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A. Solving Trig Equations

Example 1.
a) cos(x —vy)
sin 2x
b) .
c) sin(x —y)

Example 2. cosx +sin2x =0
cosx + 2sinxcosx =0

cosx(1l+ 2sinx) =0

cosx =0 14+2sinx=0
T 31 . -1
X =—-,— sinx = —
2’ 2 2

T 71T

X=T+—-=—

6 6

T 11w

X=2m——=—

6 6

Example 3.

a) sinfcotl = cosb

LS = sinBOcot0

cos6
= SinH( - )
sin@

= cosf
RS = cos6
LS=RS
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b) (sinx + cosx)? = 1 + sin2x
LS = (sinx + cosx)(sinx + cosx)
= sin®x + 2sinxcosx + cos?*x

=1+ 2sinxcosx

=1+ sin2x

LS=RS

Al. cos(2x) = —sin? x
cos? x — sin® x = —sin® x

cos?x —sin®x + sin?x =0
cos?x =0

cosx =0 x=£,3—n

2’ 2
A2. 2cos’x —cosx—1=0
(cosx —1)(2cosx+1) =0

cosx =1 or 2cosx+1=20

x =0,2m 2cosx = —1

-1

COSX = —

2
T 2T T 41T
X=0T——-=— X=nT+-=—
3 3 3 3

CALC 1000 ACE Booklet Solutions
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A3. tanx =sin2x [0, ]

tanx = 2sinx cosx

sinx ]
= 2sinxcosx

COS X
sinx = 2sinx cos? x
0 = 2sinxcos?x —sinx

0 = sinx(2cos?x — 1)

sinx =0 2cos’x—1=0
1
x=0,7 coszx=5
COSX = —  Oor COSX = —
V2 V2
T T 3T
X = - X=1T——-=>=
4 4 4

all other solutions from the CAST rule would be

greater than m,so we don't include them

A4. tanx =sinx [0, m]

sin x :
=SsSinx

Cos Xx

sinx = sinx cos x

sinx —sinxcosx =0 [0, ]

sinx(1—cosx) =0

sinx =0 1 =cosx

x =0,m, 21 x = 0,2m ... 2w is not in our interval

~ solutionisx =0,
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AS.

a) (1 — sinB)(1 + sinf) = cos?6
LS = (1 —sinf)(1 + sinf)
=1+ sinf — sinf — sin?6

=1 —sin?0

= cos?0

LS=RS

b) sinxsin2x + cosxcos2x = cosx

LS = sinxsin2x + cosxcos2x
LS=sinx(2sinxcosx) + cosx(1 — 2sin’x)
= 2sin?xcosx + cosx(1 — 2sin’x)
=2sin’xcosx + cosx — 2sin’xcosx

=COSX

LS=RS
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1+tan®x 2

) ———— = tan®x
14+cot“x

_1+tan’®x
1+cot?x

sin?x

1+

cos?x
cos?x

sin2x
cos?x+sin?x
cos?x
sin2x+cos?x

sin?x
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d) tan?9 — sin?9 = tan?9Ysin?9
_ sin*9  sin®9
~ cos29 1

sin®9  sin®9cos?9

cos?9 cos?9
_sin?9(1—cos?9)

cos?9

= tan?9sin?9

LS=RS

e) 2csc29 = secdcscl
LS=2csc29

_ 1
LS=2 (sinzﬁ)
B 2
~ 2sindcosV

= 55 (zos3)
~ sind \cosV

=cscsect

LS=RS
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B. Graphing Exponential and Logarithmic Functions

Example 1.

y = 2x+1

Dx€R or (—x,)

R yeR/y>0 or (0,0)
HA y=0

x = int none

y —int (0,2)

Example 2.

y=3"
D x €R or (—oo,00)
Ry€eR/y>0 or (0 0)
HA y=0
X — int none

y —int (0,1)

Example 3.

y=-=-2%-4

D x€R or (—oo,00)

