2c)+6c =0

-60-10c+6¢c=0

-4¢c=60

c=-15

b=-12 - 2¢ = -12 -2(-15) = -12 + 30 = 18

MATH 1600 Final Exam Booklet Solutions

and MN is the identity matrix, find the value of b.
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11. Find each product, if possible:
0 3
) [1 : ] E
3 -1
Possible and answer is 3x2
0+9 0+6 9 6
=|5 3
3 1

2+3 142
2
-1
b)[4 5 3][2]=
4

6—3 3-—

Possible and answer is 1x1

[—4 + 10 + 12] = [18]

0 1 -1
1 2 0 1 _
C)E 1 2 ﬂ[; 3 2]‘

2x4 multiplied by 3x3

Since 4#3, this product is NOT possible.

-1
m[z]n 3 4]
1
3x1 multiplied by a 1x3, gives a 3x3

-1 -3 —4
2 6 8

1 3 4

MATH 1600 Final Exam Booklet Solutions
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12. Consider the following matrices A, B, C, and D:

1 0 -3 7 -5 1 2 3 3 4
A= , B= , C= , D=
{4 -5 2 } {2 -5 —3} {—3 2} {—1 3}

Compute each matrix sum or product (if possible) or explain why an expression is undefined.
a) —2A
b) AC
c) A'C

1 0 3] [-2 0 -6
—2A=-2 =
4 5 2| |-8 10 -4

b) AC is undefined because A is a 2 x 3 matrix and C is a 2 x 2 matrix. Notice that the number of
columns in A does not match the number of rows in C. Therefore, the matrices are not size
compatible for matrix multiplication.

a)

1 4 s 3 -10 11
AC=|0 —5{ }: 15 -10

-3 2 -12 -5
c)

N e e R P
oS P | P e P

1 —n

An:=[0 1
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14. A = [‘1) _11] find A

2= 710 71=[7 %I

A XA
R P | e B et
A2 x A
A4=A3><A:[_01 —01][(1) _11]
=% 1]
-1 -1
A5=A4><A=[_01 _11”(1) _11]=[—11 é]
w=mxa=[1 1 =l =1

AT =A°xA=1IxA=A

AP =A"xXA=A%xA=A?
A=A xA=A>xA=A3
AV =A"xA=AxA=A*
A=A X A=A*x A= A>

- [—11 (1)]
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15. Note: thisis a;B; + a,B, + a3 B;

a,B; + a,B, + a3 B;

1 0 2
—1({[1 2 —-1]+(1{[0 2 1]+|3|[3 0 1]
0 1 1
[ 1 2 -1 0 0 O 6 0 2
=|-1 -2 1|+]|0 2 1|+]|9 0 3
L 0 0 0 0 2 1 3 01
(7 2 1
=18 0 5
3 2 2

16. a) We have the block structure

All AIZ] [Bll BIZ] — [A11B11 + A12B21 A11B12 + AIZBZZ]

AB = [
Azy Apl[By1 B2 Az1B11 + Az2By1 Az1Bia + Az B

Now, the blocks A;,, A1, B12, and By, are all zero blocks, so any products involving those blocks
are zero. So, matrix AB reduces to:

ap = [liBi O]

0 A22B22

Ay1Byy = [(1) _12] [111 _21] - [i —41]

AyByy =[3  —4] [3] =[3(2) - 4(2)]

2 4 0
~AB=[1 -1 0
0 0 -2
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b) We have the block structure

AB = [All AlZ] [Bll BIZ] — [AllBll + AlZBZI AIIBIZ + AlZBZZ]

A21 A22 BZl BZZ AZlBll + AZZBZI AZlBIZ + AZZBZZ

Now, B,,is the zero matrix, so products involving that blocks are zero. Further,
Ai,, Ay, and By, are all the identity matrix I,. So this product simplifies to

AB = [A1112 A11By; + 12322] _ [An A11By; + Bzz]

LI,  I;Bi; + Az;Bs; I Bz +AB;
A11Bi; + By = Ll} _32] [é _01] + [_01 _01]
= [}; _23] + [_01 —01] = [2 g

Biy + AyBy; = [(1) _01] + B :ﬂ [_()1 —01]

=[(1) —01]"’[:% ﬂ=[_02 (1)]

Therefore,

S FRPrWN
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8. Matrix Inverses

Example 8.1. Find the b1 position of the inverse of B:B _41]

Solution: B~ = _4] - —?1[:; —14] _ [1/9 4/9

1 [—1
WED-WE -2 1 2/9 —1/9
b1,= the number in the 1st row and 2nd column of the inverse matrix= 4/9

Example 8.2.  2x+3y=6  x-7y=10

Matrix Form: [i _37] [;] = [16()] Solution: [;] = [i _37]_1 [16()]
Example 8.3. Find the inverse of each matrix.

1 2 -1
a) A=[0 -1 0 ]
2 5 -1

Solution:

1 0 0
0 1 0
0 0 1

1 0 O
0 -1 0
-2 0 1
1 0 O
0 -1 0] R1+R3- R1
-2 1 1

-1 1 1
0 -1 0
-2 1 1

0 -1 3 1
1 0f0 -1 O
0 11-2 1 1
-1 3 1
At=(0 -1 0

-2 1 1

0 -1 O

1 2 -1
[ R3-2R1- R3 and R2(-1) — R2

2 5 -1
1 2 -1

01 0
0 1 1

-1
0
1

0
0
1

0

R3-R2 - R3

R1-2R2 - R1

coR, oOR
O RN OFRDN

S O
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Example 8.4. Given the following system of equations, find the solution.

axi+bxz+cxs=7 dxit+exa+fxs=3 gx1t+hxo+jxz=2
a b c|1 0 0 1 0 0|1 2 -1
You are also giventhat: [d e f|0 1 Ofrowreducesto[0 1 0|1 1 4
g h jlo o 1 00 1l1-1 6 2
Solution:
7
b=|3] X=A"'b
2

X1 1 2 1117
Xl=11 1 4||3
X3 -1 6 2112

~x1=1(7) +2(3) -1(2)=7+6-2=11
. X2=7 +3 +8=18 and .. x3=- 7 +18 +4=15
The solution is (11,18,15).

Example 8.5. Use the inverse of the coefficient matrix to solve the system.
X+4y =3
2X +5y =6

The coefficient matrix is:

4
A‘[z 5
Solution:
5 4
41— 1 [5 —4]:_1[5 -41_| 3 3
MG -GWEl-2 1 3l-2 1 2 1
3 3

The solution is X=A"b

5 4

m - _f _i [2] - [(3)]

3
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Example 8.6. Solve for x:
B—l(AX)—l — (B_1A3)2

Solution:
B~1(AX)"! = (B~14?)?
[(AX)B]™* = (B~1A%)2.. .use the property (AB)* = B1A?
[((AX)B)~1]71 = [(B~143)2]71.. take the inverse of both sides
(AX)B = [(B~1A*)(B~*A®)] "
AXB = (B~14%)"1(B~14%)"!
AXB = A~3(B~1)"1A-3(B~1)~1
AXB = A3BA™3B
A"TAXB = A"*A73BA73B.. .multiply on the left of both sides by A
IXB=A"1A3BA3B
XB =A"*BA3B
XBB™1 = A™*BA™3BB~!...multiply on the right of both sides by B
XI = A™*BA73]
X=A"*BA3
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Example 8.7.
Solution:

We row reduce A:

1 2

3] R1 o R2 [2 :

] R2 — 2R1 — R2

2
-1

-

R2x-1-R2 |} 2] R1-2R2-R1
0 1

OR ORr RrN

~ A is invertible and can be written as a product of elementary matrices.

R1 & R2 R2 — 2R1 > R2 R2X —1 - R2
_[0 1 11 o 1 o0
by = 1 0 EZ_[—Z 1 E3_[0 —1]

)
R1—2R2 — R1 E4—[0 1]
E4_E3E2E1A - 12

~ A= (EsE3EE )" = E1_1E2_1E3_1E4_1

a=[p ollz Ao 2lo 1

E’' E,7Y E;7Y EH

Example 8.8. Find the value of k for Which[lko 1ko]has no inverse.

A.0 B. 10 C.-10 D. 100

E. none of the
above

Solution:

There is no inverse if detA=0 or if ad-bc=0.
(k)(k)-(10)(10)=0

k?=100

k=10, -10

The answer is e).
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1 0 x
Example 8.9. Find the value of x for which the matrix[ 0 3 4] is non-invertible?
-1 3 1
A.3 B. -3 C.0 D.1 E. none of the
above
Solution:
[AlI] - [1]A7Y]
1 0 x|1 0 011 0 x |1 0 O 1 0 x |1 0 O
0 3 4|0 1 0] |0 3 4 [0 1 0 0 3 4 [0 1 0
-1 3 110 0 14 10 3 x+111 0 1 0 0 x-311 -1 1

R3+R1 — R3 R3-R2- R3
If the matrix is invertible, we get the identity matrix | when we row-reduce.
If it is not invertible, we get a row of 0's and can't get the identity matrix...

From the last row, x - 3=0, and x=3.

The answer is a).
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8.6 Homework on Chapter 8

o o
oo o N

o
(o) N e)

-1

1 2 4
1L.Find|0 1 -1
1 0 2
4100 1 2 4|1 00
-10 1 0|R3-R1>R3|0 1 -1/0 1 0|R1-2R2~=> R1,R3+2R2 > R3
2|10 0 1 0-2-2-101
6|1 -2 0 10 6]1 -2 0
-110 1 0O|R3+(-49>R3|/01 -10 1 0 | R2+R3 2> R2,R1-6R3 >R1
—4-1 2 1 00 1|4 -12 —1/4
o-12 1 3/2
0 1/4 12 -1/4
114 -12 -1/4
Therefore,
12 47 |-¥2 1 32| [-2 4 6
01 -1 =|Y4 12 -1Y4|==|1 2 -
10 2 Y4 -2 -y4| 41 -2 -1
1 0 1
2.Let A=|3 1 0/.Show that A is invertible and find A™".
0 -1 2
Form the augmented matrix and reduce:
1 0 1|1 0 O 1 0 1]1 0 0
3 1 0/0 1 0|R2-3R1>R2f0 1 -3|-3 1 0] R3+R2-> R3
0 -1 210 0 1 0O -1 210 0 1
(1 0 1]1 0 O 1 0 1|1 0 0
0 1 -3|-3 1 0|R3x-12>R3|0 1 -3|-3 1 0 | R1-R2> R1
0 0 —-11-3 1 1 o 0 113 -1 -1
(1 0 0]1 0 0
0 1 0f-3 1 0]
0 0 113 -1 -1
-2 1 1
It follows that A is invertibleandthat A" =| 6 -2 -3|.
3 -1 -1
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1 01
3. Find the entry in the 1% row and 2" column of the inverseof A=|0 2 1
111

(1) 2

(20

(3) 2

(4) -1

61

Solution: (4) —1
Using the inversion algorithm,
(1 0 1|1 0 O 1 0 111 0 O
0 2 110 1 0‘R3-R19R3[0 2 10 1 O]R2-2R39R2
1 1 110 0 1 0O 1 0l-1 0 1
(1 0 1|1 0 O 1 0 0]-1 -1 2
0 0 1/]2 1 —-2(R1-R2->R1f0 0 1{2 1 —2]R2€9R3
0 1 0l1-1 0 1 0 1 0l-1 0 1
1 0 O0]—-1 -1 2
0 1 0f-1 0 1
0 0 112 1 =2
-1 -1 2
Therefore, A" =|-1 0 1 |andits (1, 2)" entry is —1.
2 1 =2
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-1
2 0 -1
4. Find {(1) % % } if it exists (use the inversion algorithm)

11 0001
01 1|0 1 0|R3-2R1> R3
20-1100

20-1100
01 1|01 0|R1<>R2
11 001

01
% 02] R1-R2 < R1, R3+2R2-> R3

100
010
001

R1+R3-> R1, R2 - R3> R2
1 2 -2

1 1 -1
-1 -1 2

1 0 0 0 0]
0 50 00
5. Consider the following matrix: A=0 0 9 0 O
0 0 0 3 O
0 0 0 0 -8
Determine A’and A”
1 0 0 0 O]
025 0 0 O
A°=|0 0 81 0 0
0 0 0 90
0 0 0 0 64]
-1 0 0 0 0 |
0 -1/125 0 0 0
A®=|0 0 -1/729 0 0
0 0 0 1/27 0
| 0 0 0 0 -1/512]
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6. a) If. A:[_23 _12] , find the inverse of A.

-1 = 1 [d —b

]_ 1 [1 21_ 1n 2] ~1/4 —-1/2
“ad—bcl-c al 20)-(=2)(-3)13 21 413 21"

~|=3/4 —1,2

b) Find the solution to the system of equations 2x — 2y = 6 and -3x +y = 4.

m = _i[; 3] [Z] = _i[168-l-_|-88 = _%Bg - [—_173//22]

1 -1 0 a b c
7T.fA=|3 2 1], where A=[d e f], and the system of linear equations is:
2 1 5 g h i

ax+hby+cz=5
dx+ey+fz=1

gx + hy + iz= -1, then the solution to the system is:

x 1 -1 0[5 5-1+0 4
l}’l=3 2 1][1]= 15+2—1=[16]
z 2 1 51l-1 10+1-5 6

130



©Prepl101 MATH 1600 Final Exam Booklet Solutions

a d 1 4 0 x
8. If [b e 3 ] is the inverse of [2 -2 y],find y.
c [ =2 0 3 =z
a d 174 0 «x 1 0 O
b e 3 ] 2 =2 y|= [0 1 0] since they are inverses of each other. We need to find y
c f =2llo 3 zI lo o 1

which is in the third column, but it is too difficult since x and z are also in the third column and
there are too many unknowns. But, if AB=I, then BA=I as well, so switch the order of the
matrices.

4 0 xlfa d 1 1 0 O
2 =2 y|lpb e 3]=[0 1 O
0 3 =zlle f -2 0 0 1

Now, y is in the second row of the first matrix and we can dot product it with the third column of
the second matrix and set it equal to the (2,3) entry of | which is a 0.

2(1) + (-2)3) + (¥)(-2) = 0
2-6-2y=0

-4 =2y

y=-2
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9. Let A and B be invertible matrices. Which of the following is always true?
A. (A-B)A+B)=A* - B*
B. (4B4°f = AB*A™

. (4*B)" =4

C
D. A+ B can be written as a product of elementary matrices

(1) A,Cand D
(2) BandC
(3) A,BandC

(4) Aand D
(5) B,Cand D

(2) B and C

Statement A: (A—BYA+B)=A> —BA+ AB —B>. AB+ BA even when A and B are
invertible. So (4 — BYA+ B) = A? — B? and statement A is not always true.

Statement B:

(4BA™} = ABA™ABA™ABA™ = ABIBIBA™ = ABBBA™ = AB*A™

Therefore, statement B is true.

Statement C: (/4‘15)_1 = 1’5"1(/4‘1)_l = B™A. So statement C is true.

Statement D: A+ B does not have to be invertible just because A and B are invertible.
When A+ B is not invertible, A+ B cannot be written as a product of elementary
matrices. So, this statement is not always true.
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10. Solve for x:

A_l(BX)_l — (AZB—I)Z

A_l(BX)_l — (AZB—l)Z
[(BX)A]™ = (A*B™1)?

(Bxa) | = (2B
(BX)A = [(A2B-1)(A2B-1)]
(BX)A = (A?2B~1)"1(4?B~ 1)1
(BX)A = (B~ (4%) 1 (B~1) (A7)
(BX)A = (BA™?)(BA™?)
B~'BXA = (B-'B)A~2BA~?
1(XA) = [A~2(BA~?)
I(XA) = A"2(BA~?)

XA = A"2(BA~?)
XAA™' = A"2(BA~2)(A™Y)
XI = A%BA3
X =A"?BA3
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11. Express A = [i ;

elementary matrices.

] as a product of elementary matrices and write A~* as a product of

1 2

[32 L

; Z]RleeRz [

] R2-3R1 > R2

1 2

. 1] R1-2R2 > R1

0 2R+ v >re|

[o 11=":

~ Ais invertible and can be written as a product of elementary matrices

I = [(1) (1)] RLEDR2. Ey = [(1’ (1)]
I = [(1) %] R23R1>R2: B, = _13 0
L=[y JJRe+ (-0 >R2: By = Ié _Oil

I, = [(1) (1’] R1-2R2 > R1: E, = [(1) _12]

X E4_E3E2E1A = 12

w A= (E4E3E;E )™ = E{'E; 'E5'Ey !

and A™! = E E3E.E, = [(1) _12] [(1) —Oil [—13 2] [(1) é
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12. Find the inverse

1 -1 2
B={0o -1 2
-1 0 1
1 -1 2|1 0 0
0 -1 20 1
-1 0 1lo o 1
1 -1 21 0 0
0 1 -2(0 -1 0| R3+R2—R3
0 -1 311 0o 1
1 -1 211 0 O
0 1 -2[0 -1 0| R2+2R3-R2
0o 0 111 -1 1
1 -1 2|1 0
0 1 0|2 -3 2[|R1-2R3-R1
0o 0o 111 -1 1
1 -1 0-1 2 -2
0 1 0|2 -3 2|RlL+R2>R1
o o 1l1 -1 1

MATH 1600 Final Exam Booklet Solutions

0] R3 +R1- R3 and R2 (-1) = R2
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13.a) Find the inverse of A =

[AlI] - [11A71]

cCOoOrRr OOR OOR OOR
oORO ORO ORO ORO

e
S =
SO

SO R OO RF

o o
O =

O =
SO

-2
0
4

1
0
0

1
0
0

-2
0
1

1
0
0

-2
0
1

O Rr O OO

1 0 1
0 1 -3

(e}

R2 +3R3 - R2

O RO OO
—_

0
3/2]R1——R3—+R1
1/2

~1/2
3/2]
1/2

3/2

~1/2
1/2]

R3x%aR3

0 0 )
1 o]RZX—qu
0 1/4 b

0 0
1/b 0 | R1+ 2R3> R1
0 1/4

MATH 1600 Final Exam Booklet Solutions
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1 0 o1 0 1/2
[o 1 ol0 1/b 0 ]
o0 1lo0 o 1/4

1 0 1/2
B‘1=[0 1/b o]

0 0 1/4
0 -1 1 011 0 0 O
3 1.0 3|01 0 0
0 1 1 —-1l0 0 0 1
1 -1 3 010 0 1 0
3 1.0 3|01 0 0
0 1 1 —-1l0 0 0 1
1 -1 3 010 0 1 0
0 4 -9 3l0 1 =3 0
0 0o 2 -—-1l1 0 o0 1
1 -1 3 010 0 1 0
0 -1 1 01 0 0 o0 _
0 4 -9 3|lo 1 -3 o|R2*X-1->R2R3+4R2>R3
0 0 2 —-1l1 0 o0 1
1 -1 3 070 0 1 0 .
0 1 -1 0|-1 0 0 O 1
0 0 -5 3|4 1 -3 oF3*xCp ~R3
o o 2 -—-11'1 0o o0 1
1 -1 3 0 0 0 1 0
o o 2 =-1l1 0 0 1
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1 -1 3 0 0 0 1 0

o 1 o -—3/51-9/5 -1/5 3/5

0 0 1 -3/5|—4/5 —1/5 3/5 oR4¥*5—>R4
0 0o O 1/5113/5 2/5 —6/5 1

1 -1 3 0 0 0 1 0

o 1 o -3/5(-9/5 -1/5 3/5 0 3 3
0 0 0 1| 13 2 -6 5

1 -1 3 00 0 1 0

0o 1 006 1 -3 3

o 0o 107 1 =3 3 R1—-3R3 - R1

0O 0 o0 1113 2 -6 5

1 -1 0 0;—-21 -3 10 -9

0 1 0 0] 6 1 -3 3

0 0 1 ol 7 1 _3 3 R1+ R2 > R1

0O 0 0 1! 13 2 -6 5

1 0 0 01—-15 -2 7 -6

0 1 0 0] 6 1 -3

0O 0 1 0

3
7 1 -3 3
0 0 0 1113 2 -6 5

14. If A and B are invertible square matrices with AB = I, show B = A™1:
Multiply on the left by A~1:

AT1AB = A7

IB=A"1

~“B=A"1

SinceA™'A=Tand Al = Aforall A
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9. Subspaces, Bases, Column Space, and Row Space
Example 9.1.

Show that the set of vectors of :° whose middle component is zero is a subspace of R>.

Solution:

Strategy: we’re going to need to show that the requirements of subspaces are met by all of the
vectors that have the form described in the question.

Step 1:

First, we need to find a way to describe the vectors that fit the description given above, i.e. we
need an expression for a general vector in the subspace. We know that the middle component
must be zero, but the first and last component can be any element of ‘R.

Therefore, a general vector in this set will look like:
v =(a,0,b), where a,b e®R.

We’ll call S the set whose vectors have the form V =(a,0,b), where a,b eR.

Step 2:
First, we need to check that the set S is closed under addition.

This means that we need to make sure that any time we add two vectors that belong to the set,
the resultant vector will also belong to the set.

Let’s see what happens when we add two general vectors that belong to S:

For every pair of vectors of S, v, =(a,0,b) and v, =(c,0,d), the sum will have the form:
vV, +V, =(a+c,0,b+d)
This vector will still belong to S (since the middle component is still zero).

Step 3:
Next, we need to check that the set S is closed under scalar multiplication.

This means that we need to make sure that any time we multiply any vector in the set by a scalar
quantity, the resultant vector will also belong to the set.

Let’s see what happens to a general vector that belongs to S, when we multiply it by a scalar:

When we multiply any vector V =(a,0,b) from the set S by a scalar, it will have the form:

kv =k(a,0,b) = (ka,0, kb) . This vector will still belong to S (since the middle component is still
zero). Therefore, the set S is indeed a subspace of R3.
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Example 9.2.

Determine whether the set S of vectors of R whose components are all even numbers is a

subspace of R3,
Solution:

No, this set is not a subspace of R>.

We can prove this by showing that the set is not closed under scalar multiplication.

Take the element (2,2,2) that belongs to the set S.

: . 1
Multiply this vector by the scalar > e K.

1
The resultant vector: 2 (2,2,2) =(1,1,1) does not belong to S.

Therefore, S is not a subspace.

Example 9.3.

Determine if the following set of vectors is a subspace of R3.

T ={(x,y,z) € R¥|xy —z = 0}
Solution:

Vector Addition

(a,b,c) ab—c=0 UET
(d,e,f) de—f=0 ©vVET
u+v=1_(ab,c)+(def)

&l
I

N
Il

=(a+db+ec+f)
Check restriction:
xy—z=((@a+d)(b+e)—(c+f)
=ab+bd+ae+de—c—f
= (ab—c)+ (de—f)+bd +ae
=0+ 0+ bd + ae
0
=~ T is not closed under vector addition.

Since T failed one of the tests, T is not a subspace of R3.
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Example 9.4.
Show that the set S = {(5,0,0), (0,6,0), (0,0,1) } is a basis for R®.

Solution: In order to show that this set constitutes a basis for 9%, we need to show that it spans
R3 and that it is linearly independent.

Step 1: Show that S spans %3.
Any vector in R? has the form (a,b,c), where a,b,c are real numbers.

We need to show that any vector of that form can be written as a linear combination of the
vectors in S.

i.e. We need to show that there exist real numbers x,y,z such that the following expression holds:
(a,b,c) =x(5,0,0) + y(0,6,0) + z(0,0,1) = (5x,6Y, 2)

Equating the variables:

bx=a
6y=Db
Z=¢C

In matrix form:

1 0 0
0 1 0
0 0 1

500
0 6 0| ...RREF which has rank 3, so the column vectors span %2,
001

We could also say that since the determinant of the matrix is nonzero, so we know that there is a
unique solution for which the above system of equations holds.

Therefore, S spans R°.
Step 2:

Note that the above equation can be transformed into RREF of the following form. Therefore,
the set is independent. (only the trivial solution)

1 0 O
0 1 0

0 0 1

Therefore, the set is a basis for R3.
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Example 9.5.
Let W =span {(L 0,0,1),(0,-1,-1,0),(0,0, O,l),(O,Ll,l)} in R*. Find a basis of W which is a

subset of the given spanning set.

Solution:

We are given a spanning set, but it is implied that the current spanning set has linearly dependent
vectors. Let’s check and see what vector(s) are linearly dependent, and remove it/them. Then, we
will have a basis.

span{(1,0,0,1),(0,-1,-1,0),(0,0,0,1),(0,1,1,1)} =(0,0,0,0)
a=0
—b+d=0
—b+d=0
a+c+d=0

R4—R1-R4 0
>

010
110
110 0
110

_ OO R
|

—_

_ oo o
_ oo O
[ =)
cococ o

R2 X(—1)>R2
#

S OO K

R3+R2-R3
_

oS oo R
S O O

Since the last column (represented by coefficient “d”) has a free variable/parameter, it needs to
be eliminated from the spanning set in order for the spanning set to be a basis.

Therefore, W = span{(l,0,0,l), (0,—-1,-1,0),(0,0,0,1),((0,1,1,1) }
= span{(1,0,0,1), (0, -1, —1,0), (0,0,0,1)}

is a basis of W.
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Example 9.6.
Consider S ={Ae M., | A:—AT}.

a) Find a spanning set for S.

b) Find a basis for S.

c) Determine dim S.

d) Extend your basis in c) to a basis for Mos.

Solution:

a) First, we need to simplify the matrix A.

A= [Ccl Z],where a,b,c,d ER

=[5 7
A=-AT
[ R
a=—-a—->2a=0
b=-c
c=-b

d=—-d—2d=0

“A=bh [_Ob g]

Then, we can write the simplified matrix A as a span:

0 1
-1 0

g M

This is a spanning set!

Since the set S has a spanning set, it is a vector space.

A spanning set for S is { 0 1}} :
-1 0

MATH 1600 Final Exam Booklet Solutions
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b) A basis for S is {{ 0 (ﬂ} . We must state the following:

The proposed basis is 1) a spanning set and 2) linearly independent (since a single vector must be
independent from itself).

c) There is 1 vector in the basis, so dim S = 1.
d) We need to add 3 vectors to our basis to extend it to a basis of Mo,.

First, we can “plug the holes” that are in the basis vector. I propose that we add the following
two vectors to our set:

o ol o

We need to add another vector...

0 0 01
(note that would also work)
10 00

Let’s combine the four of them together, and check if they are linearly independent.

Our proposed basis for R*: {{O 1},{1 0]{0 O},{O 0}}
-1 0||0 O0||0 1||1 O

Check for linear independence:
L ollo offo 36 olfel allo oo 22 ol
span , , : =a +b +c +d
-1 0(|0 0|0 1||1 O -1 0 00 01 10
(o0
100

o QL 9 o
(!
o o o o

na=b=c=d=0

Since the only solution is the trivial solution, the vectors are linearly independent.
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Example 9.7.
1 2 4
10 4 1
A= 3 10 13
0 8 2

a) Find bases for the row space, column space, and null space of A.

b) What is dim row A, dim col A, and dim null space of A?

Solution:
2 4 2 4
O 4 1 R3—-3R1-R3 0 4 1
3 10 13 0 4 1
0 8 2 0 8 2
Ml 2 ]
0 4 1
8 2
RA_GR? 4 0 7/2
R3-4R2-R3 | 0 1/4
0 O 0
0 O 0
1 0 7/2)0
nuiA=|0 1 /40
0 0 0|0
0 o olo0
X+7/22=0
y+1/4z2=0
z=t
X 712
y|=t| -1/4
yA 1

{[1, 0,7/2],[0,1,1/ 4]} is a basis for the row space of A.

145



©Prepl101 MATH 1600 Final Exam Booklet Solutions

1|2
0|4 . :
3 is a basis for the column space of A.
4] 8
712
—1/4 |+ is a basis for the null space or kernel of A. This is the solution of the system in
1

RREF.

dim row A=2

dim col A=2

dim null space = 1

146



©Prepl101

Example 9.8.
0 1 0 -3
/11 3 0
Let A = 5 1 3 2
1 0 0 2
Solution:

MATH 1600 Final Exam Booklet Solutions

. What is the dimension of the row space?