R yeER/y<—4 or (—o,—4)
HA y=-4

x —int =none y-—int=(0,-5)
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Example 4.
y=32%) -2
D x€R (—o0,00)
R yeR/y>-2 (=2, )

HA y = -2
In2

X —int = 5
In2

y —int = (0,1)

Work for how to get the intercepts...
x—int lety =20 0=3(12%)—-2

3(2%) =2
2% =2
3
In2% =1In2 x=ﬁ
3 In 2

y—int letx=0 y=32%-2=3-2=1

Example 5.
y = (0.5)*
D=x€R or (—oo,)
R= y€R/y>0 or (0,0)
HA y=0

x — int = none DNE y —int = (0,1)
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Example 6.

y=e*
HA y=20
x —int =none y—int=(0,1)
y=Inx HA none
VA x=0
x—int (1,0) y—int (none)

Example 7.

y = 3log,(x —1)+ 3

T T T
Vertical stretch  right1 up 3
(multiply y by 3)

10
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Example 8. Sub. (1,7) into the equation y=b*+c
7=bl+c

c=7-b

Subst. (2,13) into the equation and get:

13 = b? + ¢ subst. c=b-7 into this equation
13 = b% + (7 — b)

Rearrange and we get: b2 — b — 6 =0
Factor and get (b-3)(b+2)=0

And b=3 or b= -2

If b=3, we get c=7-b=7-3=4 and the equation is y=3*+4

If b= -2, we get c=7-b=7-(-2)=9 and the equation is y=(-2)*+9

11
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C. Exponential Equations

Example 1
a) = b®
4

b) 9x*y?z8

¢) (4abc?)(9a’b*) _ 36a3b5c?
—6abc? " —6abc?

_ _ 4y°
d) (—2x71y3)2 = 4x72y® = x—yz
Example 2. Solve each of the following:
a) 7°>7X = 7348 . 5 _2x =3x+8

5—-8=5x

b) 63X _ (2_16)3X+8

63% = (673)3%+8
3x = —3(3x + 8)
3x = —9x — 24
12x = -24 x=-2

= —6a’b*

12
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c) 43%5 = (1)3 -(473)3

64
43x—5=4—9
3x—5=-9
3x=—-9+5
3x =—4
—4
X =—

CALC 1000 ACE Booklet Solutions

*d) If 372t = e, find the value of ¢ and simplify.

Take the In of both sides

—2tln3 =ctlne

—2In3 =c¢

In372t = nect

since lne =1

c=In3"%=1In (1) = [n1 —In9 = —In9
9

e) (3x-1)(2x-1)=3(4x-1)-1

6x>? —3x—2x+1=12x—4

6x> —17x+5=0

(2x-5)(3x-1)=0 so x=5/2 orx=1/3

13
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Example 3.
Co =30

Tripling time =3 hr

(3 =1e™®
3 =e3
In3 =1ne3"
9 < 1
In3 = 3rlpe
_In3
\ =7
Let t=9hr
a) C(t) =Coe™
1n3(9)
C(9) =20e 3
— 20831n3
= 20e'm 3’
— 2081n27
= 20(27) = 540
1n_3(30)
b) C(30) = 20e’s
— 20610ln3
= 20e3"
= 20(319)

CALC 1000 ACE Booklet Solutions
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C1. 2%x~1 =26
4x-1=6
4x=7

x=7/4

Therefore, answer is A) .

C2. 33x~4 = 34
3x-4=4
3x=8

x=8/3. Therefore, answer is B) .

C3. 56% = 5%
6x=4
x=2/3

Therefore, answer is C) .