The dimension of the row space is the same as the rank of the matrix. ...RREF

-3

=N =
O R R
o ww

0
2
2

R3—-2R1-R1
R4—R1—-R4

R1-R2-R1

R3+R2-R3

R4+R2—R4
—_—

R3 +(-3)-R3

0
R4+3R3-R4
R1-3R3-R1 [1 o -3
0 1/3
0 O 0

Since rank A=3, dimrowA=3.

=

0 2
0
0
0

R1<-R2
—_—

0
2
1

1
1
1
0

3
0
3
0

147



©Prepl101 MATH 1600 Final Exam Booklet Solutions

Example 9.9.
Given that the RREF of the standard matrix for T: R® — R* is

3 -1 7 3971030 5/2
2 2 275/ ]0120 3/2
5 9 3 34/ |/0001 1
2 6 6 37/ |/0000 0

Find a basis for the row space, the column space, and null space of the standard matrix.

Solution:

A basis for the row spaceis {{1 0 3 0 5/2],[0 1 2 0 3/2,[0 0 0 1 1]}.These
are the rows with leading 1’s in the RREF.

31[-1|]3
. =201 2|7 . - .
A basis for the column space is sl g I3l These are the columns in the original matrix
-2|16]3

A where elementary columns in the RREF.

To find a basis for the null space, we need to solve the augmented system AX=0.

S OO R
S o Rr o

We can write out the general solution from the above matrix to get

5
X1 + 3x3 +Ex5=0

3
X, + 2x3 +§x5 =0

x3=5,s€ER
X4 +2x5=0

X5=t,t€R
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Then, rewriting our solution in terms of the free variables, we get

S)
=-3s——t
& 2

X, = —ZS—gt

e
I

]
—t
;=1

x X
o

MATH 1600 Final Exam Booklet Solutions

We can then write our solution in vector form to get

X, -3] [-5/2]
X, -2 -3/2
X, [=s| 1 |+t O
X, 0 -1
L %s L0 [ 1]

Therefore, a basis for the null space is
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Example 9.10. Show vector ¥ is in span (B) and find the coordinate vector [¥]p.

|

Al e L

Solution:
We solve:
1 -1 5
Cl 3 +C2 0 = 9
0 1 -2
[1 —1] 5]
3 0|9 |RREF..R2-3R1 > R2
0 1 I-21
(1 —11]5
0 3 |-6|R2+3>R2
0 1 I-2]
(1 —11]5 1 —-1|5
0 1 |-2|R3-R2>R3 [0 1 —2]
0 1 I-2] 0 olo
1 013
R1+R2 > R1|0 1|-—2|...This is the RREF.
0 0loO
o Cl = 3, CZ = _2

R HRE

- the coordinate vector is [V]p = [_32]

MATH 1600 Final Exam Booklet Solutions
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Example 9.11. Show vector ¥ is in span (B) and find the coordinate vector [¥]p.

|

Al e L

Solution:
We solve:
1 -1 5
C1 3 +C2 0 = 9
0 1 -2
(1 —11]5
3 0 |9 |RREF..R2-3R1 > R2
0 1 -2
(1 —11]5
0 3 [-6|R2x1/3>R2
0 1 -2
(1 —11]5 1 —-1|5
0 1]|-2|R3-R2>R3 |0 1 (-2
0 1 -2l 0 olo0
1 0|3
R1+R2 > R1|0 1|-2|...This is the RREF.
0 0loO

MATH 1600 Final Exam Booklet Solutions
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9.7 Homework on Chapter 9

1. S={AeMz|A%=A}is asubset of the vector space Ma2. Is S a subspace of Mz,? Justify.

To determine whether or not a subset is a subspace, one has to verify three things using the
operations that are defined on the vector space:

= ]t must be closed under addition (i.e. x +y € S whenever x, y € S).

= [t must be closed under scalar multiplication (i.e. ax € S whenever x e Sand a €
F, the underlying field).

= The zero vector of the vector space must belong to the subset. (This one follows
from the other two above)

We can see that this subset is not a subspace because it fails to satisfy the condition about
closure under addition. To justify, simply find any counter-example.

A counter-example:

10 1 0f1 o] [1 0
A=, J isin S since A’ = . 1{0 J:[O 1}:/41

1 o] 1 of1 o] [1 0
AZ:_O 0} isin S since 4> = 0 01 }=[ }=/42

But/43=/41+’42:[(2) ﬂ isnotinSsinceAszz[é ﬂ[i ﬂzm (1)}&/43
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2. Determine if the following set of vectors is a subspace of R3.

T ={(x,y,2) € R®|xy —z = 0}

Vector Addition

u=(abc) ab—c=0 UET
v=C(d,ef) de—f=0 ©vVET
u+v=_(ab,c)+(def)

=(a+d,b+ec+f)

Check restriction:
xy—z=(@+d)(b+e)—(c+f)
=ab+bd+ae+de—c—f
= (ab—c) + (de — f) + bd + ae
=0+ 0+ bd + ae
# 0

~ T is not closed under vector addition.

Since T failed one of the tests, T is not a subspace of R3.
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3. Determine if the following set of vectors is a subspace of R3.

W ={(x,y,2z) € R®|2x — 3y + 4z = 0}
Vector Addition

(a,b,c) ab—c=0 UEW
(de,f) de—f=0 vew

l
Il

<
Il

u+v=_(ab,c)+(def)
=(a+db+ecH+f)

Check restriction:

2x —3y+4z=2(a+d)—3Mb+e)+4(c+f)
=2a+2d —3b —3e +4c + 4f
= (2a —3b + 4c) + (2d — 3e + 4f)
=040
=0

~ W is closed under vector addition.

Scalar Multiplication
keR
ki =k(a,b,c)
= (ka, kb, kc)

check restriction:
2x—3y+4z=2(ka)-3(kb)+4(ke)
= 2ka — 3kb + 4kc
=k(2a—-3b+4c)
=k(0)
=0 for all k

.. W is closed under scalar multiplication.

The zero vector is in W since 2(0)-3(0)+4(0)=0

Since W passed all of the tests, W is a subspace of R3.
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4. Determine if the following set of vectors is a subspace of M, .

S = {A € M22|A :AT}

A= [Ccl 2],where a,b,c,d € R

A=, g
A=AT

¢ d=[ d
a=a

b=c

c=b>b

d=d

" A [ZZ

Zero Vector

check restriction:
Is it possible for us to have a zero vector?
Yes!

00
Ifa=b=d=0 (which are all real numbers), then A= {0 0}.

.. S contains a zero vector.
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Vector Addition

- _[a b -
u—h d a,bdeR uUEeES
. _[e f ,
v—b h e,f,heR vEeES
-, - _[a b e f
u+v—h d+b 3

_[a+e b+f

" b+f d+h

Check restriction:
at+e€R
b+f€eR
d+heR
=~ § is closed under vector addition.

Scalar Multiplication

keR

kazk[g Z

P

Check restriction:
ka e R
kb € R
kd e R
For all k

=~ § is closed under scalar multiplication.

Also, the zero matrix is in S.

MATH 1600 Final Exam Booklet Solutions

Since S passed all of the tests, S is a subspace of Moo.
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0 8 2
a) Find bases for the row space and the column space of A.

b) What are dim row A and dim col A?

2 4 2 4
0 4 1 R3—-3R1-R3 0 4 1
3 10 13 0 4 1
0O 8 2 0 8 2
a2 4]
0 4 1
0 8 2

R1-2R2-R1 [ 0 7/2]

R3—4R2—-R3
R4-8R2-R4 | 1/4
0 O OJ
0 O 0
1 0 7/2¢40
0 1 1/4]|0
A =
e 00 010
0 o o0
X+7/22=0
y+1/4z2=0
z=t
X 712
y|=t|-1/4
z 1
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{[1, 0,7/2],[0,1,1/ 4]} is a basis for the row space of A.

2

is a basis for the column space of A.

8

T
A W O B

712
—1/4 |+ is a basis for the null space of A.
1

dim row A=2

dim col A =2
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6. Let A=

= N - O

I S

-3

o w w o

MATH 1600 Final Exam Booklet Solutions

. What is the dimension of the row space?

The dimension of the row space is the same as the rank of the matrix. So... we Gauss...

R1-3R3-R1
R4+3R3-R4
_

0
0
0

01 0 -3 13 0
1 1 3 0 R1 «<—>R2 0 1 0 -3
2 1 3 2 2 1 3 2
1 0 0 2 1 0 0 2
R3—-2R1-R3 _ 1 3 O]
R4—R1-R4 0 0 -3
0 -1 -3 2
L0 -1 -3 2
s oo 3 3]
R4+R2-R4 | 0 -3
0 0 -3 —Jl
L0 0 -3 -1
0 3 3
R3+(-3)-R3 | 0 -3
_
0 0 1/3
0 0 -3 -1
0 O 2
0 -3
0 1/3
0 O 0

Since rank A=3 , dimrowA=3.
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7. Given that the RREF of the standard matrix for T: R> - R* is

3 -1 7 39][1 030 5/2
2 2 275/ ]0120 3/2
5 9 3 34/ |/0001 1
2 6 6 37, ]/0000 0

Find a basis for the row space, the column space, and null space of the standard matrix.

A basis for the row spaceis {[1 0 3 0 5/2],J0 1 2 0 3/2],0 0 0 1 1]}.

3|-1](3
A basis for the column space is -2 , 2 : !
5119113
211613

1 5
8. Let A:L J and S={BeM,,| AB=BA}.

a) Show that S is a subspace of M.

b) Find a basis for S.

c) What is dim S?

d) Find a matrix C such that C¢S.

e) How could we know such a matrix C exists without explicitly finding it?
f) Extend your basis in (b) to a basis for Ma>.

a) First, let’s simplify the matrix AB based on the restriction given.

fa Db
_C d_

AB:_l 5]a b}{awc b+5d}
|5 1]|c d] |5a+c 5b+d
[a
o

bll1 5] [a+5b 5a+b
d]|5 1| |c+5d 5c+d

B=

BA=

AB=BA
a+5c=a+5bh—>b=c
b+5d =5a+b—a=d

5a+c=c+5d »a=d
5b+d=5c+d >b=c

S
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Vector Addition

- [a b -

u—[b a] a,beER ues

*—[e ] ER VES

v—f o e, f v

-, - _[a b e f

utv=1, a]+[f e]
_[a+e b+f
b+ f a+te

Check restriction:

It has the form of matrix B and ate and b+fe R

~ S is closed under vector addition.

Scalar Multiplication

keR
ki =k[? ]

_[ka kb
kb ka

Check restriction:
It has the form of matrix B and ka, kb € R
For all k

~ S is closed under scalar multiplication.

Also, the zero matrix is in S. We just let a=b=0.

Since S passed all of the tests, S is a subspace of Moo.

Then,

s=[ =fel} Yerl) i e x)

=svan {[o 3]0 o}
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b) A basis has two properties: it is a spanning set and its vectors are linearly independent. We
already have a spanning set (see part (a)). Now we have to show that its vectors are linearly
independent.

1 0/|0 1 [0 0]
span , =
lo 24 oo e
10 0 1] [0 O]
a +b =
o 301 oo o
a=0
b=0
sa=b=0

Since the only solution is the trivial solution, the vectors are linearly independent. Therefore, a

o 413

c) The basis in part (b) had 2 vectors. Therefore, dim S = 2,

d) Let’s choose a very simple vector:
10
C=
oo
Now let’s show that we cannot construct C from our basis for S.
1 0||0 1 1 0]
span , =
0 1|1 O 0 0
10 0 1] [1 O]
a +b =
01 1 0] [0 O]

O T O
I
o o =

Since there is a contradiction (a =1 AND a=0), C¢S.
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e) Since dim M2z > dim S and S is a subspace of M2z, there are an infinite number of vectors that
are contained in M2 (represented by this matrix C) that are not contained in S.

f) Since dim S = 2 and dim M2, = 4, we need to add two linearly independent vectors to our basis
to extend it to a basis of Ma».

Let’s “plug some holes™ in our basis vectors.

Proposed basis: {{1 0},{0 1},{1 O},{O 0}}
0 1|/|1 O||O0O Of||1 O
Now let’s check if these four vectors are linearly independent:
1 0|/({0 1|1 0f|0 O 00
span ) ) ) =
0 1(|1 0}|0 0O}|1 O 00
10 01 10 00 00
a +b +C +d =
01 10 00 10 00
a+c=0
b=0
b+d=0

a=0

sa=b=c=d=0

Since the only solution is the trivial solution, the vectors are linearly independent. Therefore, a

oot o SJ12 0o all2 ot
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9. Determine whether the following statements are true or false. Justify your answer:

MATH 1600 Final Exam Booklet Solutions

Determine which of the following sets of vectors are subspaces of R"or M2z (where appropriate)

using the subspace test.

i) B = {(x,y) € R*|3xy = 0}

ii)D = {(x,y,z,w) eER*x,y,z=0,we€ R}

1) Vector Addition

u=(ah) 3ab=0 ueB
v=(c,d) 3cd=0 veB

u+v=(ab)+(c,d)
=(a+c,b+d)

check restriction:
3xy =(a+c)(b+d)
= 3ab+3bc + 3ad + 3cd
=0+3bc+3ad +0
= 3bc + 3ad
#0

.. B is not closed under vector addition.

Since B failed one of the tests, B is not a subspace of R2.
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il) Vector Addition
Vector Addition

u=(ab,c,d abc=0deR UED

v=1_(ef,9,h) e f,g=0heR vVED
Alternatively, can write

u=1(000,a) a€eR UE€ED

v=1(0,0,00b) beER ©vVED

| will use this form in the solution. Either is correct.

u+v=1(0,00a)+(0,0,0,b)
=(0+00+00+0,a+b)
=(0,0,0,a + b)

Check restriction:

x:O yIO Z:O

w=a+b eR € since aand b are real numbers, their sum is also a real number.

~ D is closed under vector addition.
Scalar Multiplication

keR

ku = k(0,0,0,a)
= (0,0,0,ka)
Check restriction:

x=0 y=20 z=0

w = ka € R < since k and a are real numbers, their product is also a real number.

=~ D is closed under scalar multiplication.

Since D passed all of the tests, D is a subspace of R*.
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iii)

A=[Ccl Z],Wherea,b,c,d ER

=2 2

A=-AT

A R
a=—-a—-2a=0
b=—c
c=-b

d=-d->2d=0
0 b]
—-b 0
Vector Addition

sA=|

u—[_b O] beER uUEG
. [0 f S
v—[_f 0] feER veaG
. -_[0 b 0 f
u+v= _p O]+[—f 0
_[ 0 b+f]
T -b-f 0
Check restriction:
b+feR
-b—f€ER

~ G is closed under vector addition.
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Scalar Multiplication

keR

kil = k[_ob g]

0 kb]
—kb 0
Check restriction:
kb € R
—kb € R
for all k

=~ G is closed under scalar multiplication.

Since G passed all of the tests, G is a subspace of M.
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10. Let U = {(x,y,2) € R®|x — 4y — 2z = 0}
1) Find a spanning set for U.
i) Find a basis for U.
iii) Determine dim U.
iv) Extend your basis in iii) to a basis for R>.
i)
U={(x7y,2) €R3x—4y -2z =0}
x—4y—-2z=0
x =4y + 2z
(x,y,2) = (4y + 22,y,2)
=y(4,1,0) + z(2,0,1)
= span {(4,1,0), (2,0,1)}
The spanning set is {(4,1,0), (2,0,1)}.

i1) Let’s show that the vectors in the spanning set are linearly independent.

span{(4,1,0),(2,0,1)} =(0,0,0)
a(4,1,0)+b(2,0,1)=(0,0,0)
4a+2b=0
a=0
b=0
Since the only solution is the trivial solution, the vectors are linearly independent. So, our
spanning set is also a basis. Therefore, the basis is {(4,1, 0).(2, 0,1)} :

iii) The basis has two vectors in it, so dim U = 2.
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iv) Many more answers are possible.

R3 = span{(4,1,0), (2,0,1),(0,0,1)} or R? = span{(4,1,0),(2,0,1),(0,1,0)} are both
valid given the instructions | have provided.

Remember that we also have to prove that these vectors are linearly independent to show
that these are valid bases of R3. Here are the proofs for both sets of vectors that | have
shown above.

Set 1:
span{(4,1,0),(2,0,1),(0,0,1)} =(0,0,0)
a(4,1,0)+b(2,0,1)+¢(0,0,1)=(0,0,0)
4a+2b=0
a=0
b+c=0
a=b=c=0

Since the only solution is the trivial solution, the vectors are linearly independent.
Therefore, a basis for R® is {(4,l 0),(2,0,2),(0, 0,1)}_

Set 2:

span{(4,1,0),(2,0,1),(0,1,0)} =(0,0,0)
a(4,1,0)+b(2,0,1)+c(0,1,0)=(0,0,0)
4a+2b=0
a+c=0
b=0

) 1

a=b=c=0

Since the only solution is the trivial solution, the vectors are linearly independent.
Therefore, a basis for R® is {(4,l 0),(2,0,1),(0.1, O)}
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11. Find a basis for V =span{(1,0,0),(2,0,1),(1,11),(0,0,2)}. Find dim V.

a(1,0,0) + b(2,0,1) + c¢(1,1,1) + d(0,0,2) = (0,0,0)

a+2b+c=0
c=0
b+c+2d=0
1 2 0 090 R2<__>R312000
00100—>0112‘0
0 1 1 210 0 0 1 00
R1-2R2-R1 1 0 -2 —40
—|0 1 1 0
0

2
0 1 0

S)

R2—R3-R2 010 2lo
0 01 o010

Since d is a parameter, we will eliminate its corresponding vector from the spanning set to form a
basis.

R1-2R3-R1 [1 0 0 _4|0]

V =span{(1,0,0),(2,01),(11.1), (0.8:7] |

Therefore, a basis for V is {(1 0, 0),(2,0,1),(LL1)} . The dimension of V is 3.
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12. Consider the subspace W of R* such that W = span{¥,, v,, B3, U, } Where
V,=(10,4), V,=(331), V,=(435), and V,=(-1-37)

1) Find a basis for W and describe W geometrically.
i) Find the standard matrix for the linear transformation T: R* — R3such that col(T) = W.
iii) Find null (T). Also, calculate dim (null T) + dim (col T).

1) We are given a spanning set. So, let’s check and see which vectors are linearly independent.

span{v,,v,,V,v,} = av, +bv, +cv, +dv,
a(1,0,4)+b(3,31)+c(4,3,5)+d(-1-3,7)=(0,0,0)

a+3b+4c-d=0
3b+3c-3d =0
da+b+5c+7d =0
1 3 4 -1|0 R3—4R15R3 1 3 4 —-110
0 3 3 -3[0]——|0 3 3 —-310
4 1 5 710 0 —-11 -11 1110
R2 +3-R2 1 3 4 —-1|0
—|0 1 1 -110
0 —-11 -11 1110
R1-3R2-R1 1 0 1 210
R3+11R2-R3 [0 1 1 -1 O]
0 0 0 o010

i) From the above matrix, we can see that there are free variables in columns 3 and 4, and fixed
variables in columns 1 and 2. Therefore, the vectors corresponding to columns 1 and 2 are
linearly independent.

A basis for W is therefore {,,V,} ={(1,0,4),(3,31)}.

W is a plane through the origin in R* with direction vectors (1,0,4) and (3,3,1).

1 3

We want T(x,y) = W. Simply put, the standard matrix will be A=|0 3|, which is the column
4 1

space (image) of W.

iii) The null space can be found by row-reducing the augmented standard matrix.
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1 3 O R3—-4R1-R3 1 3 0
nullA=10 3 0f|—|0 3 10
4 1 0 0 -—111l0
R2 +-3-R2 1 3
_ 1
0 -11

R3+11R2-R3
—)

Soo Scoo

R1-3R2-R1 [1
From the matrix above, we get x=y=0.
Therefore, the nullity of A is {0}.
Using the rank-nullity theorem, we can determine the required dimensions.

dim(null T)=0 and dim (col T)= dimension of column space=2 (2 vectors)
s~ dim(null T) + dim(col T) = n = 2(number of columns)

1 2 1
) 0O 0 2
13. Consider A= )
4 8 10
2 4 0

i) Find bases for the row space, column space, and null space of A.

i) What is dim row A, dim col A, and dim null A?

2 11 p3_spiors 1] 2 1
0 0 2| ra—2ri-oR4 Q0 0 2
4 8 10 0 0 6
2 4 0 L0 0 O
_ 2 1_
0 0 6
L0 0 O
R1-R2-R1 2 0
R3-6R2-R3 | 0 0
0 0 O
L0 0 O
1 2 0/0
_10 0 1{0
nullspace A = o o olo
0 0 0lo
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X+2y=0
y=t
z=0
X=-2y
y:
z=0
teR

X -2
yl=t| 1
z 0

A basis for the row space is {[1 2 0],[0 0 1]}.

A basis for the column space is

A basis for the null space is

MATH 1600 Final Exam Booklet Solutions

.The dimension of the row space is 2.

The dimension of the column space is 2. The dimension of the null space is 1.
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14. Determine if b = [%] is in the column space of Aand if w = [-1 1 2] is in the row space

of A where A = [1 (1) _11]

i1 AhfRerRrefg g 5[]

= since there is a solution (system is consistent)

. b isincol A.
10 1
[%]: [1 1 —1|R2-R1I>R2 R3+R1- R3
1 1 2
10 1 10 1
[o 1 —1|R3-R2> R3[0 1 —2]
0 1 3 0 0 &5
10 1
R3<5>R3[0 1 —2] R2+2R3> R2 R1-R3>R1
0 0 1
100
[o 1 0]
0 0 1

Note: if w is in row (A) then w is a linear combination of the rows of A, and if we row reduce
[i] we will get a matrix of the form [A—]
w 0

Here, we can’t make the last row all 0’s .. w -& row(A).
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11 -1 5
15. Do the vectors [2] [ 0 ] and [2 form a basis for R3?
4 1 1

Yes, if we row reduce, we see rank =3 with these vectors as columns (you can use rows too)

- they form a basis of R®.
16. Consider the non-standard basis B = (\71,\72) = (—él +26,,26 +§2) in R2.

B

-2 e 47 _ _
Compute the following: L} , [6,+38,],, and [TVﬁ%VZ} :
B

First, let’s find the numerical values of the vectors \71 and \72 . This will make our computations

easier:

a-terze)-|3 ]I 7]
R HENEH

Now we can solve for the coordinates of each the desired vectors:

-2 ~ .

4 =GV, +GV,

_—Z_ZC -1 e {2}

4] 2] 7?1
c,=2¢=0
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17. Let Vi,%,,V; and V, be vectors in R*. Choose all of the correct statements.
i) span(Vi,V,) can be 1-dimensional.

ii) sp(Vi,V, —Vi,V; —V, —V,) can be 3-dimensional.

e e S S

iii) sp(v Vv, -V, V3—V2—V1,V3) can be 4-dimensional.

iv) sp(V,V,,V,,V, ) can be 4-dimensional.

i) Yes. If , and v, are scalar multiples (i.e., linearly dependent), then their span could be 1-
dimensional.

i) Yes. If the three vectors are linearly independent, then three unique linear combinations
would be 3-dimensional.

iii) No. There needs to be four unique, linearly independent vectors in the span for this to be
true. There are only three unique vectors in the span.

iv) Yes. If the four vectors are linearly independent, then the span would be 4-dimensional.
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18. Show that the set S = {(1,0,0), (LL0), (1L11) } is a basis for )3

In order to show that this set constitutes a basis for )3, we need to show that it spans 9° and that
it is linearly independent.

Step 1: Show that S spans %3,
(a,b,c)=x@100)+yQ@L0) +z(A1) =(X+y+2,yY+22)

Equating the variables:

Xx+y+z=a
y+z=D
Z=¢

In matrix form:

111 1.0 0
0 1 1| ..RREF|0 1 0] which has rank 3, so the column vectors span R2.
0 0 1 0 0 1

We could also say that since the determinant of the matrix is nonzero, so we know that there is a
unique solution for which the above system of equations holds.

Therefore, S spans R°.
Step 2:
Note that the above equation can be transformed into RREF of the following form. Therefore,

the set is independent.

Therefore, the set is a basis for R°.
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19. Given that the reduced row echelon form of the matrix

1 -1 2 -1 -10 1-100 1
1511732 7w, |00 102
A=l 51 2 14|R=lo0 001 7
3 34 1 2 0000 0

Find a basis for each of the following: the row space of A, the column space of A, and the null
space of A.

row space of A: Basis = {(1, -1, 0,0,1),(0,0,1,0,-2),(0,0,0,1, 7)}.
1112]]-1
column space of A:  Basis = _21 / i’ , g
3114)]1
null space of A: Solving Ax = 0 is the equivalent to solving Rx = 0.
X, — X, +XxX: =0 X, =X, —X
R=0 =  x,-2x,=0 = X, =2X,
X, +7x;,=0 X, =—1X;

Assign free variables x, and X5 arbitrary values r, s e R, respectively,
and the solution becomes

Xl [r-s 1 -1 1| [-1
X, r 1 0 _ 1110
X, |=| 25 |=rl0|+5| 2 Basis= 4|0, | 2
X, -7s 0 -7 0 -7
X s 0 1 0|1

(53]

178



©Prepl101 MATH 1600 Final Exam Booklet Solutions

20. Find a basis for the null space of D =

o - - O

1
1
0
-1 1 -3

By definition, the null space of D is the solution space of DX = 6_

1 0 2 00
The augmented matrix of this equation in RREF is 0 1 -1200
0 0 0 10
0 0 0 0O
assigning free variable X; = £ where t € R
weget x, =-2t,x,=t,x,=0
x| [-2¢t -2
. i X, t 1
So, the solution space is x = = =t ,where t eR..
X, t 1
X, 0

Therefore, a basis for the null space of D is
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Appendix 1: Binary Numbers and Modulus

Example 1.1.
[1,0,1,1,0] +[0,1,1,0,1] = [1,1,0,1,1]

Example 1.2.
Calculate: 24+ 1+4+0+2+4+1=6=0inZ;since 6+ 3 = 2R0

Example 1.3.
u=1220.21]+7v=1[1,22,1,2] =[3,4,2,3,3] =[0,1,2,0,0] in Z4

Since 3+3 =1R0and 4 =~ 3 = 1R1
Example 1.4.

12/7=1R5
So,-12mod7=7-5=2

If b>a>0, thenamod b =a

Example. 5mod 8 =5

Example 1.5.

Perform the operations:
a) 2+1+2+2inZ,
=7=1inZ; 7+3=2R1

b)2x +3 =1inZ;

2x+3+2=1+2 we need to add to 2 on the left, so it becomes 0 in Zg
2x =3 Now, 3(2)=6 and 6+ 5 = 1R1, so we have 1x on the left
2)B)x=3)(3)

~x=9 inZs 9+5=1R4

~ x =4 is the answer

) (2)3)#B)inZ,
(2)3)(4)(3)=72
72=4(18) + 0

Therefore, the answer is 0.

180



©Prepl101

Example 1.6.

a) 3[4,8,6] = [12,24,18] = [2,4,8]

12 +10 = 1R2
24 +10 = 2R4
18 <10 = 1R8

b) [6,8,4] + [5,5, 5]
=[11,13,9]
=[1,3,9]

Example 1.7.

11+10 =1R1
13 +10 = 1R3
9mod 10 =9

a) 6x = 6 (mod 3) mod 3sotry0,1,2

x=0 6(0)=0
x=1 6(1)=6

x=2  6(2)=12

MATH 1600 Final Exam Booklet Solutions

Omod 3 =0not6 .. 0 not6

12 +-3 = 4R0

- only is a solution

b)2x =1 (mod6)try0,1,2,3,4,5

x=0 2(0)=0
x=1 2(1)=2
x=2 2)=4
x=3] 23)=6
x=4  2(4)=8

Omod 6 =0
2mod 6 = 2
4mod 6 =4
6 ~6=1R1
8 +6=1R2

x=5 2(5) =10 10 +6=1R4

=~ the only solution isx = 3

~notl
~notl

~notl

~2notl

s~ 4notl
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Example 1.8.

=1(2) + 2(4) + 3(5)
=2+4+8+15
= 25 mod 5 25 +5=5R0

=[0]
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Appendix 2: Row-Reducing and Solving Systems over Z,and Inverse

Example 2.1. Solve over Zs:
X1 +2x, +2x3 =0
X1 + x3 =2

Xy, + 2x3 =2

1 2 2]0
1 0 1|2|R2+2R1->R2

0 1 212

kWﬁa}ajtogethz:s:.%s:mozong

1 2 2]0
0 1 2|2
0 1 212

R3+2R2 < R3

1 2 2]0
0 1 2|2
0 0 Olo

R1+R2->R1

] 0+2(2)=4+3=1R1, 1+2(2)=5+3=1R2

2 +2(0) =2

X y z
1 0 1|2
0 1 2|2 2+2=4+3=1R1
0 0 Olo

Nz =t
x4+t =2 Here, we need to make “3t” on the left as that will be 0 in Z3
x+t+2t=2+2tor x+3t=2+2twhichmeansx+0=2+2tand x =2+ 2t

y+2t=2 So,wegetty+2t+t=2+t whichmeansy+0=2+tandy =2+t

~ Solution is
X 2+ 2t
- [5%
VA

t

t € Zs.
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*in Zp, there can never be infinitely many solutions. Here in Z3, t can equal 0, 1, or 2 .. we
get 3 solutions.

.x. '2
If t=0, we get |y| = |2
L7 10
X1 [2 4 2(1) 1
Ift=1, weget|y|=| 2+1 |= [0] in Z3
'z L1 1

X1 [24+2(2)1 [0

If t=2, we get [yl = 2+2 |= [1 inZs
Z 2 2

(6= 3 = 2R0)

Example 2.2.

* Remember, all calculations are in Z
To getal, you need to multiply. To get a 0, you need to add a multiple of another row.
Solution:

[A/1T - [1/A71]

% éé ﬂ R1x2— R1
4+3=1R1
LR eeamam
R2 + R1 — R2
B g@ 2] R2x2aR2Q ii $R1+R2eRlﬁ 22 ﬂ
e 3
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Appendix 3: Code Vectors

Example 3.1.

Since we need an even number of "1's, the check digit would be 0 and the parity check code
vector would be (1,0,1,0,0).

Example 3.2.

Since there are an even # of 1's, a single digit error could not have occurred.

The way this question is solved in some textbooks is very confusing. What you need to know is
that when working with binary numbers, the first four numbers are: 0,1, 10, 100

You do the dot-product of the vector with the vector (1,1,1,...1).
(1,01,0)- (1,1,1,1)) =1+0+1+0

Then, add the answer like you normally would.

Sum=2 **But, a sum of 2, means "0" in binary.

For any other sum, the answer is the last digit of the binary number.

Example 3.3. Find the check digit for the UPC code "883 929 048 81"
Solution:

3(8+3+2+0+8+1) + (8+9+9+4+8) +d

=3(22) + (38) +d

=66 +38 +d

=104 +d

Now, decide what number d must be in order to get to the next multiple of 10.
The next multiple of 10 is 110, so d=6

The check digit is 6.
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Example 3.4. a) The last digit is the check digit...d=6

3(0+6+8+0+4+0) + (0+3+3+1+5) +d OR (3,1,3,1,3,1,3,1,3,1,3,1)- (0, 0, 6, 3, 8, 3, 0,1,4, 5,0, 6)
=3(18) + 12 +6 =0+0+18+3+24+3+0+ 1+ 12 +5+0 +6
=54+12+6 =72

=72 which is NOT a multiple of 10, therefore there is an error in the code

b) The new code would be: " 060 383 014 506"

Check that it is correct:

3(0+0+8+0+4+0) +(6+3+3+1+5)+d OR do (3,1,3,1,3,1,3,1,3,1,3,1)- (0,6,0, 3,8,3,0,1,4,5,0,6)
=3(12) + (18) + 6

=36+18+6

=60 which is a multiple of 10!!!!

Example 3.5.
To find the check digit:

The check vector is ¢ = (10,9,8,7,6,5,4,3,2,1)
If we let the ISBN number be vector v, we get: v = (0,2,0,1,5,3,0,8,2,d)
We now find ¢ - ¥ in Zu
(10,9,8,7,6,5,4,3,2,1) - (0,2,0,1,5,3,0,8,2, d)
=0+18 +0 +7 + 30+ 15+0+24+4+d

(now, without a calculator, it is difficult to add and divide by 11)
Now, look at these numbers and any multiples of 11 will become 0 in Z,;
=0+11+7+7+11(2)+8+11+4+11(2)+2+4 +d
=0+ 7+ 7+ 8+ 4 +2+ 4+ d
=14 +18+d
=32 +d
=11(2) + 10 +d
=10+d
Solve for d where: 10+d =11

d=1 Therefore, the check digit is 1.
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Example 3.6. Show that the ISBN number can't be correct. ISBN= 300 640 615 2

Solution:

a) If the ISBN number is correct, then d - $=0
(10,9,8,7,6,5,4,3,2,1) - (3,0,0,6,4,0,6,1,5,2)
=30+0+0+42+24+0+24+3+10+2

=11(2) + 8+ 11(3) + 9+ 11(2) + 2+ 11(2) + 2 + 3+ 10 + 2
=8+9+2+2+3+10+2

=21+15

=36

=11(3) + 3

=3

Therefore, since the result in Z;; is 3 and not 0, so it is incorrect.

b) Assume that the error was a transposition error involving the first two entries, find the correct
ISBN-10 and prove that it is correct.

Solution:

ISBN=030 640 615 2

(10,9,8,7,6,5,4,3,2,1) - (0,3,0,6,4,0,6,1,5,2)
=0+27+0+42+24+0+24+3+10+2
=11(2)+5+11(3)+9+11(2)+2+11(2)+2+3+10+2
=5+9+2+2+3+10+2

=33

=11(3)+0

=0 Therefore, since the result is 0, it is a correct ISBN number.

Note: If they don't tell you which entries are switched, but just that two adjacent entries are
switched, you would have to use trial and error. First, you would switch the first and second
entries and calculate the dot product, then if it is not zero, move to second and third, etc.
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Example 3.7.

¢=[3,21 ©»=[234d]
c-v=1[32,1]-[23,d]
=3(2)+233) + 1(d)
=6+6+d

=12+d  (mod4)

Forc-v=0,wegetd =4

ie.12+4=16 16+4=4R0
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Appendix 4: Complex Numbers

—-2+3i
3+7i

Example 4.1. Express in the form a + bi

Solution: multiply by the conjugate

(=2+3i) 3-7i) —6+14i+9i—21i°
(3+7i) (3-—7i) 9-—21i+ 21i — 49i2

_ —6+23i—21(-1)

T 9—-49(-1)

15+ 23i

58

_15 23
~5g ' 58'

Example 4.2. Find the sum, product, and difference of 5 — 3i and — 2 + 8i

Solution:
(5-30)+(—2+8i)=3+5i
(5-3i))—(—2+8i))=5+2-3i—8i=7—11i
(5 — 3i)(—2 + 8i) = —10 + 40i + 6i — 24i?
= —10 + 40i — 24(—1)
=14 + 46i
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Example 4.3. Find the absolute value of 4 + 5i

Solution:
|zl = la + bi| = /a2 + b2
Here,
a=4b=>5
s z) = \/42—4-52
= V16 + 25
= V41

Note: argZ is not unique as if we add/subtract any multiple of 27, we get another argument of Z.
But there is only one argument satisfying: -t < 0<rw

and this is called the principal argument and is denoted by ArgZ.

Example 4.4. Recall that a = |z| cos 8 and b = |z]| sin 6.

The question states that the modulus is 2, which means |z| = 2,

and it also says that the argument is %ﬂ, s0f0 = — %, subbing these values into the expression
above, we get: a = 2cos (_Tjt) =2 (\/2—5) =43
_ T 1
b = ZSIH(—g) = 2(—5) =-1
S0, z=a+ bi
z=3—i

And now we represent this point on an argand diagram:

NOTE: If you took the angle clockwise from positive x around, it would be greater than

Irn

/3 Re
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Example 4.5. Write in polar form using its principal argument for 3 — 3i.

a=3,b=-3
Im

(31'3)

r=lzl= Va*+bh2= /32 +(-3)2=V18=3V2

= tan™! |_?3| = tan"!|—1|=tan"1(1)

z=1(cosf +isinf)

2 =3vZ (cos () +isin(F))
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Example. 4.6. Find the polar form of zw,% and% .

AZ=-2+2i, w=+3+i

a=-2,b=2 a=+vV3b=1
r=J(=2)2+22 r= /(\/§)z+12
r=v8 = Va2 r=va

r = 2V2 r, =2

zw = 11, [cos(6, + 6,) + i(sin(6; + 6,))]

Im Im

(-2,2) (v3,1)
6
- 7]
o > Re 0C<\ Re

= tan~! 2|—t -11) = = tan~?! i| oc—E
= tan _z—an = = \/§ _6
g = n_3n p W
1= T T 2% %
o0 +0 _37T+71'_9T[+2T[_11T[
PRP27 4 6T 12 127 12
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2w = 2v2(2) [cos (T—;) *isin (%)]

z
o= r_l [cos(6; — 6,) +isin(f; — 0)]ifZ # 0

2

p _97‘[ 27'[_77'[

1"27 12 127 12

z 22 (7n)+, . (771)]
--W— 2 COoS 12 1 SIn 12

1 1
—=—(cos@ — isinB)
zZ T

1

_ 1 [ 3w 3w
z 22 4

coS— — isin—
4

Example 4.7. In this case n = 6, thus

o () tsn ()] = [eos (6 ) w15 )]

_ (42n)+, _ <42n>
= cos 3 i sin 3
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Appendix 5: Markov Chains

Example 5.1.
a)

P=3los 07

Xer1 = Pxy

b)
A 0.36

A 0.12

< g B 0.24

0.7 »B 0.28

The probability of switching from Brand A to Brand B after two months is 0.24+0.28=0.52 or
52%.

9[os ol 4ol

_ [0.6(60) 0.3(40)
_[0.4(60) 0.7(40)

_[Periz e
24 + 28] ~ I52

=~ after 1 month 48 people will be using brand A and 52 people will be using brand B
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d) [ - PIO]
_ [l 0]_[0.6 03
’_P_[o 1 [0.4 0.7]
104 —03
[=P= —0.4 0.3]
, ~ 104 —03]0 42
“r=pi0] = 2% 0 lol 04=3=3
~R1 x§—>R1and R2 + R1 — R2
1 —3/4|0 _ 5_3 5_-15_ 3
[0 0 |0] 03X3=70 %2720 ~ 2
-‘-x2=t

x; = 3/4 t Since we want a probability vector, it must add to 1:

'3t+t—1
"7 =

3 4

—t+-t=1
4 +4

. [3/7 .
X = [4/7]. This is the long-term vector.
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5.2 Homework on Appendix 5
1. a) H L

p = H§070 080)
0.30 0.20

0.7 0.8] 200]
0.3 0.2/1100

0.7(200) + 0.8(100)
0.3(200) + 0.2(100)

: 28200 ]

= there will be 220 high risk and 80 low risk drivers.

b)

¢) What is the long-term vector?

o7 oal1=1)

[P—-Ilv=0
07 oal-lo N=To5 5%l
[—0.3 0.8 |0
0.3 —-0.810

R2 — R1 — R2

] — row reduce

Rlx_Tlo—>R1
x oy
o 705l

8 _—-10 -8

107 3 3
y=t
Xx—8/3t =0

X = gt Since we want a probability vector, we must add up to 1: gt +t=1

§t+§t = 150,%t=1andt=3/11.
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[y] [3/11] This is the long-term vector.
2.a9 A B
_A[0.8 0.6
P _B[O.Z 0.4]
Xe41 = Px;
b)
0.64
0.8~ A
0.8 A 0.16
A 0.2 i .
0 0.12
0.2 B
0.4 B 0.08

From the tree, the probability of switching from Brand A to Brand B after two months is

0.16+0.08=0.24 or 24%.

0.8 0. 6 0.8(50) + 0.6(150)]_
] [o 2(50) + 0.4(150)]~

©) [0.2 0. 4 150

[0.8 0.6] [13o]=[0.8(130)+0-6(70) _
0.2(130) + 0.4(70)

0.2 041170

After two months, 54 will be using Brand B and 146 using Brand A.

MATH 1600 Final Exam Booklet Solutions
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Homework on Appendices 1-4

1. If 4 =11,0,1,1,0] and ¥ = [0,1,1,0,1] are binary vectors, find i + v.

7 =1[0,1,1,0],% = [1,1,1,1]
i+ %=1[1001]

2. Write out the addition and multiplication tables for Zs

+10 1 2 3 4
010 1 2 3 4
1171 2 3 4 0
212 3 4 0 1
313 4 0 1 2
414 0 1 2 3

3. Perform the operations:

a)

2+1+2+2inZ;

=7 =1inZ;

b) 22+ 1+ 1)inZ,

=2(4) = 2(3(1) + 1)

=2(1)
= 2 in Z3

c) 2-2-3inZ,

=12

=43)+0

x 10 1 2 3 4

010 0 0 0 0

110 1 2 3 4

210 2 4 1 3

310 3 1 4 2

410 4 3 2 1
7+3 =2R1

4+3=1R1 ordo- 8 +3=2R2

12 -4 = 3R0
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4. Solve the equation or say no solution if there is not one.

@ x+5=2inZ,
x+5+1=2+4+1 weadd1on the left to get 5+1=6 which is 0 in Ze...add 1 on the other side
too!

x+0=3(inZg)
x =3inZg

(b) 2x =3inZ,
No solution since 2 times any # must be even, so we can’t get a remainder of 3 when divided by

() 2x+3=1inZs

2x+3+2=1+2 we need to add to 2 on the left, so it becomes 0 in Zg
2x =3 Now, 3(2)=6 and 6+ 5 = 1R1, so we have 1x on the left
@BR)x=03)(3)

~x =9 inZs 9+ 5=1R4

~ x = 4 is the answer

5. Perform the indicated operations:

a) 2+2+2+2in Zy

To find the solution in Z5, we first add the numbers up as we normally would.
2+2+2+2=8

Now, we need to write this number as multiples of 3 plus any remainder since we are dealing
with Z5 .

This remainder is our answer.
2+2+2+2=8=2(3) + 2

Therefore, the answer is 2.

b) 3(1+2+2) in Z;
3(1+2+1)=3+6+6=15
15=3(5) +0

Therefore, since the remainder is 0, when we divide by 3, the answer is 0.
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) AR)HB)inZ,
(23 (3)=72
72=6(12) + 0

Therefore, the answer is 0.

d) (2)(3)(4)(2) in Zs
(2)(3)(4)(2)= 48
48=5(9) +3

Therefore, the answer is 3.

e) 3(3+3+2+1)in Z,

3(3+3+2+1)= 3(9)= 27 ordo 27+ 5 = 6R3,

27=4(6) + 3

Therefore, the answer is 3.

6. Perform the indicated operations:
a)3+2+4+5inZ;s
3+2+4+5=14

14=(3)(4) + 2 or do 14—+ 3 = 4R2,

=2

The solution is 2 in Z3

b) 3+2+4+4 in Z4

3+2+4+4=13 ordo 13+ 4 = 3R1,

13=4(3) + 1
=1

The solutionis 1 in Z4

~ 3 is the answer

~ 21is the answer

~ 1is the answer

MATH 1600 Final Exam Booklet Solutions
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C) 8(6+1+2+2) in Zs
8(6+1+2+2)=8(12)
8(11)=88

88=5(17) +3

=3 The solution is 3 in Zs

7.-12 mod 5=? If a<0, then a mod b = b — remainder

Since 12/5=2R2,-12mod7=5-2=3.

8. Yes, since 37 is a prime number any equation ax=b in Z, with a # 0 has a unique solution in
Zp

9. Solve the following over Za:
x+y=2

2x+y=1

[1 1 |2

1 1] R2 +R1 > R2 (to get a 0, we add a multiple of another row)

2

[1 1|2 .

0 2|O] R2x2-> R2 (togetal, we must multiply that row by a scalar)
4 +-3=1R1

1 12

[0 1|o] R1+2R2 > R1

1 02 B

[0 1|o]2+2(0)_2

The unique solution is: x = 2,y = 0 or point of intersection (2,0).
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10. Solve over Z:

Xg +x, +x3 =1

x1 + Xy =1
X, + x3 =0

x2+x4:0

U=y

R2+R1-> R2

R4+R3 2> R4

R2 €-> R3

R4 +R3 - R4

R1+R2 > R1

R2 +R3 > R2

RO O ORRFR O ORR R RERPE B RERREREORR R ORO
OO0 ROOO ROOO RPOOOD ROOO ROOO R OOO
SO OOORr OOO0ORr OOOR ODOOR OOOR OORr R

OCOCOR OOOR OOOR OCOOR OCOO0OR OOCO R OOK M
COR O OORO OO0OR R OOR R OROR RROR RRR R

o
—_
o

~ the solutionis x; =1, x, = x3 = x, = 0, a unique point of intersection (1,0,0,0).
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11. Find the inverse of A = [i g] if it exists over Zs.

[A/11> [1/A7"]

[i 3(1) (1)] R1x4-> R1
[411 §|g ‘1)] R2+R1> R2
[(1) iﬁ (1)] R2x4-> R2
[(1) i|‘1* 2] R1+3R2-> R1 2+3(1)
-5
5+5=1R0
Ft A
4+3=7
7+5=1R2
0+4(3)=12
12+5=2R2
.-.A‘1=[i i

NOTE: If the inverse doesn’t exist, you will get a row of 0’s on the left and be unable to row
reduce to the identity matrix.
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12. Find the Inverse over Zsz if it exists where 4 =

[A/1]> [1/A71]

—
O =

211
110

0

1] R2+2R1-> R2

1+2(2)=5
5+3=1R2

0

1] R2x2-> R2

(2)] R1+R2 > R1

2x2=4
4+-3=1R1

el

MATH 1600 Final Exam Booklet Solutions

NOTE: If the inverse doesn’t exist, you will get a row of 0’s on the left and be unable to row
reduce to the identity matrix.
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13. Find the check digit for the following ISBN number 186 197 271"

The check vector is d = (10,9,8,7,6,5,4,3,2,1) and vector & is defined as © =
(1,8,6,1,9,7,2,7,1,d)

d-%=1(1098,7,654321) -(186,197271,d)
=10+72+48+7+54+35+8+21+2+d
=10+ 11(6) +6+11(4) +4+7+11(4) +10+ 11(3) +2 + 8 + 11 + 10+2+d
=10 + 6+4+7+10+2+8+10+2+d
=27 +32+d
=59 +d
=11(5) +4 +d
Solve for d where:  4+d =11
d=7

14. Find the check digit for the following ISBN number "019 852 663".

The check vector is d = (10,9,8,7,6,5,4,3,2,1) and vector v = (0,1,9,8,5,2,6,6,3,d)
d-%=(1098,7,6,543,21) - (0,1,9,8,5,26,6,3,d)
=0+9+72+56+30+10+24+18+6+d

=9 + 11(6) + 6 + 11(5)+1+11(2)+8+10+11(2)+2+11+7+6+d
=9+6+1+8+10+2+11+7+6+d

=24+36+d

=60+d

=11(5) +5 +d

=5+d

Solve for d where: 5+d=11
d=6
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15. Calculate the check digit for the UPC "638 489 001 08"

3(odd ) + even +d

=3(6+8+8+0+1+8) + (3+4+9+0+0) + d
=3(31)+ 16 +d

=109 +d

109+ d=110

d=1

Therefore, the check digit is 1.

16. (3 + 4i) + (10 — 2i)

=13+ 2i

17. (4 + 70) (=2 — 30)

= —8 —12i — 14i — 21i?
= —8—26i —21(-1)
=13 — 26i

18. Evaluate and express in form a + bi

(4-20) (1-30) 4—12i—2i+6i°

(1+3i) (1-3i) 1-3i+3i—09i2

_ 4—14i+6(-1)
 1-9(-1)

0-14i_ 7
10 2

MATH 1600 Final Exam Booklet Solutions
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19. Find the absolute value of 2 + 3v2i

lz| = Va? + b2 a=2 b=3V2

= /22 +(3v2)°

=4 +9(2) =22

20.a) Find the polar form of zw,% and%where z=i—1and w =23 + 2i.

z=—-14+i, w = 2V3 + 2i
a=-1,b=1 a=2V3,b=2
r=.(-1)2+12 r= /(2x/§)2+22
r=.403) +4
=2 r, =16 = 4
Im Im
(-1,1) (2v3,2)
)
N 7]
o~ | & R, DCG\ R,
1 T 2 1
o= tan~" —|=t O o=t ‘1—|=t =
an™" | — an~ (1) 2 an 23 an NG
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g = n_3n
LT

0 +0, = 37‘[+T[_ 9n+2n_11n
P27 "6 12 1270 12

zw = 11y [cos(0; + 6,) + i(sin(6; + 6,))]

11n o /11
zw = 442 [cos (E) + isin (E)]

= 1 [cos(8; — 6,) + i sin(6; — 6,)]
v cos(6; — 6,) + isin(6, — 0,

o= e () oo ()

1
=;(cos€ —isin®)

1_1[ /4 ,.n]

W_4 COS6 lSln6

b)z=1+1, w=2-—2V3i
a=1b=1 a=2,b=-2V3

r=44+403)
r1=\/§ r2=\/1_=4

X=

s
6

6,

s
6
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Im
(1,1)
7}
oc‘\ 1 Re X Re
0,
Im
(21'2\/§)
1 T —2v3 V3
= tan~! 1= tan"1(1) = 7 o= tan~! —‘ = tan‘lT
0 T T 0 -
oo = — = — = —
17y 3 273

9+9_T[+( )_37‘[ 471_—71
1h727 g 3/ 12 127 12

—n)_S_n 4_7T:77T

0, —0, = ——(—) = —
1727y (3 VREVIEY

zZw = 11, [cos(8, + 8,) + i(sin(8, + 6,))]

zw = 42 [cos (I—;) + isin (I—;)]

VA T-
Z = L cos(8; — 6,) + isin(8; — 6,)]
w

zZ \/_ /s T
o= T o) i ()

1 1
— =—(cosO —isinh)
w T
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21. Find the cube root of wif w = —1 + ivV/3

o First, we need to write z in its polar form, i.e. in the form

|w| (cos @ + isin@)
o To do this, we will find the argument and modulus, using the method explained in the
previous section.

lwl=v1+3=2
a=tan‘1@ a==2
1] 3

g = n_Zn

—TT3T 3

o In polar form our complex number is therefore:

_2( 27T+..2T[>
w=2|cos—+isin

o That’s most of the work done now. All we have left to do is to take the cube root of z,
which means taking the cube root of the modulus and multiplying the angle by 1/3:
wm = r*(cosnb + isinnb)

1/3
2T 2T
wl/3 = (2 (cos— + isin—))

3 3
2T 2T
— 21/3( . . >
cos —9 + LSln—9
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22. Find the three cube roots of -1 + i.

Step 1: Find the modulus and principal argument of the complex number:

modulant=v1 + 1 =2

To find the principal argument, we plot the complex number on an argand diagram:

i
-+ |
|
|
I O lj—
| N 2
-|
From the diagram, we see that
. [1] m
a = tan |_1| = 4
Then,
9= T 3n
T T
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Step 2: We are looking for the cube root, so n = 3, and we will have to find w,;w,w;. Using the

above formulas, we have
6 6
wy = |z|V/" (cos— + isin—)
n n

1/3 3r 3m
= |\/§| (COSE + i SIn ﬁ)

= \/51/3 (cos% + isin %)

+ isin

0+ 2n 0+ 2n
w, = |z|V/™ (cos i )

1/3 11z 1lm
= \/E (COS? + lSln?>

0+4nr = O +4m
+ i sin >

wy = |z|V/" (cos

1/3 197 . . 197
= \/E (COSE + 1 SIn E)

And we have found all three cube roots of this complex number.
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23. Find the cube roots of -8

—8 = —8 + 0i, so we have to find the modulus and argument of this complex number (note that
though -8 is not a complex number, by writing it as —8 + 0i we have converted it to a complex
number). Once we find the argument and modulus, we write this complex number in its polar
form, and use De Moivre’s theorem to find the cube root.

Step 1: Find the modulus and argument
The modulus =/(—8)? + 02 =8

On an argand diagram, -8 looks like:

It

L///-.-\\ e

So, the argument is & = m and the polar form is w=8 (cos  + isinm)
Step 2: n = 3, and using the formula for nth root of complex numbers, we find w;w,ws;.

y 6 8
w; = |z|V/" (cos—+ Lsm—)
n n

T T
1813 (cocFa i ain
w; = 8] (cos 3 + isin 3)
s s 1 V3
W1=|—2|(COS§+isin§>:2<§+T>:1+i\/§

3 3m
w2=2<cos?+lsm?)=—2

5 RY/4
w3 = 2<cos?+ isin?) =1-iV3
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o 1-i
24. What are the real and imaginary parts of the complex number z = o ?

In order to express z in the form Z =a+bi, we can multiply the numerator and denominator by
the conjugate of 2 +i. This will essentially eliminate the complex terms in the denominator and
allow us to obtain the standard form of z.

1-i  (@-i)@+i)  (@-i)@-i) 2-i-2i+i® 2-3i-1 1-3i 13
241 (2+i)(2+1) (2+i)(2-i) 4-2i+2i-i® 4+1 5 5 5

: 1 o .
So, the real part of zis a = o and the imaginary partis b= 5
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25. Find polar form (=3, —v/=3)
a=—-—/3 b=-+/-3=-3
tan o< = “_ﬂ
-3
tanox =1

X =-
4

r= J(~3) +(3)°

- V3+3
- V6
Im
-3 = R,
—V3i ¢
(-V3,-V/3i)

NOTE: If we take the angle and add pi, we get an angle greater than pi, so we do the following:
T

9=Z—T[
m 4m  3m
4 4 4
~z=r(cosf +isinh)
3 3
z= %(cos(—7)+isin(—7)> XJe

(2v3,-2)
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26. Find the polar form of z = —2i + 2v/3.
z =23 - 2i.
a=2V3 b=-2

r =\/(2\/§)2 +(-2)2=V12+4=4

« = tan~ !

2v/3

z=71(cosf + isinf)

2= 4 (cos (~2) # £sin (~5))

27. Find the polar form of Z = V2 — /2i
a=+2 b=—2

r= JO2) +(—V2) = Vi=2

« =tan"!|[—=| =tan"1(1) = =

2 D=7
9_77 m 47‘[_—37'[
T3 "7 4 T,

z=71(cosf + isinf)

Z=2 (cos(_Tgﬂ) + isin(_TEm))

MATH 1600 Final Exam Booklet Solutions

—\/Ei

(V2,-V2i)
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Post-Midterm Material
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1. Linear Transformations

X
Example 1.1.Is T [y] = [i t g] a linear transformation?

IST (177 + c1V;) = 1T (V1) + ;T (V)

where v; = [;ﬂ + v, [;z]

T(c,v; +cyvp) =T [cl [;ﬂ +c, [;Z]l
_ [Clxl + szz]
C1y1 T C2Y2

_ [(C1x1 + c3x3) + 2 (c1y1 + €2)2)
(c1x1 + €2x3) — 2 (c1y1 + €2)2)

[clxl + 2¢1y1 + Cxy + 2 czyz]
C1X1 — 2¢1Y1 + CXy — 2 Ry,

_ [clxl + 2C1y1] + [czxz + 2 czyz]
C1X1 — 2C1)1 CoXy — 2 C2Y;

+ 2 + 2
_ [x1 )’1] +c [xz Y2

=c;T(v;) + ¢, T(v,
X1—2y1 xz_zyz] 1 (1) 2 (2)

Example 1.2. Find the image of the vector [1,2] under this reflection.

[ O[]

Example 1.3. Find the image of the vector [1,2] under this reflection.

Lo alll=[5]

218



©Prepl101 MATH 1600 Final Exam Booklet Solutions

Example 1.4. Find the image of the vector [1,2] under this reflection.
10 17117 12
1 0 [2] - [1]

Example 1.5. Find the image of the vector [1,2] under this reflection.

12 =15

Example 1.6. Find the standard matrix for the transformation “reflection in the line y = 2x”

1

A direction vector is d = [2

].-.d1=1 dy, =2

12-22  2(1)(2)

O =2 hwe) -12+22

1—3 41 [-3/5 4/5
25[4 3]:[4/5 3/5

Example 1.7. Find the image of the vector [1,2] under this projection.

s -l

219



©Prepl101 MATH 1600 Final Exam Booklet Solutions

Example 1.8. Find the projection onto the line y = %x

A direction vector is d = [;] sod; =3 and d, = 2.