Ca. (276)% = 43

2—12 — 26x

-12=6x

X=-2

15
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C5. e *=In2
Ine™ = In(In 2)
—xIne = In(In 2)
x =—In(In2)

C6.(3%-1)(2x-1)=3(4x-1)-1
6x> —3x—2x+1=12x—4
6x%> —17x+5=0

(2x-5)(3x-1)=0 so x=5/2 or x=1/3

CALC 1000 ACE Booklet Solutions
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D. Cancellation Laws

Example 1.
-1 -1
cos(cos™1( 5 ) = 5 sincex € [—1,1]
Example 2.
CoS [Zarccos G)]
1
Let arccos (Z) =

0, then we want cos26 = 2cos?6 — 1

. 1
Since arccos (Z) = 0,we have cosf =

2 16 14

So, 2c0529—1=2(i)2— _ 2 _1o_ 14

16 16 16

sin [Zarccos G)] =we need to find sin20 = 2sinfBcosf

opp_\/l_S
hyp_ 4

sin |2arccos G)] =2 <\/%_5> (%) = %\/E

sinf =

*note: for the first part, you can use any of the identities for

cos26 and you will get the same answer

7

8

17
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Example 3.
cos [arctan (— g)]
4 4 opp . .
Let arctan (— —) = 0, so tanf = —- = — and since it was arctanx we
3 3 adj
know it is in the fourth quadrant since it was
negative (p.32 of booklet) 93
Find the other side using Pythagorean theorem -4
5
and we get 5.
Now, we want cos 6 = 22 =2
hyp 5
Example 4.
cos [Zarcsin G)]
Let arcsin (%) = 6, we want cos20 = 2cos?6 — 1
. (1 . 1 _ 0D |
From arcsin (—) = 6,we know sinf = - = — Using Pythagorean
5 5 hyp

theorem, the other side would be v/24 and then cos 6 = ?- (In first

quadrant, since it was arcsinx of a positive X)

V24,2 4 _ (24, _ 48 25 23
) 1_2() = %72

So, cos20 = 2co0s%0 — 1=2( - —

18
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Example 5.
sin(2 cos™1(x))
Let & = cos™1(x)

X adj
~cosf ===
1 hyp
; o 1—x2
sing = 22 —
hyp 1

s sin20 = 2sin 8 cos 6

1 1

=2 < S >(f) = 20Vl — %2

CALC 1000 ACE Booklet Solutions

D1. sin(sin‘l(_?l)) = _71 since x € [—1,1]

D2.

_ . . : -1
coslx defined in 1st and 2nd quadrants since we want arccos (?)

negative number

~ looking at 2nd quadrant by CAST rule

-1 -1
arc cos (7) =0 cos B = ’y

~ sin(arc cos(_?l)) =sinf =

opp _

hyp

adj hyp

V3

2

19
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— -1
D3. sin(tan™?! (7) = sin@ tan~! (7> =60 negative
- we are in 4th quadrant
2 1 (—1)2 = ¢2 _ “1lovp
22+ (=D =c tanf =24
5=c?
c=+5
in(tan1 (— ) in0 —1
~sin(tan™ (—) =sinf = —
2 V5

D4. tan(arctanl) =1 since arctanxisdefined for all x € R

s 1
D5. arc cos(cos 5) = arc cos (E) =

w3

*recall arc cos(cosx) = x forall x € [0, ]

D6. sin(arc cos %) = sin 6

1
arccos— =0
2
1 adj . : :
cosf = EZ—y; arc cos x is defined in 1st and 2nd qaudrant.

. 1, . :
Since 5 s positive,we are in the 1st quadrant.

opp _ V3

sin(arc cos E) = sinf = hyp - 2

20
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1 . .
D7. tan(arc cos \/_E) positive .. in 1st quadrant

arc cos L 6
==

1 adj

cosf = —= —
V2 hyp

1 1
=~ tan(arc cos \/_E) =tanf = - = 1

D8. cos(arc sin %) arc sinx is defined in 1st and 4th

opp
hyp

Since 1/2 is a positive number, we are in the 1st quadrant

.1 . 1
Let arc smE =6 sinf = 5

cos(arc sin %) = cos(f) = \/;

D9. cos(arccosV3/V2) = g since g € [-1,1]