P = (42) d P = (35)d
_ (32)@0[3 _ 32»0On[3
_m[z] T e2el2
3731 _[9/13 _27031_[6/13
- E[z] - [6/13 - E[z] - [4/13

cA=[P@) P@I= g5 $s

Now, d? =32 =9and d3 = 22 = 4and d,d, = (3)(2) = 6,50

dq,d, d? 6 4 6/13 4/13

df d,d; 9 6
A= d?+d%? d?+d3 :m 9+4 =[9/13 6/13

d?+d? d?+dZ| L9+4 9+4

Example 1.9.

A rotation about the origin at an angle of 8 in R? is a linear transformation from R 2> R?,

Ro(ti + ¥) = Ry(1i) + Re(V)
Rg(cti) = cRy(u)
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Example 1.10. Write the standard matrix for a rotation of 30° counterclockwise. Then, find the
image of the vector (2,4) under this rotation.

Solution:
[cos @ —sind
sinf cos@

3
_ [cos 30° —sin 30°] _ \/—/2 _1/2
sin30°  cos30° 1/ \/§/
2 2

\/§/2 _1/2

2] _
[R3Oo] [4] - 1/2 \/§/2 [4 [1 + 2\/_

Example 1.11.
FindS oT:R? - R*

Solution:
O3 10 21 Lo
[S] = “Sland [T]=1(3 -1
1 -1 0 > 4
1 1 2
O3 10 21 Lo 17 85
#[SoT]=[S][T] = N e
1 -1 0 > 4 -2 1
1 1 2 8 7
7 8 7x; + 8x,
. ° X1 _ |1 -5 X1 . X1 _ x1—5x2
o (S T) [xz] “1-2 1 [xz] [xz] - —2X1+X2
8 7 8x1 + 7x,

Example 1.12. Find the standard matrix for a 30° rotation in a clockwise direction.

Since a 30° clockwise rotation is the inverse of a 30° counterclockwise rotation, we get

-1
V3 1y
[R_30c] = [(R30) 7] = 2 73 2| ...we could calculate the inverse using the 2x2
1 /2 3 /2

formula we talked about earlier!
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Example 1.13.
Write the matrix representation (i.e., the standard matrix) of T.

Solution:

To find the standard matrix, we will apply the linear transformation to each vector in the

standard basis for the domain (R?) to produce column vectors in the codomain (R*). Note that
the linear system can be rewritten as

y IX+y—-12
8X+2y+1z
TIy|=
, ~y+1
9x+3z
Then,
- |7
L 8
T(e)=T||0 =0
0
- 19
_ o1
2
T =T||1]||=
(€,) 1
L d _0_
- [
0 1
T(e)=T||0||=
_1_
7 1 -1
- 2 1
Then, the standard matrix is A=[T (e,)|T(e,)|T(e,)]= L1
9 0
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1.6 Homework on Chapter 1

1. A linear transformation T: R> — R3 is given by

a) Find the standard matrix of the transformation.

b) Compute T(3,2,-6,1,-3) by direct substitution and by matrix multiplication.

Solution:

a) To find the standard matrix, we will apply the linear transformation to each vector in the

2X, —5X, + X3 — X, —2%; =8
—6X, +8X%; —2X, +12%, =1
—9X, +9X, +4X; +5%, =2

MATH 1600 Final Exam Booklet Solutions

standard basis for the domain (R°) to produce column vectors in the codomain (R3). Note that

the linear system can be rewritten as

N I—‘><

_|
X X X
oS

~

X
A

Then,

2X, —5X, + X3 — TX, — 2X,
—6X, +8x%; —2x, +12X,
—9X, +9X, +4X, +5X,

1T
OOOHOIIOOOOI—‘
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0

0 1
T(e)=T||1]||=|8

0 4

_0_

o]

0 -/
T(e,)=T||0]|=|-2

1 0

_0_

-

0 -2
T(e)=T||0]||=|12

0 5

_1_

MATH 1600 Final Exam Booklet Solutions

2 51 7

-9 9 4 O

-2
Then, the standard matrix is A=[T (e,)|T (e,)IT(e,)IT(e,)IT(es)]=|-6 0 8 -2 12|

5
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b) The linear transformation of the given vector can be determined by direct substitution:

T|-6|=| -6(3)+8(-6)-2(1)+12(-3) |=|-104
1 —9(3)+9(2)+4(—6)+5(—3) —48
-3

3 3

2 2
T|-6[=A|-6
1 1
__3_ __3_
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2. a) Write the standard matrix for a rotation of 60° counterclockwise. Then, find the image of
the point (2,4) under this rotation.

A cos@ -sin@
“|sing cos@

[ 3
_ [cos 60° —sin 60°] _ 1/2 - \/—/2
sin60°  cos 60° \/§/ 1
Yo

21 1/2 _\/5/2_
[Reoe] [4]_ \/§/2 1/2 _[4 \/_+2]

b) Find the standard matrix for a 60° rotation in a clockwise direction.

Since a 60° clockwise rotation is the inverse of a 60° counterclockwise rotation, we get

[Rogo] = [ 1/2 ‘@/2_ Y 12 \/—/2 1/2 f/
—60:] = [(Reo) '] = T3

(using the 2x2 inverse formula)
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3. a) Write the standard matrix for a rotation of 45° counterclockwise. Then, find the image of
the point (-2,4) under this rotation.

A cos@ -sin@
“|sing cos@

— [Cos45° —sin 45°] _ [1/\/5 N /\/El

sin45° cos45° 1/\/5 1/\/5
b -1 RS oy N P
[Rasc] _2] [1/\/_ 1/\/_‘[ 2] I \f é\ﬂ:I 22|=| - |=[_3\/§]
® ARG
e S5 5] 122

b) Find the standard matrix for a 60° rotation in a clockwise direction.

Since a 60° clockwise rotation is the inverse of a 60° counterclockwise rotation, we get

Y ~Yal
[Rogse] = [(Rys)™] = =
R L@1@‘<mwmw
1 1
A
Ny

(using the 2x2 inverse formula)

1@1@]
Y
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4. Consider the linear transformation T: R? — R3 defined by

2x4
T xl = | x; — x, | and the linear transformation S: R® — R* defined by
e [x1 + 3%,
SR }’1t3’3
s v, | = YV2—Y3
Va Y1ty
o V1 +Y2 — V3
Find S - T:R? —» R*
O1 10 11_ 2 0
[S]= land [T]=|1 -1
1 1 0 1 3
11 -1 -
-01 1O 11- 2.0
[S-T]=[S][T] = 11 _0 1 -1
11 -3
3 3
_lo -4
3 -1
2 —4
3 3 3x, + 3x;
e m [ [0 —4] % S | 4
o (S T) [xz] - |:3 —1 [xz] ) [xZ] - 3X1 _XZ
2 -4 2xq — 4x,

s. Tl =[] =[3]

r[3)-191- 1]

But T ([(1)] + [g])

-1[)-

2] = [o] # [2]+ [
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6.
0 a=l) ]
o) a=[° ]
c) y=3x

Use the formula on p. 176

Reflection in any line y=mx:

The standard matrix that reflects a vector in £ is:

. 1 d>-d> 2d.d
Fg(X): ll 2 12]

di +d%| 2d,d, —-di+d5

d:[é] ndy=1 dy=3

1 [12-32 2(1)(3)

Ft’(f) = 12432 2(1)(3) _12 + 32

sl 1ol

_1[-8 6]: —8/10 6/10
8

6 6/10 8/10
_[~4/5 3/5
~13/5 4/5

MATH 1600 Final Exam Booklet Solutions
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d) Projectionontotheliney = —x
- 1
d = __1]d1 =1,dy = —1
di d,d,
Ao d? +ds d?+d3
d,d, dz
|d? +d> d?+d3
12 1(-1)
{12+ (=12 12+ (—1)Zl
| 1D (-1)?
(12 + (=1)2 12+ (—1)2J
[ 1 1
_| 2 2
1 1
2 2

&) A= cos 45° sin45°]_ 1N2 12
~ l—sin45° cos45°l  |—1/v2 142

cos 45° —sin45°]=[1/\/§ —l/ﬁl

" A=[sin45° cos 45° 142 142
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2. Determinants

Example 2.1. Find Az3 where A=

N W
N = O W

Solution:

Delete second row and third column

2 2
Example 2.2. Find B2 where B:[z 0
3 1

Solution:

Delete the first row and second column

el S

Example 2.3. Find the 2,3 minor and 2,3 cofactor of A=

Solution:

=N W

WL NN

MATH 1600 Final Exam Booklet Solutions

2 2 3
2 1 1
0 3 -1

2,3 minor= det A23= determinant of the matrix leftover when you remove the 2nd row and 3rd

column

det [(2) g]: ad - bc = (2)(3) - (2)(0) = 6

2,3 cofactor= (-1)2*3 (2,3 minor)= (-1)(6)= -6
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Example 2.4. Find the 1,2 minor and the 1,2 cofactor of B= g —21 i]
2 1 0

Solution:

Delete the first row and second column

1,2 minor = det B (1) =0—-2=-2

1,2 cofactor= (—1)*2(-2) = 2

Example 2.5. Find det A in each case:

a) A = [2] b) B:B g]

Solution: Solution:

detA=2 det B=ad-bc=(1)(3) - (5)(2)=3-10=-7
1 3 5

c)C=[1 1 1]
-2 0 2

Solution:

det C= () () det]y ] +(0)2@)det L 0 E)de L ]

det C=(1)(1)(2-0) + (-1)(3)(2+2) + (1)(5)(0+2)
det C=2-12 + 10=0

Now, we can do the same question, but expand along the SECOND column, since it has a zero!!!
— (_1)1+2 1 1 _1)\2+2 1 1 _1)1+3 1 5
det C = (-1)1*2 (3) olet[_2 o+ (1)o|et[_2 S (5)o|et[_2 2]

= (-3)(2+2)+(1)(2+10)
=-12+12=0
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Example 2.6. Find the determinant of each of the following:
a) A=[7]
Solution:

det A=7

OLS
Solution:

detB=ad - bc = (2)(-7) - (-1)(3) =-14 +3 =-11

2 3 =2
c)C=(2 1 1 ]

4 2 0
Solution:

Expanding along the last row...

deth= (-)*1(@det [T F|+ (0 @det[F 7]

2 1
=4(3+2) + (-2)(2+4)

=20-12
=8
1 0 2
dD=[1 0 -1
3 4 0
Solution:

Expand along the second column because it has the most zeros

det C=(~1)***(4)det[; ]

= -4(-1-2)
=12
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3 -1 1 1
[0 0 2 2
Ol 4 1 4
0 1 0 2

Solution: expand along the first column

0 2 2
det E= (—1)1+1(3)det[4 1 —1]
1 0 2

expand along the first column

det E=3[<—1>2+1(4)det 0 2]+ o¥ide|? 2 ]l

=3[(-4)(4)+1(-4)]
=3(-16-4)
=-60
2 2 0 0
o1 1 o0
N F= 0 2 -1 2
01 2 0
Solution:

Expand along the first column

1 1 0
det G= (-1)*1(2)det |2 -1 2
1 2 0

expand along third column
— o[ (_1)2+3 11
det G= 2 (~1)2*3(2)det[; |l

=2[(-2)(2)]
=-4

MATH 1600 Final Exam Booklet Solutions
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1 2 =3
g) letA=|a b ¢ ]and given
d e f

det [ 2]:4, det ;]=2, det[le) ;]=3, Find det 4.

Solution:

Find det A

deta = ey 7|+ oy g+

(D3 (-3)det[% 7]

=M+ (=22 +(=3)@
=3—-4-12
=—13

Now, back to minors and cofactors...

2 21 0
Example 2.7. Find the 3,2 minor and 3,2 cofactor of C= _01 1 i 1
1 3 1 -1

Solution:

Delete the third row and second column

2 1 0
3,2 minor = det [—1 2 1 ] expanding along top row
1 1 -1

=(-1)1*1(2) det[i _11] + (=21 det [—11 _11]

=(2)(-3)+(-1)(0)= -6

3,2 cofactor= (—1)3*?(—6) = 6
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3

Example 2.8. Find the 2,2 minor and the 2,2 cofactor of D= _11

0 -1

== el A
Wk Pk Ww

Solution:

Delete the second row and second column

3 2 3
2,2minor=det|—1 0 1
0 1 3

expand along last row...

_ 342 3 3 43343 3 2
=0+ (-1)*(1) det| | 1 1] + (—1)3*3(3)det [_1 0]
=-1(3+3) +3(0+2)

=0

2,2 cofactor= (—1)2%2(0) = 0

Example 2.9.
A is upper triangular, B is lower triangular and C is a diagonal matrix.

11 2
A=[0 3 4| detA=(1)(3)5)=15
0 0 5

6
5 det B= (6)(2)(3)= 36

det C = (6)(-2)(L)= - 12

o9 woog

1 2 4

Example 2.10. The determinant of [0 3 3] is (1)(3)(2)=6 because we can multiply along the

0 0 2
main diagonal as this matrix is in upper triangular form.
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Example 2.11. Find the determinant of each of the following by putting the matrix in upper or

lower triangular form.

3 1 -1
a)A= | 0 1 3
-3 -1 4
Solution:
R3 + R1- R3
3 1 -1
0 1 3
0 0 3

detA=(3)(1)(3)=9 multiply along main diagonal

1 4 2
b) B=| 0 2 4
-1 -2 1
Solution:
1 4 2 1 4 2
R3+R1 - R3|0 2 4| R3-R2->R3 0 2 4
0 2 3 0O 0 -1

detB=1(2)(-1)= -2 (multiply along the main diagonal)

c)C=[0 1 4

1 4 6
Solution:

(1 2 4
01 4
0 2 2

124]

R3-2R2 —» R3

] sign of the determinant)
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0 2
2 =2
0 4
0 O

2

d) D= 4 switch rows 1 and 2 (switches sign of the determinant)

1

S U1k, N

Solution:

det D=—det R3-2R2 — R3

SO OoON

2 =2
0 2
0 O
0 O

det D= (- 1)2(2)(L)(1) = -4

= —det

I
oORrNR, OB

=

1 2 1
Example 2.12. Find the determinant of A=|0 3 3].
1 6 2
1 2 1
Solution: Using elementary row-operations, R3 - R1 - R2, we get: |0 3 3| Now, in order to
0 4 1

finish, we would need to take: R3-4/3 R2—R3!! YUCK!!!

So, switch to expanding along the first column.

detA= (-1)7*1(1) det [i f = ()13 = 12) = -9

Example 2.13. Find the determinant of each of the following matrices:

1 1 1
3 3 3
1 4 1
Solution:

a) A=

det A=0 since there are two equal columns
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b)B=|4 6 0

2 2 3
Solution:

100]

det B= (1)(6)(3)= 18 since it is in lower triangular form

c)C=[0 0 O

3 1 4
Solution:

025]

detC=0 since there is a row of 0's

1 2 4
dD=|5 -1 2

-2 -4 -8
Solution:

det D=0 since column row 1 times (-2) is equal to row 3

10 2 2
o1 1 1
OBy 2 21 3
03 0 5
Solution:

R3 - 2R2—-R3 and R4 - 3R2— R4

1 0 2 2]
01 1 1
0 0 _3 1|R4-R3-R4
0 0 -3 2
10 2 2]
01 1 1
00 -3 1
00 0 1

det E= (1)(-3)= -3
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1 o -1 2

12 0 0 3

fF= 3 1 1 2

-1 -1 0 -1
Solution:

R2-2R1 — R2 and R3-3R1 - R3 and R4 + R1 - R4

1 0 -1 2 1 0 -1 2
0 O 2 -1 0 0 2 -1
0 1 4 —4 RATRESRUG G,
0o -1 -1 1 0 0 3 =3
you can switch to expanding along the first column, to avoid the fractions
0 2 -1
det F= (—1)*1(1)det [1 4 —4]
0 3 -3

expand along first column
det F= (—1)2*1(1)det [g ]

= (-1) (-6+3)
=3

Example 2.14. Use the basket-weave method to calculate the determinant of A=

1 2 3
2 1 4]
3 2 5
sum of right products=5+24 + 12 = 41

sum of left products=9 + 8 + 20 = 37

det A= right products - left products =41 - 37 =4

1 2 Foe ot 2
2 5 T g 1
3 2 ST g TG
4 - 4 A A A
B [ [
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2 =2 3
Example 2.15. Use the basket-weave method to calculate the determinant of B:[ 2 0 4]
-3 2 5
Solution:

R=0+24+12=36  L=0+16-20=-4
R-L=36-(-4)=40

Example 2.16. Given det A=3, det B=4 and A and B are both 3x3 matrices, use the properties
above to answer each of the following:

Solution:

a) det(AB)= detA det B=(3)(4)=12

b) det (ATB)= detAT det B = (detA)(detB) =12
c) det(A1)= 1/detA = 1/3

d) det(3A)= 3%detA= 27(detA)=27(3) =81

e) det(2B)= 23 det B = 8(4) = 32

a b c 2a 8b 2c
*Example 2.17. If det [d e f] = 2, find det[ d 4e f]
g h i g 4h i

Solution:
multiplied row 1 by 2 and column 2 by 4...multiplies determinant by 2 and by 4
new det = old det (2)(4) = 2(2)(4) = 16
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* Example 2.18. Suppose A is a 3x3 matrix with det A = -5. Which one of the following is
false? Circle all that apply.

A.det (A)=-5 B.det (A1) =1/5 C. det (A%) =25 D.Ais E. det (2A) =-10

invertible

Solution:

A. det AT =det A =-5true

B. det Al = 1/-5 = 1/5 false it should be -1/5

C. det(A?) = det(AA)=det A (detA) = (-5)(-5)=25 true
D. true, since det A is NOT equal to 0

E. det (2A)= 23 det A = 8 (-5) = -40 false

The answer is b and e) are false.

—2a —2b —2c
d e f |- Find det B if you know
g—2d h-—2e i-2f

a
d
g

* Example 2.19. Let A=

l

S 0o

C
f] and B=

that det A=36.

Solution:

det B = det A (-2)

det B =36 (-2) =-72

Remember, g-2d back into g doesn’t affect the determinant.

If it were g-2d back into d, it would multiply the determinant by -2.
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4 3 0
k 1 k], find the value of k for which det A=0.
0O 3 2

* Example 2.20. If A=

Solution:
expand along bottom row (or you can basket weave)
detA=0

4 3

0=(- 1)3+2(3)det[z 2]+(—1)3+3(2)det[k ;

0=-3 (4k - 0) + 2 (4- 3K)

0 =-12k+ 8 — 6k
18k =8
k =8/18 = 4/9

* Example 2.21. Let A be a 3x3 matrix with det A = 2. Find det(3A)det(ATAA).

Solution:
det(3A)det(ATAA)
=det(3A)det (1A)
=det(3A)detA

=3% det A det A
=27(2)(2)

=108

2 0 0
* Example 2.22. If det[ 5 kK 0 ] = 72, find the value of k.
-1 6 -3

Solution:

It is in triangular form, so multiply along the main diagonal to find the determinant

2(k) (-3)=72
-6k =72
k=-12
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a b c
a—1 b—1 c—-1
a+5 b+5 c+5

* Example 2.23. Find det

Solution:

It is in triangular form, so multiply along the main diagonal to find the determinant
2(k) (-3)=72

-6k =72

k=-12

Example 2.24. If A is a 4x4 matrix with det(2471) = 5, find detA.

A.5/16 B. 16/5 C.5/2 D. 2/5 E. none of the
above
Solution:
det(24™1) =5

2%detA™! = 5 since A is a 4x4 matrix

1
16 (m) =9
16
detA = ?

The answer is B).
Example 2.25. Solve using Cramer's Rule: 2x +y =3
X+3y=15

A=[i ;] detA=6-1=5
A= 135 ;] detA(1)=9-15= -6

A(2):[i 135] detA(2)=30-3= 27

_ detA(1)_-6
T detA 5
_detA(2) 27
" detA 5

The solution is (-6/5, 27/5).
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Example 2.26.

3 3 4
11 1 ]...detA=-2 using basket weaving..R=-3+9+4 = 10 and left= 12+3-3= 12 and
3 1 -1

A=

SO
det A=right-left=10-12=-2

Only use basket weaving for checking an answer on rough work paper!!

10 3 4
AD=l2 1 1 ] detA(1)=- 8 using basket weaving with R=-10+ 12 + 8 = 10 and
4 1 -1

left= 16+ 10 -6 = 20 and det A =right - left =10 — 20 =-10

x=detA(1)/detA=-10/-2=5

2 2 a -2
0 3 b —4

. . = =

Example 2.27. A 00 ¢ 2 det A=3
0 0 d 4

This involves determinants and finding a solution for a variable, so it is Cramer’s Rule

To find x3 we replace the third column of A with the b matrix (right hand side of the system of
equations)

2X1+2X2 + axz-2Xa= -3

3X2 + bxz- 4x4= 2

CX3+2X4= -1

dxs+ 4x4=0
2 2 -3 =2
|10 3 2 -4

A(3)'0 0 -1 2
0O 0 0O 4

det A(3)= (2)(3)(-1)(4)= -24

detA(3) 24
X3= ——= ——= —8
3 det A 3
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Example 2.28. Find the 1,3 entry of the adjoint matrix:

a) delete the 3" row and 1% column

1,3 entry of adjoint= 3,1 cofactor=(-1)"*3detAs= (1) det[_o 1 é]: 1

b) delete the 3" row and 2" column
2,3 entry of adjoint=3,2 cofactor= (-1)**3detAs;= (-1) det[(l) _21]= -2

Example 2.29.

Cu= (-1)**'detA=-1
Cio= (-1)*?detAzi= -3
Cx= (-1)*'detAs=-2
Cao= (-1)**2detAx= 2

Adjointmatrix:[:% _23]:[_dc _ab]

5 4 7
Example 2.30. Giventhatdet A=4and AdjA=|2 6 8 ] find the (1,2) entry of AL,
8 -8 10
Solution:
L L 5 4 7
(1,2) of A'=——(1,2) of AdjA=7|2 6 8 |andthe (L.2)entry is (1/4)(4)=1
8 -8 10
For the (3,3) entry of A™ we get: (3,3) of A‘lzﬁ (3,3)of AdjA = %(10) = 170 = g

Example 2.31. Given det A=4 and A is a 3x3 matrix, find det (Adj A).
Solution:

det(Adj A)=(det A)™*

det(Adj A)= (4)*1=4%=16
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Example 2.32. detA= -4

3,1 Adjoint=1,3 cofactor=delete 1% row and 3" column= (-1)**'detA;s= (1)

det] ! J]F() (2-2)= 4

ATt = AdjA= (D) = 1
Example 2.33. det(AdjA)= (detA)"*
243 =(3)"

(3)°=(3)"*

5=n-1

n=6

So, it is a 6x6 matrix.

a b ¢
Example 2.34. Find det A if A=

d e f
Solution:

det A = (ith row of A)- (ith column of Adj A)

a b c11-22 8 17
=|3 -3 4 8 -7 2
d e fll17 2 =7

(2nd row of A)- (2nd column of Adj A)
8

3 -3 4] and Adj A =

=22 8 17
8 -7 2
17 2 =7

=[3 -3 4] [—7] =3)B)+ (-3)(-71+4)(2)=24+21+8=53

2
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2.9 Homework on Chapter 2

1IfA=

multiply along the main diagonal since it is already in upper triangular
detA= (2)(2)(4)= 16

2. Find the 1,2 cofactor of the matrix A=

delete the first row and second column

1,2 cofactor= (—1)*%det [g _11] =(-12+3)=-5

2
. 2
3. Find det 4

2

The matrix is in lower triangular, so just multiply along the main diagonal to find the

determinant

detA= (2)(3)(2)(6)= 72

2 2 0
0 2 2
0 0 4

_ W o

4

N OO

2

], then find detA.

o O O

MATH 1600 Final Exam Booklet Solutions
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4. Find det

_ O O
O R N R
—_

-1 2
1 1
1 3

-1 -1

1 -1 2
1 1 3
2 1 1
0 -1

1 -1 2
1 1 3
0 -1 -5
-1 0 -3

=det R2-R3

_ o O

= —det
-1

= —det R4+R2—R4

= —det R4+R3—-R4

= —det

= (D@ODEDE5)=-5

OO R Rk OORKkRF
[u=y
(e)

cCoOO0OR OO0 O R

5 1 2
5. Findthe 3,2 minorof B=14 -1 1
0O 0 3

delete the third row and second column

5 2

= detA32 = det [4 1

|=G-8)=-3

MATH 1600 Final Exam Booklet Solutions

R4 — R1-R4 and R3-2R2- R3
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1 -1 3 1 0 3
6. Find det (A+B) where A=[0 1 1|andB=|0 7 2
1 1 1 0 0 4

**Eind (A+B) first!!!

**note: you cannot say det(A+B)=det A + det B...it is not true for any matrices A and B

2 -1 6
A+B=(0 8 3] expand along the first column
1 1 5

det(A + B)=(—1)*1(2)det [? §]+(—1)3+1(1)det [—81 g]
~(2)(40-3) + (1)(-3 -48)

=74 -51

=23

7. If A and B are both 3x3 matrices, with det A=2 and det B=5, find det(ATB™).
det(ATB™)= detA (1/detB)= 2 (1/5) = 2/5

a b c 2a 2b 2c¢
8. I1fdet|d e f]:4, find the determinant of [3g 3h  3i
g h i d e f

A.6 B. -6 C.24 D. -24 E. none of the

above

switched rows x (-1) and then multiplied one row by 2, one row by 3 so det gets multiplied by 2
and 3

det=4(-1)(2)(3)= -24

The answer is d).

4 1 2
9. Find the 3,1 cofactor of B:[4 -1 1]
0 0 3

Delete the third row and first column

3,1 cofactor=(—1)3*1detB;; = (1)det [_11 ﬂ =14+2=3
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10. Find the 2,1 minor of the matrix A=

3 3 2
0o -1 1
-1 -2 3
Delete the second row and first column

2,1 minor =detA,, = det [_32 g]: 9+4=13

2 4 5
11.Find det [0 vV2 2
0 0 42

matrix is in upper triangular form, so multiply along main diagonal to find the determinant

det= 2(\/5(4\/5) = 2(4)(2) = 16 since a root times itself, is just the number under the root

1 0 0 O

. -6 6 0 O

12. Find det 6 6 1 0
2 2 3 2

matrix is in lower triangular form, so multiply along main diagonal to find determinant

det=(1)(6)(1)(2)= 12

0 0 1 3
. 0 2 -1 4
13. Find det 00 1 -1
1 1 0 0
switch row 1 and row 4, and multiply det by (-1)
1 1 0 0
= —det|® % 1 row reduce to get zero in row 4
0 0 1 -1
0 0 1 3
R4-R3 - R4
1 1 0 0
__ 02 -1 4
=detly 0 1 -1
0 0 O 4

= (1))@= -8
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14. Find the determinant for each of the following:

2 3
a) det 1 >
b) det[-V5]

2 0
~1

NN

C) det

w

00
00
6—150
4 0 3

w

a)det=ad-bc=4+3=7
b) det=—+/5
¢) det=(2)(-1)(-15)(3)= 90

2x X —2x
15. Find the determinantof | x x+1 —2x
0 0 3x+1

expand along third row
det=(—1)3*3(3x + 1)det [Zxx =G D@ + 20 - x?) = Gr+ D+ 20)

1 3 0
2 1 4|

2 2 4

16. Using row and/or column operations, find det

1 3 0
2 1 4‘ using R3-2R1—-R3 and R2-2R1—-R2, then expand along the first column
2 2 4

1 3 0
0 -5 4

0 —4 4

det

= (=D (1)det [j ﬂ = —20+16 = —4
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17. The matrix A=

2 1

2 2

MATH 1600 Final Exam Booklet Solutions

1 0] has det A= -4. Which of the following is false?

A. detAT= 4

B. detAl=-1/4

C. det (2A)= -8

D. det A>=16

E. Aand C are
false

A. is false since the transpose has the same det as the original matrix

B. is true since det (inverse)=1/detA
C. is false since det(2A)=23(detA)=8(-4)= -32
D. is true since det(A%)=det(AA)=detA(detA)= 16

The answer is €).