D10. cos‘l(tang) =cos (1) =0

21
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. _1 (-3 . —_1 (-3
D11. cos(sin™? (?) sin~! (—) =0

: 3 .
sinf = ~— negative .

sinlx is in the 4th quadrant

(—3)2 +x2 = 52

x*=25-9
x? =16
x =4

cos(sin"l(_f)) = cosf = g

22
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D12. arctan [tan (%n)]

\
\/’E
3 1 . . f- 3TT/4
tan (—”) =2PP _ — — _1 using special L \
4 adj -1 /4
. -1
triangles

31
arctan ltan (T)] = arctan(—1)

= 6 so we draw the angle in the 4th quadrant (see p.36)
and tanf = -1

T
o=-1.

23
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D13. cos [arcsin (— S)]
Let arcsin (— E) = 0,then sinf =

—% and it is in the 4th quadrant. Using Pythagorean Theorem, we

get the other side is 4.

We want to find cos [arcsin (— g)] = cos 0 =

adj 4 .
22 — Z from our diagram. 8
hyp 5

D14. cos(2tan"1(x))

Letd = tan 1 x

X

tan @ ZI

sin@ = obp = X
hyp V1 + x2

cos @ = adj = !
hyp /1 + x2

cos 260 = cos? 6 — sin?6

(=) (=)

1+x2 1+x2
_1-x?
T 14x2

24
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E. Inverse

Example 1.

1.no
2. N0
3. yes
4. yes

Visually Example
f(4) =5 means f~1(5) = 4

£71(10) = 12 - £(12) = 10

25
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Example 2

g t@4)=6

£ g(6) =4

Fo) = VI =2

f(-1) = Y2(-D) - 2
But

FrL-1y?

-1 =(¥2CD-2)

—1=2x—-2

—14+2=2x
2x =1

x=§

Point (7,2) is on g
~g(7) =2

g @) =7

a) f7H(=1) + g(6)

26
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b) g7 (£ (5))

f(x) =3V2x =2
f(5) = y2(5) -2
=¥8=2

Y FB) =gt =7

Example 4.

N

Example5. y =
3y +1
=51
xy—x=3y+1

X

xy—3y=1+x
yx—=3)=1+x

14+ x 14+ x
y = o f_l(x) =

x—3 x—3

CALC 1000 ACE Booklet Solutions
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Example 6.
y=v1l—x? 0<x<1

x = +/1 — y? square both sides

x2=1-—y?

y2=—x%+1
y=v1-x2,0<y<1

Tl )=V1—x2,0<y <1

Example 7. y = tan™!(Inx)

x = tan~1(Iny)

tanx = Iny exponential form gives: y = et .. f~1(x)=eten¥

28
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Example 8.

y =20(1 — e *¥)
X&>Y

X 20

- = — p—4y
20 - 201 7€)
X

— =(1—e%
0~ d—e™)

X

— 1= —4y
20 €

—lf1=eV
20

X

ln|—ﬁ+ 1| =lne ™
X

ln|—ﬁ+ 1| = —4ylne
1 X

y = —Zln|—%+ 1|

CALC 1000 ACE Booklet Solutions
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El. y = 9e**t> — 27
x = 9e¥Y*> — 27
X+ 27 = 9e¥+>

x + 27
9
X+ 27
ln( 9

— ey+5

) = [ne¥*+>

x+27>
9

1 (x+27) .