18. If A and B are both nxn matrices, with det A=2 and det B=5, find det(ATB™Y).

A. 10 B. -10 C.1/10 D. -2/5 E. none of the
above
det(ATB)= detA (1/detB)= 2/5
The answer is e).
19. If A is a 3x3 matrix, with det A= 4, find det(2A)".
A.8 B.1/8 C. 32 D.-32 E. none of the

above

det(2A)"=23(detA)=8(4)=32. The answer is c).
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a b c 2a 2d 2g
20. Ifdet |[d e f]:4, find the determinant of [ b e h
g h i c f i
A4 B.-4 C.8 D. -8 E. none of the
above
The matrix is transposed, but this doesn't change the determinant
The first row is multiplied by 2, so the determinant gets multiplied by 2
det=2(4)=8
The answer is c).
a b c a—g b—h c—i
21. If det |d e f]:S, find the determinant of | d e f
g h i 2g 2h 2i
A5 B.-5 C. 10 D.-10 E. none of the
above

The first elementary row-operation doesn't change the det, so just multiply it by 2 because the
third row is multiplied by 2, so the new determinant is 5(2) =10.

The answer is c).
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22. If A is a 4x4 matrix with det A= 2, which of the following statements are true?

) detAT=2

1) det (-A)= -2
1) det (AA =1
V) det(2A)=8

A.l) and IV) B.I),I)and IV) [C.I),I)and Ill) |D.I)and Il E. all of them
) detAT=2 true
1) det (-A)= -2
det (-A)= (-1)*(detA)=2 so Il is false
1) det (AA D=1
det (AA)=det(I)=1 is true
1V) det(2A)=2%(detA)=16(2)=32 so 1V) is false
The answer is d).
23. Find det (CD) where C:B g] and D= [3 _31]
A. 117 B. -63 C.63 D. -117 E. none of the

above

det(CD)=detCdetD= (3-10)(9-0)= (-7)(9)= -63. The answer is b).

24. Let A and B be nxn matrices with det A=7 and det B=6. Which of the following are false?

A. Aand B are
both invertible

B. Every linear
system AX=Db
has a unique
solution

C. Every linear
system BX=b
has no solution.

D. det(BTAT)=42

E. The rank of A
and B are both
equal to n.

The answer is ¢). since if detB#0, there must be a unique solution
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25. If A= [Ccl Z] and det A=8, which of the following matrices does not have a determinant
equal to det A?
A. B. C. D.
3a b 4 e , All of the following have a
a -
- id [b d] [C O b] determinant equal to det A

for A, if you multiply one column by 3, you multiply det by 3, but then when you multiply
another column by 1/3, you multiply det by 1/3 and get back where you started!

B, has same det, transpose doesn't change determinant
C, elementary row operations don't change det

The answer is d).

26. Determine the value of k so that matrix A:[i Z] does not have an inverse.

A. k=6 B. k= -6 Crk+e D.k+ -6 E. None of the
above

It won't have an inverse if detA=0
(3)(6)-3k=0

18 - 3k=0

k=6

The answer is a).

2 0 4
27. Determine the value of x so that matrix A= |x 1 3] has an inverse.
2 0 x
A. x=4 B.x=-5 Cx #4 D.x%—4 E. none of the

above

If det A=0, 2x-8 = 0 so x=4 and this would be the value for which there is NO inverse
The answer is ¢). Basket weave and get left = 8+0+0=8 and right=2x+0+0=2x and

right — left = 2x — 8 # 0 ,s0 we get x# 4,since you know the determinant can’t be 0 since it has
an inverse. The answer is C).
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28. Suppose A is an nxn matrix with det A#0. Which of the following statements is true?

A. AX=b must
have infinitely
many solutions

B. There is at
least one row of
0’s in the row
reduced echelon
form of A

C. Aisnot
invertible

D. AX=0 has no
solution

E. rank A=n

The answer is €). because if detA=0, there can't be a unique solution or an inverse, or the identity
when you row-reduce. Also, if det A =0, there is at least one row of 0’s so the rank is less than
n. The homogeneous system can’t be a unique solution, so it must be infinitely many solutions.

1 0
. 0 -1
29. Fin
9 Iddet0 0
2 2
R4 — 2R1 - R4

start row-reducing...

expand along the first column...detA (-1)1+1(1)det[

5 3

0 4

-3 -2

0 3
R4+2R2— R4

[1 0 5 3]
0 -1 O 4

o 0 -3 =2
0 2 -10 -3l
[1 0 5 3]
0 -1 O 4

o 0 -3 =2
0 0 -10 5.

-1
0
0

0

-3
-10

4
-2
5

expand along the first column of the 3x3...note: the numbers left in front of the 3x3 are just equal

tol
det A= (1) (-Dydet| > 7| = —1(-15-20) = 35
-10 5.
[1 1 1
30. Find the (1,2) cofactor of A=[3 3 3
3 6 8

Delete the first row and second column

1,2 cofactor= (—1)*%det [

3 3
3 8

] = (-1)(24—9) = —15
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QU Q

3L IfA

ST

c
f] and det A =4,

l

«Q

a d g
a) Find det [4b 4e 4h]
c f i
NEW det=4(4)=16

b) Finddet| 4d 4e Af
2g—6a 2h—6b 2i-—6c

NEW det=(3)(4)(2)(4)=96

3a 3b 3c ]

a—3d b—3e c-—3f
c) Finddet| g h i

[ 3d 3e 3f ]
NEW det=(-1)(3)(4)= -12

2a 2d 2g
d) Find det [ b e h
c f i

NEW det=2(4)=8

32. Let A= = -40, find det A.

a b c 2a 2d 2g
d e f]. If det [ b e h
g h i c f i
This one is backwards! You are finding det A, the original determinant and you know the final
answer is -40.

2 det A = -40
Det A=1/2(-40)= -20
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33. If B is a 3x3 matrix and the det (2B) =16, then det B is:

A. 2 B. 1/2 C.8 D. 8/3 E. none of the
above
16=2°detB
det B=16/8 = 2

The answer is a).

34. Let A and B be 3x3 matrices with det A =5 and det B=3. Find each of the following:
(i) det(AB)

(ii) det(AT BTA)

iy det(A™B)

(i) det (AB)= detA detB= 5(3)=15

(i) det(ATBTA)=(det A)(detB) (detA)=5(3)(5)=75

(i) det(A*B)
=det=(1/5)(3)=3/5

4 2 4 8 0 0
35. Find the det (AB) ifA=[0 3 3/5|and B:[b 3 0]
0 0 -2 c a 1

det(A1B)= (1/detA)(detB)=(1/-24)(24)=- 1 since they are both in triangular form so we can just
multiply long main diagonal

2 3 2 .
0 ¢ 1|. FindcifdetAl==.

36. Let A= 5
0 0 2

if det A1=1/8, then det A=8
detA=8= (2)(c)(2)...multiply along main diagonal since A is in triangular form
4c=8

c=2
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2 3 4
37. Find all values of k for which A has aninverseif A =10 k 4].
0 2k k

If A has an inverse, detA#0...expand along first column

k4

detA=(—1)1*1(2)det [2 .

= (2)(k? — 8k) = 2k* — 16k = 2k(k — 8)=0

No inverse if k=0, 8

So, it will have an inverse as long as k#0,8

k -10
1 k+7

Given rank =1, (there is a row of 0's), so det A=0 since that means it is not invertible and not
unique

k(k+7) +10=0
k?+7k +10=0
(k+2)(k+5)=0
k=-2, -5

38. For what value of k is the rank of A= ] equal to 1?

39. Find det (-61) where I is the identity matrix of order 70.
det (-61)=(-6)det 1= (-6)° (1) =(-6)"

since the determinant of any identity matrix is 1

40. If C and D are 4x4 matrices where detC=2, detD=3, find det(2C) and det(3D).
det(2C)=2%(2)= 32
det(3D)=3%(3)=243
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1 2 1 0
0 0 1 1
-1 1 2 -1
-1 -1 -1 -1

R3+R1 —> R3 and R4 + R1 — R4

41. Find the determinant of A=

1 2 1 0
0 01 1
0 3 3 -1
01 0 -1

then, expand along the first column

det A = (-1)%(1) det Ay

01 1
=(1)(1) det [3 3 —1]
1 0 -1

Expand along the first column again

:(-1)2+1(3)det [(]j _11] +(-1)3+1(1)det [;' _11] =(-3)(-1) +1(-4)=3-4 =-1

42. Find k so that the matrix A has no inverse where:

k-3 2 3
A=1] 0 k+2 4
0 0 k—4

detA = (k — 3)(k + 2)(k — 4) = 0 since it is in upper triangular form
So, k=3, -2 and 4 so that A is not invertible.

43. If 1 is the 3x3 identity matrix, find det(31=1 — 7I7).
If I is the 3x3 identity matrix, find det(3171 — 7I7).

NOTE: the inverse and the transpose of | are the same matrix I, the identity matrix

det(317t — 7IT) = det(31 — 71) = det(—4I) = (—4)3det] = —64(1) = —64
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1 1 -1 2
i i o |—2 1 1 3
44. Find the determinant of matrix B= 3 1 Lo
2 -1 0 0
R2 + 2R1 —» R2
R3-3R1- R3
R4 - 2R1- R4
1 1 -1 2]
o 3 -1 7
0 -2 4 —¢ R4 + R2— R4
0 -3 2 —4]
1 1 -1 2]
0 3 -1 7 _
0 —2 4 —6 ...now expand along first column
[0 O 1 3

3 -1 7 3 -1 7
det=(-1)*** (1) det[—z 4 —6] = det[—z 4 —6]...use any method to finish!
0 1 3 0 1 3

Determinant=right products - left products = 22 +12 = 34

a b c¢

c b a
d e f]=4,finddet[ f e d ]
g h k k—4c h—4b g-—4a

45. If det

New determinant = 4(-1) = -4 since they switched two columns

NOTE: k-4c is replacing k, so nothing is being done to the k, the spot being replaced, so this has

no effect on the determinant
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01 -a 0
2 a -1 0 . S .

46. Leta e Rand let A= 11 1 ol What value(s) of a is the matrix A invertible?
a 4 o 1

Let’s find the determinant of the given matrix by expanding along the 4" column

01 a0

2 a -1 0 01 -a
det A =det 11 =1det|2 a -1
11 1

a 4 1

Then, we can expand along the first row, which also has a zero, to get

0 1 -a
detA=det|2 a -1
1 1 1

2 -1 2 a
= —1det[ }—ade{ }
1 1 11
=-1(2))-(-)@)]-a[(2)®)-a(®)]
=-1(3)-a(2-a)
=a’-2a-3
=(a-3)(a+1)
Recall that a matrix is invertible when the determinant is not equal to zero.

Therefore, this matrix is invertible when a = —1,3.
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47. If det A = 3 and det B=2, and A and B are both 3x3 matrices, find each of the following:

a) det (AB) b) det (BTA) ¢) det (A B)
d) det (2A) e) det (-3B)

a) det (AB)= detAdetB= (3)(2)=6

b) det (BTA)= det B det A= (2)(3) =6
) det (A B)=——detB==(2) = =
d) det(2A)= 22 (3)= 24

e) det (-3B)= (—3)3(2) = —54

48. In which one of the following matrices is the value of the determinant not equal to 12?

1 0 0 1 0 0 0 0 6 1 3 2
Al6 2 0 B.|[o0 -2 0 C.lo 2 3] D.|0 -2 4
7 5 6 0 0 -6 1 5 6 0 0 -6

C...det C is not equal to 12, while A, B and C are. (it is not the main diagonal, down and to the
right)

2 2 3
2

1 0

49. IfA- and B-

0

2 ] find det(A + 2B).

0 -3

2 2 3 0 4 2 3

0 2 O]+2[ O] [0 6 0
-3

0 0 4 0 0 -2

A+2B=

det (A + 2B)= 4(6)(-2)= - 48

-1 3 -1
50.1fA=| 0 8 k],find det (A™).
0 0 3

det A = (-1)(8)(3) = -24
det Al =-1/24
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51. Find the value of k for which det [‘1} 12(] = det [1ik :2]

4k - 2 = -36k+2

4k=-36k+2 +2

4k + 36k=4

40k=4

k=1/10
a b c d e f

52.I1fdet |[d e f| =4, find the determinant of[ 3a 3b 3c ]
g h i —-2g —2h -2i

switch row 1 and row 2 will multiply the det by -1...3 times row 2 will multiply the det by 3 and
-2 times row 3 will multiply the original det by -2

So, new det= old det (-1)(2)(3)= 4(-1)(3)(-2) since the original det was 4...final answer = 24

0O 2 -1
53. 1,2 minor=detA»= det[—l 0 1 ]
2 1 3

:(_1)2+1(—1)d€t [i —31] + (—1)3+1(2)d€t [(2) —11]
=(-D(-1)()+(1)(2)(2)=7+4=11
1,2 cofactor = (—1)1*2[1,2 minor] = (-1)(11) = —11

54.

a) z = 24G3) — 3 — 3 The answer is C).\
detA 3

b) x = detd) — _2% = _g The answer is B).
detA 3

)y =2M4@ _ 27 _ _9 The answer is A).
detA 3
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55.det A= 6
A,

det A(1)=-24-8=-32
_detA(1) 32 16

detA 6 3
56.det A=-19
_ detA(3)
~ detA
1 2 -1 4
A=13 1 —2] and b= [6]
4 -3 2 2
1 2 4
A(3)=13 1 6| det A(3) =4 by basket weaving...right products 2+48 — 36 =
4 -3 2

14 and left products = 16 - 18 + 12=10
and det A (3) =right - left=14 -10=4

So,
_detA3) 4 4
~ detA =19 19

Only use basket weaving for checking an answer on rough work paper!!

57. 2,3 Adj D = (3,2) Cofactor D= delete the 3" row and 2nd column

1 1 1
(2,3) Adj D= (3,2) Cof D=(—1)3*%det [2 2 1 ] =(-1)(right products — left
0 -1 =2

products)

=-1(-6-(-5)=-1(-1) =1

NOTE: I used basket-weaving, but you can find the determinant using any method
Right products=-4 + 0 + (-2) = -6

Left products=0-1-4=-5
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58. detA= 3 since detA™1 = 1/3
det(AdjA)= (detA)™1=(3)*1=33=27

59. A1 = 1 AdjA=~ % 01 ;
) T detA J T2 o
1 3 1

2,1 entry is 2/-2=-1

60. det(AdjA)= (detA)™

25 =( detA)™

n=3 since it is a 3x3 matrix... 25=(det A)3*
25=(detA)?
det A=45

61. If A is a 3x3 invertible matrix, find det [ZAﬁ Ade].
Recall, A7 = ﬁAde, so substitute this into the determinant above

det [ZA ﬁ Ade] move 1/detA to be next to the AdjA...it is a constant so this is
allowed

1
= 2A—— Ad 'A]
det[ detA J

= det(2A)det[A™1]
= 2° detA det [471]
=8 detA (1/detA)
=8
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62. det(AdjA)= (detA)™1=(3)31=32=9

63. Since det(A?) = % detA=3
det(AdjA)= (detA)™1=(3)*1=33=27

The answer is d).

1 3 2
4 2 3], find the (2,3)-entry of Adj A
3 2 4

2,3 Adjoint=3,2 cofactor= (-1)?**detAs,...delete 3" row and 2" column

REPE

64.1f A =

=(-1)(3-8)
=5
4 3 1
65. If Alisa3x3 matrixwithdet A=-4and AdjA=|2 5 3],find the (3,1)-
6 7 4
entry of A,
-1 =Y Adid=2(6) = —
(3, ) entryof A= = detAAd]A—_4 (6) =-3/2
3 6 2 0 -8 4
66.1fA=]|d e flandAdjA=|-1 4 —1] , find det A.
1 2 2 1 0 -3

or use the formula

det A = (ith row of A)- (ith column of Adj A) and use either the 1st or 3rd
rows/columns

det A = 1st row of A- 1st column of AdjA
=(36,2)-(0,-1,1)=0-6+2= —4
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67. This is Cramer's Rule
_[4 4 _ _
A(1)_[3 _3] detA(1)= -12 — 12= -24

_detA(1) 24 1

detA __EZ 2

68. det A = (ith row of A)- (ith column of Adj A)
=(2nd row of A)- (2nd column of Adj A)

-9
detA=[0 1 3] [ 4 ] = (0)(=9) + (1)(4) + 3)(7) =0 + 4 + 21 = 25
7

69. det(AdjB)= (detB)**
125=(detB)?

detB=5

_ detA() _ _ 6

—_—— _1
detA 6

70. x

= 2t4@) _ 3% _ 6 The solution is (-1,6)
detA 6

The answer 1s b). (Cramer’s Rule)

71. You can see that the matrix on top is A(1) since the second column in the
original system has been replaced by the constant terms on the right of the system.

_ detA(1)
"~ detA

Using Cramer’s rule, the answer is a).

72. det(AtadjA) = det(A ™) det (AdjA)= (L/detA)(detA)™'=(1/-3)(-3)’= -3

The answer is e).
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73.
det A = 16 (multiply along main diagonal since it is in triangular form)
_ detA(1)
~ detA
1 3 2 1
A(D) = [2 4 1] and b= H
1 0 2 3
det A(1)= (8+3+0) — (8+0+12)=11 — 20 = -9 by basket weaving
_ detA(1) -9
~ detA 16
74. a) is true
b) is false

c) is true, det (AB)"=(det (BT AT )=detB" detA" = detB detA=detA detB

d) is false, many determinants are 2 but the matrices don’t have to be equal for
both matrices to have a determinant of 2

e) is false

f) is true det (AB) = det (B'A%)= det B det A'=— ( ) = T

detB \detA _detAdetB

So, a, c and f) are all true.
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75.For the system:
X+2y+3z2=6
-X+2y+47=8
2X+4y+57=2

Find the value of y in the solution using Cramer’s Rule

1 2 3
—124]

2 4 5

A=

det A = -4 from basket weaving:
down and right =10 + 16 — 12=14
down and left = 12 +16 -10= 18
detA=R-L=14-18=-4

Only use basket weaving for checking an answer on rough work paper!!

1 6 3
A(2) = [—1 8 4]
2 2 5

det A(2) = -40 from basket weaving:
down and right = 40+48 -6 = 82
down and left =48 + 8 — 30 = 26
det A=R-L=82-26=56

detA(2) _ 56

= —14
detA -4

The solution fory is: y =

Find the value of z in the solution using Cramer’s Rule.
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1 2 6
AQ3) = I—l 2 8]

2 4 2
det A(3) = -40 from basket weaving:
down and right = 4+32 —24 =12
down and left = 24+32 — 4 =52

det A(3)=R—L =12 52 =-40

_ detA(3)  —40
" detA = —4

Only use basket weaving for checking an answer on rough work paper!!

=10

76. If Ais a 3x3 invertible matrix, find det [A@ 34471 (Ade)].
Recall, A7 = ﬁ (AdjA) we will use this near the last step

1 3441 | = 1 = 1 ;
det|A——34A4"" (Adj4)| = det |A——31 (AdjA)|=det [3A— I(4djA)]

_ 1 . _ -1\ _— »3 -1 _ 1 —
=det [3A—— (AdjA)|=det(344™") = 3detA detA™" = 27 det A (——) =
27(1) = 27

77. det(AdjA)= (detA)™?
64 =(2)™*

2)°2)™

6=n-1

n=7

So, it is a 7x7 matrix
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3. Eigenvalues and Eigenvectors

Example 3.1. Find the characteristic polynomial and the eigenvalues for the matrix

A:[—42 —33]
A—/11=[_42 _33]—/1[3 (1)=[_42 _33]_3 3= 4—_2/1 —33—/1]

det(A—A)=ad—bc=4—-NDN(-3-21)-B)(-2)=0

—12 - 41+ 31+ 2%+ 6=0

Therefore, the characteristic polynomial is A2 —1—6 =0

Solving A2 —1—6=0,weget (1 —3)(1+2) =0

(Factor the trinomial, by finding two numbers that add to -1 and multiply to -6)
Therefore, A = 3, —2 are the eigenvalues.

Find the eigenvectors:

Once you have the eigenvalues, let vector v=(v1,v2,v3,...vn) corresponding to an
eigenvalue A, and solve the system of linear equations given by:

A—ADv=0o0r AV =¥

If 1 = —2, let v=(v1,v2) then (4 — A)¥ = 0 becomes (A + 2I)v = 0

r=—2 (5 3f+2fy DEal=ll

:—62 _31 |g] [2] - [8]

6 2 hJrRi=s >R Z [ Rov2r1S> R2
11720

o o lo

L Xy =t

** \When row-reducing to find eigenvectors, you ALWAYS get at least 1 row of 0’s
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+1t—0
X1 ) =

==z t
1
==l
The eigenspace is span ([_12])

So, all eigenvectors corresponding to A = —2 are multiples of the vector [_12]

A=3 (A-ADE=0
(_4 =3l DLl =l
% Zellel=lo)

[ 1 3 |0
-2 —610
[1 3|O]
0 010

]R2+2R19R2

x2=t

x; = —3t
el = ¢[ 7]
- the eigenspace is span ([_13D

So, all eigenvectors corresponding to A = 3 are multiples of the vector [_13]
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Example 3.2. Find the characteristic polynomial and the eigenvalues for the matrix
2 3 ]
-2 —-1r

Solution:

a=|

det(A—AI) =0

A_’u:[—zz —31]_’1[(1) 2]:[2—_2/1 —13—/1]
det(A—2A) =0
f@2=D(C1=-D-B)(=2)=0
—2—-21+A+2A%+6

P—21+4=0

a=1 b=-1 c=4

_—b+vVb¥—4ac 1+/1-4D(4) 1+V-15 1+15i
B 2a B 2(1) B 2 2

. 1++v15i
The eigenvalues are “é_l.

Example 3.3. Given matrix A below, which has eigenvector [_11] what is the corresponding

eigenvalue? A= [i g

AL1=2 B.4=3 Cil1=-1 D.1=1

Solution:

AV = AV
2 AT =25

=23

A=l sae2

The answer is A.
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Example 3.4. a) Find the eigenvalues and eigenvectors for A=[i g .

Solution:

Find the eigenvalues:
det(A—AI) =0

azan=[p g4l A=70 520

det(A—AI) =0

2 0 1 07\ _
det([1 3] _’1[0 1 )=0
2—-21 0 1_
det[ 1 3_ A] =0
ad —bc =0
2-21)@B-1)=0 A1=2,3eigenvalues
Find the eigenvectors:

Only use a short-cut method for checking an answer on rough work paper!!

Short-cut: 1 =2 eigenvector multiple of

[/1 E a] = [2 E 2] = [8] ~ must use the other form

[/1 ; d] _ [2 I 3] _ [—11] = non — zero multiples of [_11]01'[_11]

b

A=3 [A -~ a] = [3 2 2] = [(1)] ~ non — zero multiples of [(1)]

Long Method:

A = 2 Find the eigenvector

[2 IA 3 EA] substitute 1 = 2

[(1) (1)] [2] - [8] row reducing: [(1) (1)|8] (1) é|8]
Let v, =t

vi+t=0

v =t

276



©Prepl101 MATH 1600 Final Exam Booklet Solutions

~. eigenvector is [iﬂ = [_t] =t [_11]

t
A=3
:2 IA 3 EA] substitute A = 3
7 ollel =10
:_11 8|8] Rlix-1->R1
1 8|8] R2-R1 > R2
1 O|O]
0 010
Xy = t
x,=0

=~ eigenvector is t [(1)]
b) Find [2 (3’]12 [‘62]

Solution: From Theorem 4.19

X = €1V + € vV, + -+ + ¢, U,y then, for any integer k,

Akf = Cllllc‘l_}l + 02/1’2‘77’2. + -+ Cm){fnffm
2 01, -2 _
LetA = [1 NE [ 6 ] From part a) we know:

Al=2 Az=3
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2 %= 207 + 47
wavz =222 1] +4@2 (]

. _[ (=22
A% = (213) + 4(3)12

Example 3.5. a) Find the eigenvalues and eigenvectors for A= [:2; - ;]

Solution:

det(A—AI) =0

(2 Faf} o) -0
det[zgA -1 ]=O

ad —bc =0
22-)D2-21)+3=0
4—-41+22+3=0

A* — 42 +7 = 0 characteristic polynomial

Quadratic formula: A2—414+7=0
a=1 b=—-4, c=7 A:ﬁ%-‘*(ﬂ _../1:4J_r\/2—1z‘
1= 4+v/4/-3 _ 44+2+/3i
2 2

A=24+/3i, 2-3i

Short-Cut: For rough work to check ONLY!!
. _ . b 1_ -1 ] _ [—1] [ 1 ]
eigenvector A= 2 ++/3i [A -~ a] = [2 wv3i—2] = v or _J3i

A=2-+3i [Aﬁa]:[z—gi—Z]:[—?/%i]:[\/lgi]
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Long-Method:

A=2++/3i

-

Av = v
5 "l =@+va )
2v; — v, = (2 +V3D)v;

3171 - 2172 - (2 + \/§i)v2

27.71 - vz = 21]1 + \/§l Ul
2v1 - 2171 - \/§i171 = 172

UZ = —\/§iv1

[iﬂ - [—\/?ivl]

Letv; =1
Uz = _\/gl

[—\%i] is the eigenvector for 1 = 2 + V/3i.
Vector v = [\7511] is an eigenvector of matrix A, with eigenvalue

A=2+4+3i. fw= [\/%] then what is the value of Aw?

el xi= 5 =L@l =7
V3 V3il  1V3i
~ v and w are equal

AVT/=A5=,15=[2+\/§i][j§]

B 2i+\/§i2] 2i —\/3

Cl2v3 43l lav3 430
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2 1 0
Example 3.6. Given A=|1 2 1|, find:
0 1 2

a) the characteristic polynomial and the eigenvalues.

Solution:

det(A—AI) =0

2 10 A O 0
e [1 2 1] o 2 of)-o
0 1 2 A

0
det[ 1 2—/1 1 ]=O
0

1 2-2
2-1 1 0
det[ 1 2—A 1 ]=0
0 1 2-2
_A\1+1(o _ 2-1 1 _1\2+1 1 _
(-1D)1(2 A)det[ ) 2_/1]+( 1) (1)det[1 2_/1]_0

C-NeEe-HD2-1)-1]1+-D2-2-0=0
Q-1D@-21-22+2-1)-2+1=0
2-2DA%2-42+3)—-2+1=0

22 =814+ 6—-234+41*-31-24+1=0

~ the characteristic polynomial is

A +61>-101+4=0
OrA>—6A>+101—4=0

This is a cubic - use The Factor Theorem

fQA) =23-6A%2+101—4
Try factors of the constant term +1, +2, +4

f(1)=1-6+10—4 #0
f-D=-1-6-10—4 %0
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f(2)=8-6(2)2+10(2)—4=8-24+20—4=0
~ (1 —2)is afactor

A2 —41+2
1—2\ ,13—6,12+10,1 4
A3 —222

—422 + 81

21—

—42% + 101 |
4
S 22-4

OR

W A3—6124101-4=0
1=2)*—-41+2)=0 a=1,b=-4,c=2

—b +Vb2—-4ac
A=2 A—T
. 4 +./16 —4(1)(2)
B 2(1)
1= 41+V8 _ 44V42
2 T 2
4 + 22
1=
2
=2++2

- the eigenvalues are 2,2 + V2,2 — /2
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b) Find the eigenvectors for 1 = 2 + /2 and 2.

Find the eigenvector for 1 = 2

V1 0
-y H _ H
U3 0

2 1 0 1 0 ON\[Y 0

1 2 1|—2|0 1 O0O]]J|v2[=]0

0 1 2 0 0 11/1vs 0

(0 1 0][V1 0

1 0 1){v2]1=10

0 1 01LVs 0

[0 1 0]0] 1 0 110

1 0 1[0J]R1<>R2|0 1 0(0|R3-R2>R3

0 1 010l 0 1 olo
t

[1 0 1]0]

0 1 0f0

0 0 010

Letv3=t

U2:0 U1+t:O-'-U1:_t

-1
=~ eigenvector is t[ 0
1

Eigenvector for A = 2 + /2

2 1 0 1 0 ON\[v1] [O
[1 2 1]—(2+\/§) [0 o])[vz =[0]
01 2 0 0 1

[N

1 2-2-12 1 v
0 1 2—2—+2]Vs
V2 1 0
1 =2 1
| 0 1 =2

2—2-2 1 0 L2 0
|-l

0
0|R1 <> R2
0
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[ 1 V2 1 10

—VZ 1 o0 |0|R2+VZR1>R2 1+vV2(—V2)=1-2=-1
) 1 =210

1 -2 1 |0

0 -1 2 |[|0|R2x-1>R2 R3+R2->R3

0 1 —v2!0

1 —VZ 1 10

0 1 —v2|0|R1+Vv2ZR2>Rl 1+v2(—V2)=1-2=-1
0 0 o 10]

1 0 —110

0 1 — zo‘

oo o lo

vl_t=

Ulzt

Letv3=t

vz_\/it=0

v2=\/§t

t 1
- eigenvector is [ﬁt‘ =t [\/7]
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Example 3.7.

Determine whether the set {\71,\72,\73,\74} is independent, where v, — (1,2,0,8), v, — (1,0,8,8),
Vs = (112’1"8) and v, = (- 2,—4,0,-16).

Solution:

We’ll use the test for linear independence.

Step 1: Write the vectors in the set as the columns of a matrix.

First, we’ll construct a matrix whose first column is the vector v, = (1,2,0,8), whose second

column is the vector v, =(1,0,8,8), whose third column is the vector V, = (1,2,1,—8), and whose
fourth column is the vector v, =(—2,-4,0,-16).

11 1 =2
This matrix looks like: 20 2 -4

0 8 1 0

8 8 -8 -16

Step 2:
Row-reduce the matrix.

Now we row-reduce this matrix to find that it reduces to:

1 00 -2
010 O
0 01 O
0 00 O

The determinant of the resulting matrix is O (because there is a zero row). Therefore, the set is
dependent. This should come as no surprise as it can be seen that v, = —2y, (but it won’t always

be this obvious!)
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-4 1 1
Example 3.8. Let’s say we have A = —1 and we have: A — Al = [ 1 -1 1 |andwe
1 1 =2

substitute and get:

(21 0
(A—AD [Vzl = [0]
U3 0

1 1 11" 0 1 1 110
[1 1 1] [Vz] = [0] and row-reducingwe get:|1 1 1[0|R2-R1->R2 R3-R1->R3
1 1 11Lvs 0 1 1 110
st
1 1 110
[0 0 0 0]
0 0 0lo
x2 =S X3 -

Xx1+s+t=0 x;=—-s—t

%1 —s—t -1 -1
.~.[v2‘=l S l=s 1|+t O]
U3 t 0 1

17 [—1
E_, = span ([ 1 ] [ 0 D . So, the eigenspace of eigenvalue -1 has 2 eigenvectors!
0 1
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3.9 Homework on Chapter 3

1. IfA= [ 1 _4] find the characteristic polynomial, eigenvalues and the eigenvectors.

det(A—AI) =0

dee([ 2 Bl =2l ) =0

e

ad —bc=0

=0

6-AD(4-1D+16=0
—24—61+41+ 22 +16=0
A2—-21-8=0
1-4)1+2)=0
A=4-2

A=4

(4—1D) [vl] —0
(2 K-l D=
[ 1 —8] [v1]=[o]

[2 16 |0
-1 =810
R2+R1 > R2
o olo

|R1- 29R1[ ’ _8|0]

XZzt x1+8t=0x1=—8t

[

A=-=2

MATH 1600 Final Exam Booklet Solutions
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- [2)-[9

(L5 Zl+zly DL =1o]

% Sl =]
:_81 £|g] R1+8> R1
Al reri> R O[]

x2=t x1+2t=0x1=—2t

ot [_12]

2u04=3F 2

corresponding to the largest eigenvalue.

], find the characteristic polynomial, eigenvalues and the eigenvector

det(A—AI) =0
AR
det[ 4-2 _5_/1]=0

ad —bc =0

(=4 —=D)(-5-1D)—-6=0
20+42+51+22-6=0
A2+91+14=0
A+7(A+2)=0
A=-7,-2

287



©Prepl101 MATH 1600 Final Exam Booklet Solutions

Largestis A = —2
4= [,] =[]

5" Zl+2ly WDll=1ol
5 Sl =1l

[—2 2 |0

5 5l R R

alo]R2-3R1> R2
o lo
X, =t x—t=0x;=t

[l

S

0 1 1
3.IfA=|1 0 1],findtheeigenvectorassociatedWith each eigenvalue of A and the
_ 110
eigenspace.
0 1 1 1 0 O
det(A—AI) =0 .xdet([l 0 1]—1[0 1 O]>=O
1 1 0 0 0 1

-1 1 1
det[l -2 1]=OR3—R29R3
1 1 -2

-1 1 1
det[ 1 -1 1 ] =0
1 1 -2-1
CorEnde T Jr o] =0
A2+ -A+D]+(D[A(-1-1D)-11+D]=0
A2 +21-1-D+(-D(-1-1-1-21) =0
-2(A2-1)—-1(-22-2)=0
—AB+A1+21+2=0
—23+431+2=0
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2B-31-2=0

Factor Theorem

f(A) = 23 + 31 + 2 try factors of —2 (1, +2)
f1)=1-3-2 #0
f(=1)=-14+3-2=0
%~ (A + 1) is afactor
Using Long division, we get:
2—1-2
A+1| B +0A%—31—
A3+ 22 l

2
—-12 —32 l

—2-2

—21-2
—21-2
0
A2—-31-2=0
A+1DA?*-21-2)=0
A+1DA-2)1+1)=0
A = —1 (algebraic multiplicity 2 and 1 = 2.
Synthetic Division:
let f(A)=23-31-2 f(-1)=-14+3-2=0

(1 + )is a factor —q L0 =3 =2

A(A+1DA2-21-2)=0

A+ -221+1H=0 A1=-1,-1,2
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Find Eigenvectors

A=2

U1 0
(A—/ll)[?h]:[O]

U3 0
0 1 1 1 0 O 21 0
1 0 11—=2|0 1 O0]||v2l=]0
1 1 0 0 0 11/1vs 0

1 17[V1 0

1 =2 1]|v2|=]0

[ 1 1 -211v3 0
1 1

R1 &> R2

1 -2 1

R3-R1 > R3 R2+2R1-> R2

—
|
N
U

Sos 2o5

R2+-32> R2 R3+R2-> R3

R1+2R2 > R1

xZ_tZO x2=t

t 1 1
-~ eigenvector is H =t|1| E,=span | |1
t 1 1
A=-1
0 1 1 1 0 O0]\[" 0
1 0 1|+1j0 1 O0f])|v2[=]0
1 1 0 0 0 11/1vs 0

MATH 1600 Final Exam Booklet Solutions

290



©Prepl101
1 1 11 0
1 1 1{v2|=]0
1 1 111vs 0
1 1 1|0
1 1 1|0]R2-R1>R2 R3-R1->R3
1 1 110

s t
[1 1 1]|0]
0 0 0]0
0 0 010]

x2=S X3:t

X +s+t=0 x;=-s-—t

e e
o ]

+t

-1
0
1

MATH 1600 Final Exam Booklet Solutions
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4.1f A = [Z _31] find the eigenvector associated with the largest eigenvalue of A and the

eigenspace.

-l 3

Only use a short-cut method for checking an answer on rough work paper!!

Using the short-cut method:
tr(A) =7+3=10
detA = ad — bc
=73)-(=D®
=21+4 =25
A2 —tr(A)A+detA=0
A2—101+25=0
(A1-5@A-5=0 A=5,5

Find the eigenvector(s):
(2 31-5l D=

2 DIkl = 1]

|- B

4

:i :;|g] R1:2> R1

[, P[0 Re-ar1> R2

(1) _t/2|8] X, =t x1—§t=0x1=%t

MATH 1600 Final Exam Booklet Solutions
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1 -1 0
5.Let A=|-1 2 -1|. Find:
0O -1 1

(@) the characteristic polynomials of A.
(b) the eigenvalues of A.

(c) the corresponding eigenvectors and the eigenspace for each

oA T evrenae ], 0 ]=0

a-He-1HVva-1)-1]+1(-1+1-0)=0
1-2D2-31+22-1)—-1+1=0
1-2D1-314+213)—-14+1=0
1-3142—-2432-2-1+21=0

a) (—D)M1(1 = 1) det[

3 +412-31=0
Or A3 — 422 + 31 = 0 (Characteristic polynomial).
A(12—41+3) =0
AA-1DA—-3)=0

b) 1 =0, 1, 3 (eigenvalues)

c)A=0

U1 0
(A—AD) [Uzl = [0‘
U3 0

1 -1 0 1 0 O]\[V: 0

-1 2 =1|1—-0]0 1 0f]|v2|=]0

0 -1 1 0 0 11/1vs 0
-1 010

[ 1
-1 2 -1
L0 -1 1
1 -1 O
0o 1 -1
0 -1 1

0| R2+R1 > R2

0

0
0
0

R3+R2 > R1
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1 -1 010

0 1 -1|0|R1+R2->R1
0 0 010

1 0 —-1|0

01 -1 0]

0 0 010

X3=t
xl_t:() x1=t

xz—t=0 szt

|

1
Ey, = span [1]
1

A=1

1 -1 0 1 0 O0O]\[Y 0

-2 -aafo 1 o)l <ol

0 -1 1 0 0 11/1vs 0

0 -1 07" 0

-1 -l

L0 -1 011lvs 0
0 |0]

R1 <> R2

-1 1 -1
L0 -1 O

R1x-1->R1 R3-R2->R3

I

[EEN

[EN

I

[N
Sos oo

R2x-1-> R2

1 0 1
01 0
0 0 O

R1+R2 2> R1

SocS ooc oo

SO R O OK
I
Juy

SO R OO

0
0
0
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o)

1 -1 0 1 0 O U1 0
-1 2 -=1|-3]0 1 0]]|v2|=10
0o -1 1 0 0 11/1vs 0
-2 -1 01" 0
o _1] [ _ H
[0 -1 -=-211V3 0
-2 -1 0 |0]
-1 -1 -1|0|R1<~>R2
L0 -1 -=21l0]
-1 -1 -—-1]0]
-2 -1 0 [0|]R1x-1—>R1
0 -1 =210
1 1 1 ]0]
-2 -1 0 |0|R2+2R1-> R2
0 -1 -=-210.
(1 1 110
0 1 2 |0|]R3+R2 > R3
0 -1 =210
(1 1 110
0 1 2|0|R1I-R2—->R1
0 0 010
(1 0 -—-1]0
01 210
0 0 010
X3 = t
x1 —t= xl =t

295



©Prepl101 MATH 1600 Final Exam Booklet Solutions

6. Given the matrix, find:

1 -2 -2
A=|[4 -5 =2
8 —4 5

(a) the characteristic polynomials of A.
(b) the eigenvalues of A.
(c) the corresponding eigenvector for the largest eigenvalue.

det(4— A =0

1 -2 -2 100
i —2]—/1[0 1 0D=0
8 -4 5 0 0 1
1-1 -2 -2

det| 4 -5-2 —2]=0
8 —4 5—-21

det

(DA = Ddet[ A T

(-0 @ det| T2 T2 =0

A=D(-5-DG—-) -8+ (-4[-2(5-1)—8]+8[4+2(-5-1)] =0

[+ o2t @ae[ T ]

(1—=2)(-25—=514+51+22—8) + (—4)(-10 + 21— 8) + 8(4 — 10 — 22) = 0
(1-2)(-254+12-8)+40—-81+32+32—-80—-161=0
—254+22—-8+251—-13+81+40—-81+32+32—-80—-161=0
—AB+22+91-9=0

B—22-92+9=0 factor by grouping

P2A-1)-9@1-1)=0

A-9U1-1=0

A-3)A+3)A-1)=0

A=3-31

A=3
X1 0
(A= 2D [le = [0]
X3 0
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1 -2 -2 1 0 0 X1 0
4 -5 =21-3|0 1 Of]|*2]=]0
8 —4 5 0 0 1 X3 0
[—2 -2 =210
4 -8 =-2|0|R1+2> R2 R2+2R1->R2
[ 8 —4 210
[1 1 110
0 —12 —-6|0|R2+ —12>R2
8 —4 2 10
1 1 1 |0
0 1 1/2|0|R3-8R1>R3
8 —4 2 10
[1 1 110
0 1 1/2|0|R3+12R2>R3
0 —-12 -—-610
(1 1 110
0 1 1/2|0|R1-R2>R1
0 O 0 10
1 0 1/2 10
01 1/2 0]
0 0 0 10
X3:t
1
x1+§t=0 x,=—=t
1 1
xZ +§t: xz—_Et
_1
—3t 2 1
— =t =t|_1| Or 1
2 2 -2
t 1

MATH 1600 Final Exam Booklet Solutions
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It didn't ask for the other eigenvectors, but here they are solved algebraically. You get the
same answer if you use matrices!

A=1
Av =

1 - =21"1 %1
4 — =21|V2]=1|V2
8 —4 511vs U3

vy — 2V, — 2v3 = 1 — 2V, = 2V3 VU, = —V3
4v, — 5v, — 2v3 = v,
8v, —4v, + 5v3 = v3
8vy —4v, +4v3 =0
8v; —4(—v3)+4v; =0
8v; +4v3+v3 =0

8v; +8v3 =0
8v; = —8v; V= —U3
~letvy=1 -»v,=-1 v, =-1
-1
vector —1] fori=1
1

check Av = Av
1 -2 -=-211-1 -1 -1
4 -5 =22||-1|=|-1| and v =1]|-1
8 —4 5 1 1 1

let A = -3

Av = Av

1 - =211V %1
4 -5 =2[[v2]=-3|V2
8 —4 5 11lvs U3

U1 — 21]2 - 2173 = _3171
4v; — 5v, — 2v3 = =3v,
8v; — 4v, + 5v; = —3v;
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from[1] - 2v, —2v; = —4v, vy +v3 =21
from 4v, — 2v3 = 2v, 2v, —v3 =V, same as
from 8v, —4v, = -8v; 20, —v, = =2V,
2v; = —2v3 + v, subinto
LUy V3 = =203+ 1,

3173:0 v3=0

-}

subv; =0 into 2v; — 0 =,

Uy, = 2171
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2 1 -2
7. An eigenvalue of the matrix [—3 0 4 ] is 2. What is the eigenvector that corresponds
-2 -1 4
to this eigenvalue?
0 0 1 1 E. none of these
A.l0 B. (2 C.|2 D.|-2 are correct
0 1 1 1
2 1 -2 1 0 O7\[* 0
-3 0 4|—-2|0 1 0Of]|*2|=]0
-2 -1 4 0 0 11/1x3 0
[ 0 1 =21 0
-3 =2 4 |[*2|=]0
-2 -1 211IX3 0
0 1 —=2]0]
-3 -2 4 |0|R1&<>R3
-2 -1 2 10l
-2 =1 2 0]
-3 -2 4 |0|R1+-2>R1
L 0 1 =210l
1 1/2 —110 , . s )
-3 =2 4 10| R2+3R1 > R2 _2+E _E+E:_E
L 0 1 =210
1 1/2 -1]0
0 —-1/2 1 |0|R1x-2->R1
0 1 —210
1 1/2 —1|0]
0 1 -2|0|R3-R2->R3
0 1 =210l
1 1/2 —1|0]
0 1 -2|0|R1-%R2->R1
0 0 0 10]
1 0 0 [0
0 1 =210
0 0 010l
x1 == 0
X3 =t

x2—2t=0 -'-szzt
0 0

|2t =t |2
t 1
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~ B) is the solution

NOTE: [0 0 0] is NEVER an eigenvector

8. The matrix A:[i ﬂ has which of the following as an eigenvalue?

MATH 1600 Final Exam Booklet Solutions

A.3 B.0

C.-1

D.i

E. both Aand B

det(A—AI) =0

a2 2-aly ) =c
det[zz)l 13/1]:0

ad —bc =0

2-)A-1)-2=0
2-22—-2+A*=-2=0

22—31=0
A1—3)=0
1=0,3

The answer is E).
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9. a) Given A:B g] ,Which of the following are the eigenvalues for A.

Al B.-1

C.-3

D.3

E. both Aand D

It is in lower triangular form, so 1 and 3 are the eigenvalues.

~ E is the solution
b) Find [} g]m H

<l 55
A=13

A =1 Find the eigenvector

(I 31-1lo DLel=lol

[0 0107

5 2l R1 <> R2

(2 210] .

o OO_RlvRZ%Rl
(1 1107

0 010!

Xy = t

x1+t =0 X3 =t
~ A = 1 has eigenvector x; = [_11]

A = 3 Find the eigenvector

(2 31-3l0 Dlel=lol

:_22 8|8]R1+—29R1
; 8|g] R2 -2R1 > R2
1 0|o]

0 0lo

= A = 3 has eigenvector x, = [(1)]
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Av] = 1v; and Av, = 3v,

Since {vy, v,} forms a basis for R?, we can write X as a linear combination of v; and v,

1] =22 +3[3]

X=20;43v0; ~ C,=2,C,=3

=
Il

~ ARR = Cv, + G257,

@ A% = 2(1)1°7; + 3(3)1°7;
=2[ 1 ]+31[)]

- [—2 er 311]

10. Given matrices A, B and C, match the eigenvectors associated with eigenvalue 2 to each
matrix.

_[2 31 o_[6 3 _[4 2
A= ¢l B=lg plamdes S, G
Here, | will use the short cut method for finding the eigenvectors!!

Only use a short-cut method for checking an answer on rough work paper!!

Vectors Vlz[(l)] VZZ[_f] V3:[_11] and V4:[(1)]

a2 2-af! 0o

det[zol 6EA]:O
ad —bc =0
2-)D6-1)-0=0
12—-81+1A2=0
A2—81+12=0

1-2)1-6)=0

A=26
eigenvector [Aéa] = [2 E 2] = [?)] or any multiple

S Vq
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(s Jaft -t

det[68/1 zfl]zo
ad —bc =0
6-1H2-1)=0
12—61—-21+22=0
A2—81+12=0
1-2)1-6)=0

A = 2,6 eigenvector [/’1 E ad” [2 E 6] = [_34]

S Uy

a4, 3 -afh Y=o

det 4__2/1 _2/1] =0
4-D(D+4=0
—42+2*+4=0
A2—414+4=0
A=2)(A=2)=0
1=22

[,1 E a] = [2 E 4] = [_22 ] or any multiple

SV

MATH 1600 Final Exam Booklet Solutions

Only use a short-cut method for checking an answer on rough work paper!!
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11. The eigenvalues of A= [8 _41] are:

MATH 1600 Final Exam Booklet Solutions

A. 4,0 B.0, -4 C.-1,4

D-4,1 E. undefined,

since detA=0

det(A—AI) =0

ael() )40} U=
det[ S, TH]=0

ad —bc =0

()4 -A)+0=0
—41+ A2 =0

A2—42=0

AA-4)=0

A=04

~ A) is the answer

NOTE: It is in upper triangular form, so the eigenvalues are just the numbers along the main

diagonal.

12. a) Find the characteristic polynomial of A and the eigenvalues of A = [_

1 2
1 1r

b) Find the eigenvector for each eigenvalue found in part a)

det(A—AI) =0

o} 31l 2
det [1__1/1 1 E /1] =0

ad —bc =0

1-DA=-D+2=0
1—-214+2242=0
A2 —-214+43=0
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Won'’t factor, so we use the quadratic formula:

A2-214+3=0 a=1b=-2 c=3
1=— —b+VbZ—4ac _ 2+,/(-2)?2-4(1)(3) _ 2+V4—-12 _ 24V-8 _ 2+V4V2i

2a 2(1) - 2 T2 T 2

R R R AT BN
A=1+2i
=[] =[]
(L2, i-a+v2ly Del= [l
[1—(1+2i) _
-1 1—(1+\/§i)l [xz -

e i R

o
R1 <> R2
_fzilo

—V2i |O] R1x-1-> R1
2 10

[ 1 \/25‘|8] R2 + (—VZi)R1 > R2
2 + (—v2i)(—v2i)

=1+1i?

=2+42(-1)=0

o 'l

x2=t
X+ (V2i)e=0
X1 =—\2it

lel= =]
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1=1—-2i

(C, -a-v2ly Dll= ]
[1— (1 —+2i) 2 Xy
-1 1—(1—\/51')] [xz] - [8]

2 O]
R1 €= R2
\/§i|0

ﬁi|O]Rlx-19Rl
2 10

(1 “2/§‘|8] R2 — (VZi)R1 > R2

V2i—2i=0

2 — (V2i)(—V20)

=2+ 2i?

=2+2(-1)

=0

5 ol

X, =t

x; —V2it=0x =+2it
2=

MATH 1600 Final Exam Booklet Solutions

b) Only use a short-cut method for checking an answer on rough work paper!!

Using the short-cut method:

camecor [ 1=, &) -]

A=1—-+2i
b

migenvector=[, * =, 7 ] = [1 - \/Zii - 1] - [—\Z/Ei]
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13.a) This matrix is in upper triangular form. As a result, the numbers on the main diagonal

are always the eigenvalues. (for any matrix in triangular form)

~A=36,2

b) Find the eigenvector for the smallest eigenvalue.

A=2
3 2 37 1 0 O\[*] [0

0 6 10[—-2|0 1 o|]lx|=]0

o0 2] lo o 1/lxsl lo

12 31a] [0

0 4 10||x| =0

o o ollxsl Lo

1 2 310

0 4 10[o|R2+4>R2

0 0 0lo

12 3|0 .

0 1 5/2[0|R1-2R2>R1 3-2(3)=3-5=2
o 0o o lo

10 —20

0 1 5/2[0

o 0o o lo

X3:t

X1_2t= x1=2t

XZ+§t= xZ—__t

[le = —gt = [—5/2] X 20rt [—5]
X3 t 1 2
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L, [167: , _[6 16
14. Show v = [_2] IS an eigenvector of A = [_1 Z4
AV = v
5 _[6 16711671 _[96 =327 _[64] (nic: . o
Av = [_1 _4] [_2 _[—16+8 _[—8] this is a multiple of v
641 _ ,[16
26l =212
" A=4
=~ the eigenvalue is 4
15.
-2 0 0 O A 0 0 O
0 4 0 0/ _|0o 2 0 of])_
detilo 0 3 o/ "o 0 2 of°
0 0 3 4 0 0 0 2
1,1
[_2_’1 42/1 8 8 ]
L o 0 34—
1,1
1)1+l _ 4-1 0 0 |_
(D" (=2 —-2) det 0 31 0 =0
0 3 4—-21

(=2 = D14~ 2) det [ ;’1 . 0 /1] —0

(=2-D@E-D[E-DHA-M]=0

“A=-2,4,3,4
Find e-vector for A = 4
AV = v
-2 0 0 011 %1
0 4 0 0O]|V2]_ 4 U
0 0 3 0]]|vs U3
0 0 3 4llv, Uy

309



©Prepl101 MATH 1600 Final Exam Booklet Solutions

[1]-2v; =4v, ~6v,=0 ~v, =0
[2]4v, = 4v, « doesn't mean v, = 0
3173 =3v; ~v3=0
3173 +4v, =4v, -~ v3=0

0 0 0
- eigenvector = '62 =v, (1) + v, 8
Uy 0 1
T T
2 e-vectors
Find e-vector for A = —2
Av = Av
-2 0 0 01" U1
0 4 0 Of|vz_ ) ()
0 0 3 0]|vs V3
0 0 3 4llv, Uy
—2v; = —2v; ¢« doesn'tmeanv; =0
[2]4v, = —2v, ~ 6V, =0 ~v, =0
[38]3v3 = —2v; ~5v3=0 ~v3=0
3v3 +4v, = —2v, - 3v3=-—61,
V3 = =27,
Butv; =0 ~v,=0
12 1
o[=o
0 0

e-vector for A = -2
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16.A=[> 7,

1 3

Only use a short-cut method for checking an answer on rough work paper!!
Short-cut Method: tr(4) = 8
detA =ad — bc =53) — (-2)(1)

=17

A2 —tr(A)A+detA=0
A>—81+17=0
Doesn’t factor
A2—81+16=—-17+16
1—4)?2=-1
A—4=14V-1
A—4=1i, A1—4=-i

A=4+i,4—1

Long Method: Find the eigenvector:

A=4+1i

AV = v

[ bl =@+ )]

51]1 - 2172 = 4‘171 + iv1
vy — iV = 20,

Vl(l - l) = 2172

MATH 1600 Final Exam Booklet Solutions
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vi(1—1)
UZ = 2

Letv1=2 Uzzl_i

ﬁﬂ:hii

Note: it could also be

[ 2 1xX1+4i
1—-idx1+i

[ 2+ 2i ]
1+i—i—i?
i

~['7

(4=anl,]

o

1t ] = 1)

A=4+i
5— j — L
[ q+0 &{jﬂ)ﬁj=m]

[T =0
aQ-dv,—2v,=0

(1 - i)v1 = 2172

(1-10)
Vs =

Let Ul = 2

%1

Uzzl_i
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Uil [ 2
oo =11 2

Note: it could also be

[ 2 1xX1+i
1—-idlx1+1i

[1 +2i J: 12l— iZ]

_ [21-:_211 _ [2-;21']

~2['}]

—4

17.A=[i ;

] Find eigenvalues and the e-vector for a — bi

Long method
det(A— A =0

wl} -2l Y=o

det[> T4 TH] =0
ad —bc =0

G-DB—-A)+4=0

15—51—31+A2+4=0
A2-81+19=0

A2 —-81=-19
A2—81+16=-19+ 16
(1—4)2 =-3
A—4=1V-3
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A=4++v-3
A-ADv=0

1t SR = 1)

A=4++=3

5—(4+V-3)
S 3_(4+@][v21=[81

[1_\1/_1 —1—\/_1“

vy + (—1 — \/§i)v2 =0
v, = —(—1—3i)v,
v, = (1+V3i)v,

Let Uz = 1

[1 +1‘/§i] is the eigenvector

L2
18.A=§ _54]

c d
det(A—AI) =0
(21 -0
det[z_/1 5_/1]=O
ad —bc =0

C=DG=-21)+20=0
10 —724+224+20=0
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A2—-714+30=0

_ 73749 -4()(B0)

2(1)
_ 771
T2
_7HVTIE 7N
==
(A-ADv=0

5 S1-16 D=0l
[2 g 5_—4,1] [vﬂ - [8]

7 +/71i
B (T) —4

7 +71i [Z;]:[g]
JEpNE.
o, rl[] o]

5

3—+V71i
5171 +TU2 =

2 V2

=3+ V71i
Tvz

Letv, = 2,v; = =3 +V71i

- the eigenvector is [_3 "‘ZV 711']

51]1:—

171:
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4. Similarity and Diagonalization

Example 4.1. Are matrices A = [; i and B = [i é]similar?

SincedetA=1—-—9 = -8
detB=9—-1=28
detA # detB

= they are not similar

1 0 0
Example4.2. A=|0 2 0] is a diagonal matrix
0 0 5

-~ eigenvaluesare 1, 2,5

A~1 would have eigenvalues
1
1 )

ul| =

1
2’
and detA = 1(2)(5) =10
andtr(4) =1+2+5=8

Example 4.3. If possible, find matrix P that diagonalizes A = [Z _31]

From a homework question in chapter 2, we know that the eigenvalues are 5,5 and we can only
obtain one eigenvector B] As a result we can’t get 2 linearly independent eigenvectors, so A is
not diagonalizable.

Example. 4.4. If possible, find matrix P that diagonalizes A = [i g .

We can easily check that the eigenvalues of this matrix are 2 and 3 and the corresponding

eigenvectors are [_11] and [2] respectively. These vectors are linearly independent.

The matrix P is a matrix with eigenvectors are columns, so P:[_l1 (1)] and D:[g g]

D is a matrix with the eigenvalues as the diagonals.

We know that P is invertible and P*AP = D.
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1 3 -3
Example. 4.5. Given the matrix A=|-1 -3 1 |, find an invertible matrix P and a diagonal
1 1 -3

matrix D such that P1AP = D.

Solution:
First, we will find the eigenvalues of A.

To do this, we need to find the characteristic equation by solving dEI(A—/il3) =0.