S fTH = () -5

y+5=ln(

E2. y=m(7x+2)
x =7y +2)

eX =e In(7y+2)

e*=7y+2

7y =e* —2

e* — 2
7

y:

eX-2

7

f)=

30
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3x+5

E3. y=e

x = e3y+5

Inx = Ilne3Y*+>

Inx =@y +5)Ilne

Inx —5 Inx —5
_ . F=1 _
—=y W=

E4. y=_—
-
3+y
3x+xy=y
3x =y—xy
3x =y(1—x)
3x 3x
_ -1 _
Yy =1 ) =12

ES. y=In(4x —2)
x =In(4y — 2)
eX = eln(4y—2)
e* =4y -2
e* + 2

4y = e* + 2 T (x) = 7

CALC 1000 ACE Booklet Solutions
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—2<x<0

(-2<y<0)

32
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F. Logarithms

Example 1. Solve each of the following:

a) log;27 =3 since 33 = 27

1 1
b) log2s5 “logs 25 2

c)log,32 =5 since 2> = 32

Example 2. Simplify each of the following using logarithmic rules.

a) 6310862 glogs 23

=23 b) log,43 =3
=8
C) eln3+ln6 d) eln12—1n4
—eln18 — 18 — eln(t—z) — eln3 — 3

33
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e) g2in4+ins f) log327 — log, 32
=eln42+ln5 =3-5=-2
—eln16+In5

=eln(16><5) = 80

Example 3. Solve each of the following:

b) e3t = 14 take In of both sides Ine3f =1n 14

3tlne =1n14
3t=1n14
t = In 14
3
c)logz(4x+7) —logs(x+ 1) =2
4x+7
logs (x+1 ) =2
2 4x+7
T x+1
I9x+9=4x+7
5x = =2
X = —% substitute into both original logarithms and both are >0,

so it is a solution

34
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d) 2(3*7>) = 28 divide both sides by 2
3*5 =14 take In of both sides
In3*> =1n14
(x —5)In3 =1In14
xIn3 —-5In3 =I[nl4

xIn3=1n14 +1n3°

__In14+In3°
— In3

*f) logz5+logz25  logz 125 _ logz 125 _ logs125 3

logz125-log35 _log3(%5) a logs 25 a logg 25 2

log 625 log 32
*g) lo 625 + log. 36 + log, 32 = 2
g) log,s + l0ge 56 + 108, 10g25+ +10g4
__ logs 625 log, 32
- logs 25 log, 4
4 4 5
=-4-4=
2 2 2
_ 13
* ) log, x+log,y  logsx+log,y  loggx+logyy

log, x2+log, y2  2logy x+2log,y  2(logs x+log, V)

35
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log32 logy 32
*j log, 32 log 4 — logo4 __
log,- 9 logo9 logz 9
log27 logz 27
J) logg x + logz x =

log x 1
og 9 + log; x = .
logs x 1
logz x ==

log3 9 +1ogs 2
logz x 1
logs x ==

5 + logs x >

1 1
Elog3x+ 1logs x =3

3lo x—1
51083 X =7

1 _1
0g3 X = -

N w

lo x—lx2
g3 =373

2

winNv®n

N |l

N | W

CALC 1000 ACE Booklet Solutions

36



©Prep101 CALC 1000 ACE Booklet Solutions

Example 4.

Substitute (;”i) 2=1log,1+b

2=0+5b
b=2

Substitute B (f; ;) y =log, x + 2

3=log,4+2
1 =log, 4
al =4
a=4

~ the equation is y =log, x + 2

F1. e3**5 =6

Ine3**> =1n6
(3x+5)Ine=1In6
3x_ln6—5 _ln6—5
3 3 3

37
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F2. In(x?+x)=2+Inx
In(x?+x) —lnx =2

x? +x _
In =2 put into exp. form

e’x =x*+x

x2+x—e’x=0

x’+x(1—e?) =0

x[x+(1—-e?)]=0

x=0 OR x+1—-e?=0 x=e?-1

x # 0 since In0 is undefined .~ x=e?—-1
1 1
F3. logg2+log,8 = 10g28+logz8 —§+3
3 3

38
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F4. log,(x +2) —log,(2x+1) =4
X+ 2
log, (2x+1) =4
4 X+ 2
2x +1
X+ 2
T2+ 1

32x+16=x+2
31x =2 —16
31x = —14

14

14
X = BET Check log, (2 (_ﬁ> + 1)

28 31)

=108 (~37+ 37

14

3
(2 vt e
og, is define X 31

31

F5. log, 16 — log, 32 = logz(g) = logZ% =—1

Therefore, answer is E).