(1 3 3] [L 00
A-Al,=|-1 -3 1|-2{0 1 0

(1 1 3] (001

(1 3 3] [20 0

-1 3 1|-|0 24 o}

(1 1 -3/ |0 0 4

1-2 3 -3

= -1 3-2 1

1 1 3-2

We can find the determinant of this matrix by performing cofactor expansion and expanding
along the first row.

det(A-21,)=(1- /I)de{ A _31_/1}3de{_11 _31_/1}—3det[_11 _31_/1}
=(1-2)[(-8-2)(-3-2)-@Q)(1)]-3[(-2)(-3-2)-(O)(V) ]-3[(-1) (1) - (-3-2)(1)]
=(1-2)(9+62+4°-1)-3(3+1-1)-3(-1+3+ 1)
=(1-2)(2*+61+8)-3(1+2)-3(1+2)

At this point, we could continue expanding the characteristic equation, and then factor the cubic

polynomial. But... notice that the quadratic term on the left can be factored right now... let’s
work with that term.
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=(1-2)(2+2)(21+4)-6(21+2)
=(A+2)[(1-2)(2+4)-6]
=(A+2)(A+4-1*-41-6)
=(A+2)(-A"-31-2)
=—(A+2)(2*+324+2)
=—(A+2)(A+1)(2+2)

Solving for det(A—A1)=0 gives us two eigenvalues: 1 =—1 (algebraic multiplicity of 1) and
A =-2 (algebraic multiplicity of 2).

Next, let’s find the corresponding eigenvectors for each eigenvalue.

A=-1
2 3 =3|0] qop [1 1 —2]0
null space (A+13)=|-1 -2 1 |0|——|-1 -2 1|0
1 1 =210 2 3 =310

R;+R1—> Ry 1 1 _2 O

R3—-2R1—> R

L [0 -1 -1 o]
0 1 110

O_

0

0.

0
0
0

From the above matrix, we can see that there is a free variable in column 3, and fixed variables
in columns 1 and 2.

0 1 1
0 -1 -1

RyoRs [1 1 -2
_—

R3+R>,— R
3tR2 3 0 1 1

RizRemRio11 0 -3
[0 0 0

The solution is therefore

x = 3t
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y=-t
z=tteR
X 3
In vector form, we get | Y [=t| -1].
z 1
3
Therefore, a basis for null space (A + I3) is {| -1
1
X 3 3
An eigenvector for A =—1 isany | ¥ |=t| -1|. A basis for E_; is therefore {| 1|} (geometric
z 1 1
multiplicity is 1).
A=-2
3 3 =3|0
null space(A+2L)=|-1 -1 1|0
1 1 =110
reor, |11 —1]0
—|-1 -1 1|0
3 3 =310

R3—3R1—R
3 1 3 0 0 0

R2+R1—> R2 1 1 _1
[O 0 0O

0
0
0

From the above matrix, we can see that there are free variables in columns 2 and 3, and a fixed
variable in column 1.

The solution is therefore

xX=—-s+t
y=s
z=t
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s,teR

X -1 1
In vector form, we get | Y |=S| 1 [+t|0].

z 0 1

111
Therefore, a basis for null space (A + 213)is<| 1 |,| 0
0|1
X -1 1 -1/(1
An eigenvector for A=-2 isany | Y |=S| 1 |+t| 0. A basis for E_2 is therefore 4| 1 |,| 0
z 0 1

(geometric multiplicity is 2).
Summary:

Algebraic Multiplicity, Geometric Multiplicity,

Eigenvalue, A Eigenvector(s)
almu(2) gemu(4)
3
-1 1 -1 1
1
-1||1
-2 2 1|0 2
0|1

Now we can construct the desired matrices P and D.

P is constructed by “gluing” the eigenvectors together:

3 -11
P=|-1 1
1
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D is constructed by putting the eigenvalues on the diagonal of a blank matrix.

-1 0 O
D=0 -2 0
0 0 -2

Note: Make sure that the order in which you put the eigenvalues is the same order in which you
arrange the eigenvectors. For example, if you put the eigenvalue A =—1 in the first column of D,
then make sure that you also put the eigenvector for 2 =—1 in the first column of P.

Example. 4.6.
2100
. : 2 1 0 0] _ i . . .
Given the matrix A= 000 3/ find an invertible matrix P and a diagonal matrix D such
0 030
that P*AP = D.
Solution:

First, we will find the eigenvalues of A.

To do this, we need to find the characteristic equation by solving dEt(A—M4) =0.

2 100] 1000
2100/ (0100
A-Al, = )
0003| Joo0o1o0
0030 (0001
2 100][2 00 0
2100|0200
looo 3|00 20
0030|000 4
2-2 1 0 0
|2 12 0 0
1o 0 -1 3
0 0 3 -4
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We can find the determinant of this matrix by performing cofactor expansion and expanding
along the first row (every row/column has two zeroes).

1-2 0 0 2 0 0
det(A-Al,)=(2-A)det| 0 -2 3 |-1det|0 -2 3
0 3 -2 0 3 -4

wafenel? Yol 2]

=(2-2)(1-A)| (-4) = (3)" |-2(2)[ (~4)" - (3)" |

(2-2)(1-4)(2*-9)-2(4*-9)

At this point, we could continue expanding the characteristic equation, and then factor the cubic
polynomial. But... notice that the left term and the right term both contain (12 - 9) ... let’s work

with that!

=(1*-9)[(2-2)(1-2)-2]
=(12-9)(2-34+47-2)
=(1*-9)(4*-34)

= A(A+3)(2-3)’

Solving for det(A—/1I4) =0 gives us three eigenvalues: 1 =—3 (algebraic multiplicity of 1),
A =0 (algebraic multiplicity of 1) and A =3 (algebraic multiplicity of 2).
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Next, let’s find the corresponding eigenvectors for each eigenvalue.

A=-3
5 1 0 0(0 1 1/5 0 040
R{+5-R
nullspace(A+314)=(2)gggg — zog (3)(3)8
0 0 3 3lo 0 0 3 3lo
1 1/5 0 00]
R:=2Ri>R; |0 18/5 0 0|0
0 0 3 3/0
0 o 3 3lo]
1 1/5 0 070
R,/(18/5)—-R; 0 1 0 0}0
0 0 3 3|0
o o0 3 3lo
) 1 0 0 00
Rl‘(E)RZ*Rl 01 0 0|0
0 0 3 3|0
0 0 3 3lo
1 0 0 00
R3=3-R3 |10 1 0 Olo
- lo 0 1 1]0
0 0 3 3lo
1.0 0 00
Ry=3R3=Rs [0 1 0 010
- lo 0 1 1]0
0 0 0 olo

From the above matrix, we can see that there is a free variable in column 4, and fixed variables
in columns 1, 2, and 3.
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The solution is therefore:

x=0

y=0

z=—t

w=tteR
X 0
y 0

In vector form, we get =t 1|
Z —
w 1

0
Therefore, a basis for null space(A + 31,) is 01
1
X 0 0
) ) Yy 0 ; E . 0 .
An eigenvector for A =-3 is any =t 1 . A basis for E_3 is therefore . (geometric
z - _
w 1 1
multiplicity is 1).
2 1.0 00 1 2 0 0)0
_ _oy=12 1 0 ofo|_R22R f5, 7 0 0f0
nullspace(A 01,) = 0 0 0 30—>O 0 o 3o
0 0 3 olo 00 3 00
1 1/2 0 040
Ra—2Ri=Rz 10 0 0 00
0 0 0 3]0
0 0 3 0l0
1 1/2 0 00
RseRs 10 0 0 0]0
0 0 3 0f0
0 0 0 310
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Rs=3-Rs[1 1/2 0 O
Re=3-Ry O 0 0 O
0 0 1 0

0 0 0 1

From the above matrix, we can see that there is a free variable in column 2, and fixed variables
in columns 1, 3, and 4.

(el e N e R )

The solution is therefore

x=—=t
y=tt €eR
zZ =

w =

X -1/2
y 1
In vector form, we get =t
z 0
w 0
-1/2
Therefore, a basis for null space (A — 01,) is (1)
0
X -1/2 -1/2
1
An eigenvector for A =0 is any y =t 9 . A basis for E; is therefore
z
w 0 0

(geometric multiplicity is 1).
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010 1 -1 0 040
0o _~F~R |2 -2 0 0|0
3 [0 lo 0o =3 3]0
~310 o o 3 =3lo
-1 0 010
0 0 0o
0 -3 310
o 3 =3lo
-1 0 0)0
0 0 ofo
01 —1f0
0 3 —3lo
-1 0 0)0
0 0 ofo
01 —1(0
00 o0lo

From the above matrix, we can see that there are free variables in columns 2 and 4, and fixed
variables in columns 1 and 3.

The solution is therefore

In vector form, we get

S N < X

=S

o O -

+1

P O O
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110
. : 111]0
Therefore, a basis for null space(A — 31,) is ol'l1
O]1
X 1 0 111]0
: : 1 0 . i
An eigenvector for 4 =3 is any Y =s| _[+t| _ |.Ahbasis for E; is therefore ! , 0
z 0 1 0O1
w 0 1 0|1
(geometric multiplicity is 2).
Summary:
Algebraic Multiplicity, Geometric Multiplicity,
Eigenvalue, A Eigenvector(s)
almu(2) gemu(4)
0
3 1 ° 1
) -1
1
-1/2
0 1 ! 1
0
0
7 o
3 2 to 2
0|1
_0 1_

Now we can construct the desired matrices P and D.
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P is constructed by “gluing” the eigenvectors together:

0 -1/2 1 0

0 1 10
P=

-1 0 01

1 0 01

D is constructed by putting the eigenvalues on the diagonal of a blank matrix.

-3 0 00

0 00O
D:

0 0 30

0O 0 0 3
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Example. 4.7.
2 00

Given the matrix A=|1 1 2|, compute A% indirectly (i.e., without directly computing
1 21

Ax Ax A). Show all of your work.
Solution:

To compute A® indirectly, we need to diagonalizable the matrix A.

That means... finding matrices P and D. How do we do that? Eigenvalues and eigenvectors!

To begin, we need to find the characteristic equation by solving det(A—Ms) =0.

2 0 0] [1 00
A-2l,=|1 1 2|-2{0 1 0
12 1] |00 1
2 0 0] [2 0 0
=1 1 2|-{0 2 0
12 1] |0 0 2
[2-2 0 0
= 1 1-2 2
1 2 1-2

We can find the determinant of this matrix by performing cofactor expansion and expanding
along the first row.
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Solving for det(A—MS) =0 gives us three eigenvalues, each with an algebraic multiplicity of 1:
A=-1,1=2,and 1 =3.

Next, let’s find the corresponding eigenvectors for each eigenvalue.

30 0]0] gz, [1 0 0]0
nullspace(A+13)= 1 2 2(0|——|1 2 2|0
1 2 210 1 2 210
R:=Ri=Rz 11 0 0]0]
BT Lo 2 20
0 2 210
pazon, [L 0 00
—> |0 1 1|0
0 2 210
R3—2R2—)R3 1 0 OO
—>|0 1 110
0 0 olo

From the above matrix, we can see that there is a free variable in column 3, and fixed variables
in columns 1 and 2.

The solution is therefore

x=0
y=-t
z=tt ER
X 0
In vector form, we get | y [=t| -1].
z 0
0
Therefore, a basis for null space (A + I3) is {| -1
1

330



©Prepl101 MATH 1600 Final Exam Booklet Solutions

X 0 0
An eigenvector for A =—1 isany |y |=t| -1|. A basis for E_; is therefore {| -1|} (geometric
z 0 1
multiplicity is 1).
A=2
0 0 0]0] por, [t 2 —1)0
null space (A —-2I3) =1 -1 2 [0|]——|1 -1 2|0
1 2 -110 0 0 o010
Ry—Ryo> Ry 1 2 -1]0
—|0 -3 3|0
0 0 o010
Ryeosor, |1 2 —1]0
—|0 1 -1|{0
0 0 o0lo

Ri—2Ry— R, 1 0 110
—|0 1 -1|(0
0 0 010

From the above matrix, we can see that there is a free variable in column 3, and fixed variables
in columns 1 and 2.

The solution is therefore

x=-t
y =
z=tt eR
X -1
In vector form, we get | y |=t| 1
z 1

-1
Therefore, a basis for null space (A — 2I3) is {| 1
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X -1 -1
An eigenvector for A=2 isany |y |=t| 1 |. A basis for E, is therefore {| 1 |} (geometric
z 1
multiplicity is 1).
A=3
-1 0 0]0] _zo [t O 010
null space(A—-3I3) =1 -2 2 |0|]—]|1 -2 2|0
1 2 =210 1 2 =210
RZ_RI_)RZ
mRt g 2
0 2 =210
Rye—2-r, |1 O 00
—|0 1 -1{0
0 2 =210

Rs—2Rp—Rs 1 0 0 |0]

From the above matrix, we can see that there is a free variable in column 3, and fixed variables
in columns 1 and 2.

The solution is therefore

x=0
y=t
z=tt eR
X 0
In vector form, we get | Yy |=t| 1.
z 1
0
Therefore, a basis for null space(A — 315) is 4| 1
1
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X 0 0
An eigenvector for =3 isany | Y |=t| 1 |. A basis for E, is therefore {| 1 |} (geometric
z 1
multiplicity is 1).
Summary:
Algebraic Multiplicity, Geometric Multiplicity,
Eigenvalue, A Eigenvector(s)
almu(4) gemu(2)
0
-1 1 -1 1
(- 1 .
Y
2 1 1 1
0
3 1 1 1
1

Now we can construct the desired matrices P and D.

P is constructed by “gluing” the eigenvectors together:

0 -1 0
P=l-1 1 1
1 1 1

D is constructed by putting the eigenvalues on the diagonal of a blank matrix.

-1 00
D=0 2 0
0 0 3

Now we can indirectly calculate A® using the formula A* = PD*P*.
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Let’s find P! first.

0 =1 01 0 0] g .op, 1 1/0 0 1
-1 1 10 1 of]—— =1 1 1]/0 1 0
1 1 1lo 0o 1 0 —-1 0l1 0 0
R2+R1—)R2 1 100 1
—>1 0 2 210 1 1
0 -1 ol1 0 0
Reor, | 1 10 0 1
—|0 -1 01 0 O
) 2 210 1 1
—Ry;—R 1 10 0 1
2 2
0 0—100
o0 2 2/0 1 1
R1—R,—-R
Ra— ey 0 111 01
0 0—100
0 0 22 1 1
R3+2-R 0 1 11 83
3+2-R3 —
0 0 11
o o M|t 3 32
0 1 1
R1R3—)R1 O O 2 2
0 0]-1 0 0
o o @M, L 1
2 2
0 -1/2 1/2
Therefore, P*=|-1 0 0
1 1/2 1/2

Next, let’s find D?®. Since D is a diagonal matrix, this isn’t so bad!
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Now we can compute A2 using the formula by matrix multiplication: A® = PD*P*.

0 -1 0-10 O 0 8 O
PD°=|-1 1 10 8 0|=|1 8 27
1 1 1j0 0 27 -1 8 27

0 -8 00 -1/2 1/2 8 0 O
PD°P*=|1 8 27|-1 O 0 |=/19 13 14
-1 8 27| 1 1/2 1/2] |19 14 13

8 0 O
Therefore, A°=[19 13 14|,
19 14 13
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4.5 Homework on Chapter 4

1. Determine which of the matrices below are diagonalizable. You must give your reasons.

0
@ A=|1 1 2
L 1_
] .
()B=|1 1 0
L 1_

(a) Characteristic polynomial:

A-2 0 0
det(Al —A)=det| -1 A1-1 -2
-1 -2 A-1

=(1-2)f1-3)1+1)
There are three distinct eigenvalues.

Therefore, the matrix is diagonalizable.

(b) Characteristic polynomial:
A-2 0 0
det(Al —A)=detf -1 A1-1 O
-1 0 21-1

=(4-2)[(2-1)2-1)

The eigenvalues are 4 =2,1. We must now ensure that the dimension of the eigenspace for
eigenvalue 4 =1 has dimension 2.
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To find the dimension of the eigenspace: BX = AX = BX—AX =0= (B— Al )x=0.

1 00 1 00
Thus reduce B—1-1 as follows: B—-1-1 =1 0 0|—|0 0 O0].
100 0 0O

The null space of this matrix has dimension 2, thus B is diagonalizable.

2 00

2. The symmetric matrix A=|0 0 1| has 3 distinct eigenvalues, namely 4, =-1, 1, =1 and
010

Ay =2.

(a) Which eigenvalues do the eigenvectors X, =(1,0,0) and X, =(0,11) correspond to?

(b) Find an eigenvector that is orthogonal to both X; and X, .

(c) Find an orthogonal matrix P such that PAP isa diagonal matrix. Also write down this
diagonal matrix.

(a)

Thus, the eigenvector X, corresponds to the eigenvalue 1.

(b) The matrix A is symmetric. Its eigenvectors are therefore orthogonal. So, to find the
eigenvector that corresponds to 4 = -1, we simply find the cross product of the other two eigen

vectors.
1 0 0
.9_6')3 = .7_(,')1 X .9_6')2 = 0 X 1 = —1
0 1 1

0
Thus, the other eigenvector is given by [—1]
1
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10 0 2 0 0
@P=|0 1 -1|landD=[0 1 0
01 1 00 -1

3. Suppose the (n,n)-matrix A has the eigenvector x with eigenvalue 4 =-5. Show in complete
detail that A® has the eigenvector x with the eigenvalue x =—-125

AX = -5x = A’x = A% - AX = A?(=5X) = (-5)A’X = (-5) A AX = (=5) A(=5X) =

A’x = (-5)(-5) Ax = (-5)(-5)(-5)x = —125x = x = —125 is an eigenvalue of A3,

1 1
4. Consider the matrix A= (

) 4}. Its eigenvalues are 4 =2and A =3. You are given the

1 1 1 1
eigenvectors A[J = ZL} and A{Z} = 3{2} . Find an invertible matrix P and a diagonal matrix D

so that PLAP=D.

Since the eigenvalues for this matrix are (1,1) and (1,2). The desired matrix P is

11
P= (1 ZJ , since the two eigenvalues of these matrix are different, and therefore the eigenvector

2 0
we have are Li, the diagonal matrix D = PAP = (0 3) )

338



©Prepl101 MATH 1600 Final Exam Booklet Solutions

4 8
5. (a) Find all eigenvalues and eigenvectors for the matrix A = (2 4).

(b) Find a matrix P and a diagonal matrix D such that P2AP=D.

(a) det(A— Al )= =(4-1)°-16=1(1-8)=0=>1=08

4-

A=0:

4 8)x) (0) 4x+8y=0 X = -2V and the i _ 2 1) with v e 9%
= :> : — _ B .
2 4 0) " 2x+4y=0 y and the eigenspace is y(-2,1) with y e
]S Y s k= 2y sothe is y(21) with yeR
= = = — |
2 -4)\y) \0 2x—4y =0 y so the eigenspace is y(2,1) with y e

0y P=["? 2] andtherefore D=[° °
(b) =l 1 1an erefore “lo g
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50 0
6. Find the eigenvalues and the eigenvectors for the matrix A={1 0 3
0 0 -2

Can A be diagonalized? If so, find a matrix P and diagonal matrix D such that P*AP=D.

5-4 0 0
det(A-Al)=| 1 -2 3 |=G-A-A2-1)]=A16E-1)(1+2)
0 0 -2-1

So, det(A-Al)=0< 4=05-2

For 4=0:

5 0 0})x 0 5x=0 x=0

1 0 3 |y|=]0|=x+32=0=12z=0,yeR, and the eigenspace for this eigenvalue is
0 0 -2)\z 0 -2z=0 z=0

(0,y,0) =y(0,1,0) with yeR.

For A=29:
0 0 O0}\x 0 0=0,xe®R xeR
1 -5 3 |y|=|0 :>x—5y+3z=0:>y=g,and therefore, the eigenspace
0 0 -7)\z) (o ~72=0 7-0
. . X X :
for this eigenvalue is (x, 5,0) = g(5,1,0) with Xe R
For A=-2:
7 0 0)x 0 7x=0 x=0
1 2 3|y|=|0 :>x+2y+3z=0:>y=—:23z,andtherefore,theeigenspaceforthis
00 0fz) O 0-z=0 7eR

eigenvalue is (O,—g z, zj = ;(0,—3,2) with Z€eR.

Finally, the vectors (0,1,0), (5,1,0), and (0,-3,2) are three eigenvectors and therefore the matrix P

05 0
that diagonalizes A is the matrix: P=|1 1 -3].
0 0 2
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5 3 -6
7. Let A=|-4 -2 4
3 3 -4

Find the characteristic polynomial and the eigenvalues of A. Without actually finding P, explain
how you can be certain that A is diagonalizable.

We find the characteristic polynomial as follows:
A-5 -3 6
det(Al —A)=| 4 1+2 -4
-3 -3 A+4
=(A=5)-[(1+2)-(1+4)-12]+3-[4(1 +4)-12]+6-[-12+3-(1+2)]

Sy Sy Ly )

In order to find the eigenvalues, we set the characteristic polynomial equal to zero and we solve
for 4.

We have: £ + A —41-4=0.
Note that —1 is a factor of the characteristic polynomial, i.e. (1)’ +(-1)* —4-(-1)—-4=0.
Therefore X+1 is a root.

24
/1+1)13+12—41—4

2B+ 22

-41-4

0
Thus: 2+ 2% —44—4=(A+1)- (2 —4)= (A +1)- (1 +2)- (1 -2)
(1+1)-(1+2)-(1-2)=0=>1=-1,-2,2
Therefore, the eigenvalues are 2, -2, and —1.

Since this 3x 3 matrix A has three distinct eigenvalues, we know that the matrix, we know that

2 0 O
it is diagonalizableto D=0 -2 0
0 0 -1
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4 8
8. (a) Find all eigenvalues and eigenvectors for the matrix A = (2 4).

(b) Find a matrix P and a diagonal matrix D such that P2AP=D.

(a) det(A— Al )= =(4-1)°-16=1(1-8)=0=>1=08

4-

LB (O 8y =0 o) and the ei is y(~2.1) with
y 0 2%+ 4y =0 Y and the eigenspace is y(-2,1) wi

T B[O =0 o) sothee is y(21) with y R
2 -4)y) (07 2x-4y=0 =2y so the eigenspace is Y(2,1) with y eR.

0y P=["? 2] andtherefore D=[° °
(b) =l 1 1an erefore =lo 8
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50 0
9. Find the eigenvalues and the eigenvectors for the matrix A={1 0 3
0 0 -2

Can A be diagonalized? If so, find a matrix P and diagonal matrix D such that PLAP=D.

5-4 0 0
det(A-Al)=| 1 -2 3 |=G-A-A2-1)]=A16E-1)(1+2)
0 0 -2-1

So, det(A-Al)=0< 4=05-2

For 4=0:

5 0 0})x 0 5x=0 x=0

1 0 3 |y|=]0|=x+32=0=12z=0,yeR, and the eigenspace for this eigenvalue is
0 0 -2)\z 0 -2z=0 z=0

(0,y,0) =y(0,1,0) with yeR.

For A=5:

0=0,xe®R XGSR
3 =|0|=x- 5y+32_0:>y_g and therefore, the eigenspace for this

—7z2=0 7z7=0

eigenvalue is ; =c 510) with XeR.

For A=-2:

7 0 0)x 0 7x=0 Xx=0

1 2 3|y|=|0 :>x+2y+3z=0:>y=—§z,and therefore, the eigenspace for this

0 0 O)\z 0 0-z=0 7e R

eigenvalue is (o,—g Z, zj - ;(o,—s,z) with ZeR.

Finally, the vectors (0,1,0), (5,1,0), and (0,-3,2) are three L.i. eigenvectors and therefore the

05 0
matrix P that diagonalizes A isthe matrix: P=|1 1 -3]|.
0 0 2
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5 3 -6
10. Let A=|-4 -2 4
3 3 -4

Find the characteristic polynomial and the eigenvalues of A. Without actually finding P, explain
how you can be certain that A is diagonalizable.

We find the characteristic polynomial as follows:
A-5 -3 6
det(Al —A)=| 4 1+2 -4
-3 -3 A+4
=(A=5)-[(1+2)-(1+4)-12]+3-[4(1 +4)-12]+6-[-12+3-(1+2)]
=P+ -41-4

In order to find the eigenvalues, we set the characteristic polynomial equal to zero and we solve
for 4.

We have: 2+ -41-4=0.

Note that —1 is a factor of the characteristic polynomial, i.e.(—1)° + (-1)* =4-(-1)-4=0.
Therefore X+1 is a root.

24
/1+1)13+12—41—4

2B+ 22

-41-4

0
Thus: 2+ 2% —44—4=(A+1)- (2 —4)= (A +1)- (1 +2)- (1 -2)
(1+1)-(1+2)-(1-2)=0=>1=-1,-2,2
Therefore, the eigenvalues are 2, -2, and —1.

Since this 3x 3 matrix A has three distinct eigenvalues, we know that the matrix, we know that

2 0 O
it is diagonalizableto D=0 -2 0
0 0 -1
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4 4 -4

11. The eigenvalues of the matrix B=| 4 -2 8 |areA1=6and > =-12.

—4 8 -2

i) Determine a basis for each eigenspace.
ii) Is B diagonalizable? Explain why or why not.

a) Eigenspace of 4, =6:
basis for solution space of (A1 —B)x =0 is also basis for eigenspace of 4

First, sub all the known values into the equation

(A1 -B)x=0
(61 -B)x=0
2 -4 47x] [o
4 8 -8 x,|=|0
4 -8 8| x| |0
This has augmented matrix

2 -4 410
-4 8 -80
4 -8 8|0

which reduces to

1 -2 20
0O 0 00
0O 0 00

This means that the solution space is

X, 2s -2t 2 -2
X=|X,|= s =s|1|+¢t 0 |,5,teR
X, t 0 1
2(|—-2
which has 4/ 1{,| 0 |} asabasis
0| 1
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2|1 |-2
Therefore, a basis of the eigenspace of 4, =6 is{|1,| 0
0 1

Eigenspace of A, = -12:
basis for solution space of (11 —B)x = o is also basis for eigenspace of 4

First, sub all the known values into the equation
(A1-B)x=0

(=121 -B)x =0

-16 -4 4 [x] [o

-4 -10 -8 ||x,|=|0

4 -8 -10||x| |0

This has augmented matrix

-16 -4 4 |0

-4 -10 -8|0

4 -8 =100
which reduces to

1 0 -0

01 1|0

0 0 0]0

This means that the solution space is

X, | |t 7
x=|x,|=|-t|=t|-1],feR
X, t 1
7
Therefore, a basis of the eigenspace of 4, =-12 is {| -1
1

346



©Prepl101 MATH 1600 Final Exam Booklet Solutions

b) When we count the number of basis vectors in the eigenspace of B, we get a total of 3 (2 from
the eigenspace of 6 and 1 from the eigenspace of —12). Since B is 3 x 3, the dimension of the
eigenspace of B = n = 3. Therefore, B is diagonalizable.

2 -2 Y
More detailed justification: P =|{1 0 -1| and find P to prove that it exists.
01 1

12. Given P1AP = D, list the eigenvalues of D and bases for the corresponding eigenvectors.

1 1 -1fr 3 -=-3I3 -1 11 [-1 O O
[1 2 —1”—1 -3 1”—1 1 0]=[0 -2 O]

1 1 =311 0 1 0o 0 -2

-1 0 0
D=0 -2 0] ~eigenvaluesare —1,—-2,—-2.
0o 0 -2
3 -1 1
SinceP=|-1 1 0] we know the eigenvectors are
1 0 1
3 -1 1
-1 1| and |0
1 0 1
A=-1 A= =2
3 —-17 [1
~ A = —1 has eigenspace span <[—1D and 4 = —2 has eigenspace span ([ 1 ]H )
1 0 1
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5. Orthogonality

Example 5.1.

Is the set B below an orthonormal basis for R3? Explain why or why not.
KA || %

B = % ’ % ’ %
%lLUH] LA

Solution:

According to the definition for orthonormal basis, there are three conditions that a set must meet
in order to be orthonormal:

v’ the set must be orthogonal (each pair of vectors must be orthogonal)
v"each vector in the set must have magnitude of 1
v the set must be a basis for R®

We’ll disprove that it’s an orthonormal basis by finding two vectors that are not orthogonal as
follows:

1] [-2]
3 3
2 2 1(-2) 2(2) 2(1 4
i = — == —|+=]|=|+=|=|===%0 iti i
Since 3 ° 3 3(3j 3(3j 3(3} 9 , condition 1 is not satisfied
2011
13] [ 3

Therefore, since the first condition of orthonormal bases doesn’t hold, the set B cannot be an
orthonormal basis.

This set is not even an orthogonal basis for R®, let alone an orthonormal basis.

Example 5.2.

Find an orthogonal basis for the subspace w of R3given by:

oo

Solution:

Solveforx:x =y —3z
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ﬁ: 1

So, we need to make them orthogonal.

[—3

[ 1

=Y

0
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1 -3
11+z| 0
0 1

are of basis for w,

Since they are not orthogonal, we add another non zero vector in w that is orthogonal to either

one of % or .

X
Letw = [yl be a vector in w that is orthogonal to u.
Z

Then x —y + 3z = 0, since w is in the plane w. Since u -w = 0,

we know

1
1
0

-

Solve the system:

.'.x+y:0

x—y+3z=0
x+y=0
3
1 0 -
1 -1 350 2
[1 1 0|o]9RREF0 1
z=t
x=—=t
y=-t
—%t
sw= |3, orlett:2andwegetW=[
2
t

i

2

=~ {u, w} is an orthogonal basis for w, since dimw = 2

1 -3
(checkfi -v_’v=0[1]'[3]
0 2

—3+3+O=O>
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Example 5.3.
1
Find the coordinates of w = |2 | with respect to an orthogonal basis B = {v,, v,, v3}
4
1 2 2
where v; = |4|, v, =] 0 |,and v3 = |-1]|.
1 -2 2
Solution:
oo Pov (124 (141 13
YUer T (1L41)-(1L,41) 0 18
Vv (24-20-2) -6 _ 3
2T, 7, (20,-2):(2,0,—2) 8 4
C3=—=—= =—

v U5 (2,-1,2)-(2,-1,2) 9

o W = Clv_l) + sz—z) + C3U_3)

. 13_. 3_. 8_,
W:EU1—2U2+§U3
E
18

[Wls = |~

Example 5.4. Determine whether the matrix is orthogonal. If it is, find its inverse.

a) Q= [(1) _01]
Solution:
o=, A 2
1 0
- [0 1
=~ Itis orthogonal and QT = Q1
~Q7 = [(1) —01]
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__ [cos® —sinB
b) Q= [sinB cosH]

=[Gl donolldng cocs
“lo ¥

cosf sinéd

) . -1 _ T —
= Qisorthogonaland Q™ = Q" = [_ sinf cos@

Example 5.5. Show that the given vectors form an orthogonal basis for R? and then express w as
a linear combination of these basis vectors and find the coordinate vector [w]g with respect to

your basis.
w=[2] w=] w=[]
Solution:
v, v, =5-5=0

Since the vectors are orthogonal, they’re linearly independent. Since there are 2 vectors, they
form an orthogonal basis for R?.

YTww T (5-1)-(5,-1) 26
WU (23015 _17
275, (1,5 (1,5) 26

o W = Clv—l) + sz—z)
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Example 5.6.

Find the orthogonal complement and W+ of W and give a basis for W+,
X

a)W={[y]:3x—y= 0}

Solution:
y = 3x from the equation, so [;] = [Sxx] =x [é] = Span{[é]}
W is in the column space of A = [é]

so that W+ is the null space of AT = [1 3]
The augmented matrix is
x y
[AT|0] = [1 3 |0] and is already row reduced Let y=t be a free variable and we get:

X+3t=0and x = -3t

null (A7) = span [_3 t] =t [_13]

So, a basis for the null space, and thus for W+ is given by: {[_13]}
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X
b)W={[yl:x—y+z=O} z=—-x+Yy
z

Solution:
x 1 0 1170
W consists of y =x| 0 |+y]|1],sothat{| 0 |,[1];isa basis for W
—X+Yy -1 1 —-11 11

1 0
Then W is the column space of A =

-1 1

The augmented matrix is

Xy z
[AT|0] > [(1) 2 _11 |8] and is already row reduced.

Let z =t be a free variable

X —t =0 and x=t and from the secondrow, y +t = 0and y = —t

(row (4))" = null(4)

t 1 1
~ null(4T) = span l—tl =t [—1] = span [—1] and therefore, a basis for W+ is [

t 1 1

0 1] so that W+ is the null space of AT.

1
-1
1

].
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Example 5.7. Find the orthogonal projection of ¥ onto the subspace W spanned by the vector u;.
(Assume u, are orthogonal vectors).

1 -2 1
-1 u = |2 u; = [—1
4

2 1

U=

L f(u v N u; v\
pT'O]WU - a—; u—->1 ul u—2> a—; u2
_(-221)-(1,-12) —22 , L-19-(1,-12) 11
C(-22D- (=221 1,-19-(1L-19|,
o [-2 4/9 10/18
=— [ 2] [ ]——u1+—u2 = [—4/9 + —10/18]
1 —-2/9 4/18

4/9 5/9 1
= |—4/9| + —5/9]: [—1]
—2/9 2/9 0

NOTE: For the dot product on the bottom, we can do the magnitude of the vectors squared as
that is easier for most!
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Example 5.8. Find the orthogonal decomposition of © with respect to W,

5 3 _ 1

V= [_3] w = span [4]

Since w is spanned by vector u; = [ﬂ we know
L (m D

projyv = a—; . u—->1

_(14) 3, 3)[]_
4

14 - (1,49
-9 —9/17
17 4] [—36/17

= the component of ¥ orthogonal to w is proj,, (V) = v — proj,, v
3 |- —9/17]

-3 —36/17

B '51/17] —9/17

~ [-51/17] T |-36/17

B '60/17]
|—15/17
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1 2 4
Example 5.9. If A= g 140 113 , find the bases for the fundamental subspaces of A.
0 8 2

From earlier, in example 8.7. we found the following:

a) Find bases for the row space, column space, and null space of A.

b) What is dim row A, dim col A, and dim null space of A?

Solution:
2 4 2 4
0 4 1 R3-3R1-R3 0 4 1
3 10 13 0 4 1
0 8 2 0 8 2
@z 4]
0 4 1
0 8 2
Ri—8R2 R 0 7/2
R3-4R2-R3 | 1/4
0 O 0
0 O 0
1 0 7/2¢40
0 1 1/4]|0
lA =
”u 00 010
0 o o0
X+7/22=0
y+1/4z=0
7=t Row (A)={[1,0,7/2],[0,1,1/ 4]} is a basis for the row space of A.
X —712
y|=t| -1/4
z 1
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Col (A)= , is a basis for the column space of A.

Null (A)= —1/4 |+ is a basis for the null space. This is the solution of the system in RREF.

dim row A=2
dim col A=2

dim null space = 1

So, now we just need to find the bases for the null space of AT.

0
0
0

0
0
0

x;+3s=0 X, = —3s

2 4 10 8
4 1 13 2

1 0 3 O
... RREF

X1 X2 X3 X4

1 0 3 0
01 1 2
0 0 0O

X3=S,x4=t

X, +s+2t=0 x,=—s—2t

X1 —3s [—3] 0
X2l _|—s—2¢t| _ .|—1 -2
x| = s =S 1 +t 0
X4 t L (

1
-3 0

~null (AT) = span -1 ) _02 }
1
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Example 5.10.

The following vectors form a basis for R? or R3. Apply the Gram-Schmidt process to obtain an

orthogonal basis. Then, find an orthonormal basis.
a)X1= [1 X2= [3]
Solution:

e wi= [}

Uy = X2 — pr0]171>(x2)-v1 = X2 — oy v

1 @n-@3) 1]
D@l

= [s]-301]
31-G =[]

- an orthogonal basis is {[ﬂ , [_11]}

To find an orthonormal basis we need to normalize each vector.

— v 1 V2
= ll=[ e

= 1VZ
_,_?z_i[q]_ —-1/72
T el 11T 12
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b) X = [—22] X = [i

Solution:

Uy = X2 — pro]ﬁ(xz)'lh =X~ \==/"n

vy v,
_ 21 @2-2@1 [2]
11 @-2)2-2)-2
- i _g[_zz] - [ﬂ _%[_22]
2 1/21 [3/2
— Ll [1/2] [3/2
=~ an orthogonal basis is {[_2 , gﬁ }

To find an orthonormal basis we need to normalize each vector.

q_f:”Z—%”):m[_zz] =72

—

4= ﬁ?[_z] Tz [_2]

_,_l1/\/2_

L IR YN

5 3 [3/2
nvzu /73/2

Note: 1= Y02 _ 3T

— 1 3/2

3 3/21 _[1/V2
27 a2 (3/2 3r[3/2]‘ 1NZ
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Example 5.11. Fill in the missing elements of Q to make it an orthogonal matrix.

1/V2 1/43 «x
Q= |1/V2 -1/V3 «x
0 1/V3  «x
Solution:
1N2 1/¥3
Letqy = [1/y2| andq; = |-1/V3
0 1/V3

0
Let the third column be x; = [0]
1

1

1
~L 9 Lo
detQ:(—l)”l(\%)det 7 . +(—1)2+1(%)det\/1§ )
3 V3

a0 (-3) -4

2
=7 *0

- the matrix Q is invertible and the 3 column vectors form a basis for R3.

The first 2 vectors are orthogonal and unit vectors, so we orthogonalize the 3™ vector:
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0 0 1 1/\/§
=H—[0 — i |-1/V3
1 0 3 3 3 1/‘\/§
0 1/V/3
1
=[0]—ﬁ —1/\/§
1 1/V3
1 1
0 3 3
1 1
B
1 1 2
3 3
f—§1
=]
RN N
| 5|
Normalize v5:
_,_
B = i

I
W =
Wl N
N——"

Ol =

+ ||
Ol = || =
+ -
Ol

w| N
~—

W =

I
W =

Nolle)

1VZ N3 %
~Q=|1N2 -1/3 \/ig
0 1N3 =
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5.4 Homework on Chapter 5
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1. Determine whether the given set of orthogonal vectors is orthonormal. If it isn’t, normalize the

vectors to form an orthonormal set

v = 3 Uy =

ulsuilw

v; v, = 0 - orthogonal

= O+ () - [Erme

ENORIORE

-~ the set is orthonormal.
b) s = {(1,0,1,0), (1,0,—1,0)(0,1,0,1)}

% T =0,7; 73 =0andv; -3 = 0

(orthogonal)

7l = V12 + 02+ 124+ 02= V2 #1

vzl = V2 #1
1731l =v2 # 1

~ normalize the vectors

vy _ (1,010) _ 1 1
ol — V2 _(ﬁ'o'ﬁ'o)

i = (0%0)

i 0F03)

These are an orthonormal set.
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2. Show that the given vectors form an orthogonal basis for RZ and then express w as a linear
combination of these basis vectors and find the coordinate vector [w]z with respect to your basis.

w=[] ==[7] =[]
T U, =5-5=0

c_Pw (1304 13
YTuer T L4)-(14) 17

L _FE_ (3-8 -2 1
275 % (-82)-(-82) 68 34

o W = Clv_l) + sz—z)

_, 13_, 1_,

W:1_7U1_3_4v2
1_3

-[W]B: Z

34
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3. Construct an orthonormal basis for R from vectors in question 2. NOTE: The orthogonal

JHEE

vectors were:

U= gt
— 1 ——
2= g V2
N 1 ——
qs = = U3

1
1 [ﬁ} 1/3v2
@ = “%H = || =|4/3v2
1 [LJ 1/3v2

V18
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4. Find the orthogonal complement and W+ of W and give a basis for W+.

x
W={[yl:2x+y—z=0} nzZ=2x+y
z

X 1 [0 11 [0
W consistsof | Y =x|0|+y|1],sothat{]0],|1];is a basis for W.
2x t+y 2 1 2l 11

1 0

Then W is the column space of A = [0 1] so that W+ is the null space of AT.

12 1
The augmented matrix is
X y z

[102

0 )
0 1 1 |0] and is already row reduced.

-2z -2
~ null(4T) = span [ —z] = span [—1]
z 1

-2
and therefore, a basis for W+ is [—1].
1
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5. Let w be the subspace spanned by the given vectors. Find a basis for W+.

2 4
o wiela) ey
-1 2

2 4
LetA=[w; |w,]=[1 0
-1 2

Then the subspace w spanned by w; and ws, is the column space of A
and W+ = (col(A))” = null(AT)

2 1 -1 |0 1 0 1/2 |0
402|O 01—2|O]

~ null(AT) is the set of solutions of this augmented matrix which is:

[AT10] > | | > RREF...

z=t

x=—-t

y =2t
—2t - ~1
2t | =t] o | =span| 4 so this vector is a basis for W+.
t 1 2

1 3
LetA=[w; [W;]=|2 o0
1 -1

Then the subspace w spanned by w; and w, is the column space of A
and wt = (col(A))" = null(AT)

1 2 1

[4T10] > [3 0 —1

|8]9RREF... L0 —1/3 |8]

0 1 2/3
~ null(AT) is the set of solutions of this augmented matrix which is:

z=t
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x=-t
y=-—-3t
3t E 1 | -
_2,|=t[_2|=span|-2| sothisvector isa basis for W+.
3
t 1 3
2 1 2
Owi=|_q| W2=[o| Ws=|3
3 1 -1
2 1 2
Letd =[w;|w;lws)=| Y 2 4
3 1 -1

Then the subspace W spanned by w; , w, wj is the column space of A

and W+ = (col(A))" = null(AT)

2 1 -1 3 0 1 0 0 1 0
[AT|0]9 1 2 O 1 O|2RREF=]0 1 0 O 0
2 4 3 -1 10 0O 01 -1 10
IetW3:t
W1=_t
w, =0
W3:t
The null(AT) is the set of solutions to the augmented matrix:
—t -1 -1
01=¢] 9= 0| - this vector f basis for W+
¢ |=t| 7 |=span| ;| -~ thisvector forms a basis for .
t 1 1
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are orthogonal vectors).

g 5=[5] w=[]]
u, " v
proj,v = (_; Ef)
_ (1)-(6,— [ ]
DL
=[]
= [l
| =]
L, (w v
projyv = (U{ E{) U

_(12-(10,-9
(1,2)-(1,2) [2]

=5 3]

i/9
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6. Find the orthogonal projection of ¥ onto the subspace W spanned by the vector u,. (Assume u
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o] =

B\
pTO]WU_ : u + — | " Uy
U, "y, u2 "Up

(22,1 (1,24) 22 , 429124 ‘2*
T (2,-2,-1-(2,-2,-1) :1 (4,2,4) - (4,2,4)
T

o |7 364
_2 _22_ 12 ;

3 |13

—4/3 8/3 4/3
—[4/3 4/3| = 8/3

2/3 g/3] l10/3

7. Find the orthogonal decomposition of ¥ with respect to .
. _[5 _ 1
a) v= [_2] W = span [2]

Since W is spanned by vector u; = B] we know

— -

. u v
roj,v =\ —m>0—/——
pToju T

_(12)-(5,-2) 1_,
T A2)-(12) H 5

54
5
~5 B] - %;5

= the component of ¥ orthogonal to w is proj,,. (V) = ¥ — proj,, v

- [_52] B ;;g]
= [ Z305] - 2ys] = [ 235
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o o] o]

1 2
Since W is spanned by vector u; = [4 and u, = [—1] we have:
1. 2
(@B (@B
projyv = ﬁ; . u—1> Uq u—2> ﬁ; Uy

A -@2,-0 [ @2-12)- @2 -1 2
T (141 (1,41) i + Q,—Lzy(z—iz)';

1

11 4| 2
_E ;1: +§ —21
11/18] [ 8/9
= | 4/18 | + —4/9]
11/18] 1 8/9
11/18]  [16/187 [27/18
= | 4/18 | + —8/1§‘= [—4/18]
1117181 l16/18]  L27/18
3/2
5
3/2

The component of v orthogonal to W is proj,,. (V) = v — proj,, v

[ 4 3/2
(2
[—1 3/2

- 8/2 3/2 5/2
= 18/9]-—[—2/9‘::[20/9]
—2/2 3/2 —5/2
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8. The following vectors form a basis for R? or R®. Apply the Gram-Schmidt process to obtain an

orthogonal basis. Then, find an orthonormal basis.

1 1 1
oo} =[] = |
0 0 1

1
v =X = |0

0
S e

Uy = X3 — projﬁ(xz) V= X — (—_> _ﬁ) %1

V1 V1
1 (1,0,0):(1,1,0) 1
v = |1 " (1,0,0)(1,0,0) g

1 L 1 0
'-17_2)2 1_IO =11
L0 0 0

U3 = X3 — pro]ﬁ(%) "V — pro]v_z’(x3) Uy = X3 — o v v — v

— _ i _(1,0,0)-(1,1,1) é _(0,1,0).(1,1,1) 2
U3 = (1,0,0)-(1,0,0) 0 (0,1,0)+(0,1,0) 0

-l

nPOS e

17 0] [O
=~ an orthogonal basis is {[0] , [1] , [0”
0l Lof 11

Note: this is already orthonormal since each vector has magnitude of 1.
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o] o] -
o H e

pI‘O]vl(xz) V= X — (v—{_ﬁ)ﬂ)
2] (2,1,0):(2,0,1) 2
V2 = (1) (2,1,0)(2,1,0) 1

o

21 [8/5 2/5
o

!

<

v,

— . —> —>
U3 = X3 — pro]ﬁ(xs) %!

— _ (21,0)(0,1,0) i
Vs = T (21,0)0(21,0) 0

UBAL
ol “lo
01 [-2/5] [-2/5
o _1/5]:[4/5]
0] 0 0

2/5 2/5
- an orthogonal basis is {[ ] [ 4/5] [ 4/5 ]}
0

An orthonormal basis is found by normalizing each vector

. 2 2/V5
—_— %1 _ (2,1,0) _ i 1 _
N =5 T VaErz0z V5 1/V5
0
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—_— U—z) _ (%l_gll)
@2 = = (3)2+(—_4)2+12
5 5
AN E |4 16 25 [24 o5 35
Note: \/(E) HE) = mrntEs B
2 4
(51
7 = (Si%)
5
. 5 (2 -4
%=
2/3v5
4 = |-4/3V5
5/3vV5
N G -))
, ==
P

-24 -24
_ (?’E’O) _ (?’E’O)

20 Vavs

25 5
-2 4
— (?,E,O)
s
5

15 (240

= (7%

—~1/v/5

4= |25
0

2/V5 | | 2/3V5 | [-1/45
~ an orthogonal basis is { |1 /5[, |—4/3V5|.| 2/v5
0 5/3vV5 0
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9. The following vectors form a basis for a subspace W of R3. Find the orthogonal basis for W
using the Gram-Schmidt process.

1 3
X = O X; = 3
V)= X = [ ]
v, =X, pI‘O]vl(xz) V= X — (%1_3%)77_;

3] (1,0,4)-(3,3,1) 1
vz = |3 T (1,0,4)(1,0,4) 0

1]
I
51/17 7/17 44/17
Ty = 51/17] [ ] [51/17]
177171 1287171 l-11/17
- 44/17
Ty = 51/17‘
—11/17

The orthonormal basis consists of vectors v1, v2 and v3.
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10. Fill in the missing element of Q to make it an orthogonal matrix.

-1/V2 1/4/3 a
Q=| o 1/V/3 b
1/V2 143 ¢
—1/V2 Il/\/j
Letg, = 0 and g; = |1/+/3| These are already unit vectors.
1/V2 1/v/3

0
Let the third column be x5 = [0]
1

1 1
detQ = (—1)!+? (—%) det | 1t 0+ (—1)3*1 (\/ii) det|"? .
V3 V3

-1 1
detQ =75 (55-0) +0
-1
=7 =0

=~ Q is invertible and the 3 column vectors form a basis for R3.

The first two vectors are orthogonal (and unit vectors), so we need to orthogonalize the third
vector.

-1
[0 Gaepronn (8] oo |3
e V| TR GED |
-~ 1/V3

~
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-1 -

o] |7l o[1/V3
=H—% 0|-L(1/v3
1

1 = _1/\/§
1 _ 1
0 2 i
=10]+] 0|+ -3
tL I P I I
2 3.
1/6 1
vs =[—1/3
1/6

Normalize v;: we get

BT a1 |5
36 36
_(1 -1 1)(6)
~\6’ 3 ’6/\{5
1/v/5
qz =|-2/\5
1/V5

-1/V2 1/43 1/45
~Q=1 0 13 —2/V5
1/¥2 143 1/45

MATH 1600 Final Exam Booklet Solutions
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2

1]

1
0

1] we have a basis for R3(detA # 0)
0

11. Find an orthogonal basis for R3 that contains the vector x; =

If we add x, = [0‘ and x3; =

Now, orthogonalize that basis:

vl-f; —

U, =X; — projy; () v = X5 — (ﬁ) V1

_>

Note: ||9]|? = v -

5= [i] - camesof]
- Bl

2/3 1/3
[1/3] [ 1/3]
1/3

1/3

V3 = X3 — projg;(x3) V7 — projy; (x3) - v,

[ ‘ (010)(211)[2] ©01,0-(5-1-2) [1/3]
Vs = 22412412 1|77 1/3
U @+ +(‘§) 1/3

0] 1/3
-4k
0. —-1/3
01 [1/3 1/3
= [1]-[1/6] + —1/3]
o] l1/6] 1-1/3
0
v, =|1/2
[—1/2

The orthonormal basis consists of vectors v1, v2 and v3.
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12. Find an orthogonal basis for the subspace W in R* spanned by

{Wll WZ; W3} = {(1l1)3)2)l (11 _2I0I _1)1 (0121112)}

MATH 1600 Final Exam Booklet Solutions

We are given a spanning set. Let’s use the Gram-Schmidt algorithm to make the vectors in the

spanning set orthogonal. Orthogonal vectors are naturally linearly independent! Thus, we will
create an orthogonal basis by applying the Gram-Schmidt algorithm.

Note that it is easier to perform the algorithm by starting with a vector with 0’s in it.

X, =W, =(0,2,12)

X, =W, — projzlwz
(1, —2,0,—1)-(0,2,1,2)
(0, 2,1, 2)~(0, 2,1, 2)

@ -2,0,-1)-(-9(0,2,1,2)

@ —2,0,—1)+(0,% gj

- (1,-2,0,-1)-

oolr\J

221
=(1"§ 3 5)
OR
= (3,-2,2,1)
)Z 2
_(113.2)- ((;12312))(( 1122))(0212)
1132 ( j0212 (%)(3,—2,2,1)
:(1,1,3,z)_(o,z,l,z)_(g,_l,l,%j
(12
OR

=(-1,0,2,-1)

Therefore, an orthogonal basis for W is {X;, X,, X3} = {(0,2,1,2), (3, —2,2,1), (—1,0,2

(0,2,1,2)

(1L13,2)-(3-2,2,1)
(3-2,21)-(3-2.21

)(3, -2,2,1)

,—D}.
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1 -1
13. Let B={|-11,| 0 [,| 1|} be a basis for R3. Find an orthonormal basis for R3.
1 1

First, we shall Gram-Schmidt!

Starting with the given basis and using the vector with the most zeroes to make our life easier,
we get...

Note: To take up less room on the page, | am writing the column vectors as row vectors until the
final answer.

X, =(-1,0,1)"

X, =(L-11)" - proj, (1,-11)’

(L-11)" -

(—1,0,1)TT (4 —1,1)TT (-101)
(-1,0,2)" -(-1,0,2)

(1L-11) —%(—1,0,1)T

=(1,-11)

X, =(1,1,2)T — proj; (1,1,2)T ~ proj, (1,1,2)T

T T
T (—1,0,12 -(1,1,2) : (_1’0'1)T _
(_11011) (_1,0,1)

~(112) _%(—1,0,1)T —%(1, -1,1)'

:@§§j
6'3'6
OR
=(5,10,5)'

(L-11)"-(12,2)

~(11,2) (L-11) (L -11)

(1L-11)
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An orthogonal basisis <| 0 [,| -1,/ 10
1 115

MATH 1600 Final Exam Booklet Solutions

Now we need to turn every vector in the orthogonal basis into a unit vector.

Let’s find the magnitude of each vector.

|X]| = V(D2 +02 + 12 =2

|X:]| = V12 + (-D2+ 12 =3

| X5]] = V52 + 102 + 52 = V150 = V25v6 = 5V6

“1/\2

Therefore, an orthonormal basis is 0

1/2

2727|313 | |66
0 |.|=\3/3],|6/3
212 1| 313 ||\6/6

This is the original vector!

1/3
’ _1/'\/§ )
1/3

5/(5v8) |
10/(5v6)

5148)

or (more preferably)
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14. Find an orthogonal basis for the null space of

N
[ T =Y
N S

First, let’s find the null space:

A 1 1 0] 2z [@ 11 0
NullspaceA=]1 1 1 ol——|0 0 0 0

1 1 10 0 0 0 O

From the above matrix, we can see that there are free variables in columns 2 and 3, and fixed
variables in column 1.

Therefore, the general solution is

xX=-s—t
y=s
z=t
s,t ER
X -1 -1
In vector form, we get | Y |=s| 1 |+t| O
/4 0 1
-1]]-1
Therefore, a basis for the null spaceis 4| 1 |,| O
01]]1

Now let’s turn this into an orthogonal basis using the Gram-Schmidt algorithm.

BUT WAIT. We’ve seen this basis before!! From the previous question — so we can “borrow”
from that answer.

212|616
Therefore, an orthogonal basis for the null spaceis J| /2/2 |,| —\/6/6 | (note that ’m using
0 J61/3

the orthonormal basis, which is orthogonal, by definition).
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15. Find an orthogonal basis for the subspace of R* spanned by

{Wl = (11 11 3/ 2)/ Wz = (11 - 2/ O/ - 1)1 W3 = (O/ 2/ 1, 2)}

Gram-Schmidt process to find orthogonal basis vi, vz, V3

vi=wi1=(1,1,3,2)

V2 =W, —projvlwz =W, -

W, eV, 6 9 3 3
5" 5’5" 5

Vv, =
(A

B . W, eV, W, eV, 1 11
V3= W3 — pro]span{v1,v2}w3 = Wy v

_ — V., =| = S —
(7 A SR

Therefore, an orthogonal basis is (1,1, 3, 2), s , = 9 , 3 ,— 3 , 1 ,0,— 1 , 1
5 55 5)\3 3 3

&l
<

¥
<
S

Note: Recall that a projection is projzui =
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11]0
16.Let S=4| 0 |,| 2|;. Find s*.
-1(|2

To find the orthogonal complement, we need to find the null space of the column space of S'.

(Don’t forget to write the given vectors as row vectors).

1 0 -1 0

null space ST=[0 2 2 0

]R2+2e[(1) (1’ _11 8]

From the above matrix, we can see that there are fixed variables in columns 1 and 2, and a free
variable in column 3.

The solution is therefore

X=t
y=-t
z=t,teR
X 1
In vector form, we get | Y |=t| -1].
Z 1
1
Therefore, a basis for ker(ST) is 4| -1
1
1
Therefore, S =span-| -1
1
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17. Find an orthogonal basis for the subspace W in R* spanned by
{Wll WZ; W3} = {(1l1)3)2)l (11 _2I0I _1)1 (0121112)}

MATH 1600 Final Exam Booklet Solutions

We are given a spanning set. Let’s use the Gram-Schmidt algorithm to make the vectors in the

spanning set orthogonal. Orthogonal vectors are naturally linearly independent! Thus, we will
create an orthogonal basis by applying the Gram-Schmidt algorithm.

Note that it is easier to perform the algorithm by starting with a vector with 0’s in it.

X, =W, =(0,2,1,2)

>Z2 = Wz - pmj)zlwz

1,-2,0,-1)-(0,2,1,2)

(0,2,1,2):(0,2,1,2)
2

=1, _2,0,_1)_(—§j(0,2,1,2)

:(1,-2,0,-1){0,5,3,&]
333

=(1 —2,0,—1)—(

(0,2,1,2)-

(
( 1
:(1,1,3,2)_@)(0,2,1,2)_(%)(3, 2.2,

:(1,1,3,z)_(o,z,l,z)_@,_l,l,lj

2
(Loa})
2 2

OR
=(-1,0,2,-1)

Therefore, an orthogonal basis for W is {X;, X,, X5} = {(0,2,1,2), (3, -2,2,1),(=1,0,2, -1},

(0,21,2)

(11,3,2)-(3-2,2,1)
(3-2,21)-(3-2,2,1)

(3,-2,2,1)
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Best of luck on the

exam!l!
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