F6.2log, 4 +log, 8 =log, 4> +3 =1log,16+3=4+3 =7

Therefore, answer is A).
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F7.log, 32 —log, 16 = log4(%) =log,2 =

Therefore, answer is C).

FS. eln3+ln9 — eln27 — 27

Therefore, answer is B).

logs 3+logs 81 _ logs 243 _ logz243 5

Fo. = = =2

logs 81 logs 81 logsz 81 4

CALC 1000 ACE Booklet Solutions

1

log, 4 2

Change both bases, so you can evaluate

log,25  logs25
"log, 125 logs125 3

F10

Therefore, answer is C).

1 1

- ———g 1
F11. Simplify: \28237108216 _ Togso ~ _

Change of base

log,64 3

log32  log27 _ log,32

logs 27

F12.logg 32 +loge 27 = ogs T Togo

log, 8 logz 9
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F13 Inx®+iny®  In(x®y®)  in(x*yH? _ 2in(x*y?)
Cnxty®) @ty Ity in(xty®)
=2

F14. Solve: log;x + logs(x + 2) = logs(x + 20)

logs(x(x +2)) = logs(x + 20)

x(x+2)=x+20

x?+x—20 =0 factor

(x+5)(x-4)=0

X=-5,4 but we can’t take the log of a negative number (or 0), so we

exclude x=-5 and the only solution is x=4.
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G. Limits

Example 1. a) lin}; f(x)=3 lin}ﬁf(x) =0
X—>—4-— xX—o—

" lirzl4f(x) = DNE

b) lirzlzf(x) = —4

) Jim 1) =

d) lim f(x) =5

X—>4—
e)}ci_r){l}f(x) =5
f)f(4) =5

g9) lirr(l) f(x) = DNE since lirgl_f(x) =0 and lim f(x)=1
X— X—

x—-0%
h) f(0)=1
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H. Properties of Limits

Example 1. lin}} Vx=v4 =2
X—

Example 2. lini(x2 +3x)=12+3(1) =4
X—

. x%2-4 224 0
Example 3. lim = =—=0
x—2 5Xx 5(2) 10

Example5. = lim &=2&=3)
X—2 (x_z)
= lim(x — 3)
xX—2
=-1
Example 6. = lim (x—3)(Vx—2+1)

x—3 (Vx=2-1)(Vx—-2+1)
im (x=3)(Vx—-2+1)

x—3 x—2-1
= Im S
= }Ci_rg(m +1)
=1+1
=2
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Example 7. Since x » 3 makes |[x — 3| = 0 . we must do left and

right hand limits

iy 723 i G=DE=3)
x-3~ —(x-3) x-3t (x-3)
lim =2 lim (x —2)
x-3~ —1 x—3%
=32 =3-2
~1
=1 =1
2_
« lim =22 = pNE

x-3 |x=3|

Since lim f(x) # lim f(x)
x—3% x—3~

sin5x

Example 8. lim

x—0 Sin2x

5xsin5x/5x

= i
o0 2xsin2x/2x

5 sin5x/5x

—lim —
"2 2 %90 sin2x/2x

5 }Cl_rf(l) sin5x/5x

~ 21lim sin2x/2x
x—0

== Slnce lim—— =1 (p.79 of booklet)

x—0 X
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f(x)

Example 9. The limit lim,._,,, T: can only equal a number if f(x)—4 — 0

a) So, therefore, f(x) = 4 and the limit is 4 as well. Since the answer to the
limit is just a number, it would have to be 0/0 and you did something to make
it a constant answer. Otherwise, since the bottom is 0, it would be #/0 which
would either be plus or minus infinity.

b) If lim f0-7 - 2, find lim f(x).Here again, in order to get a numerical
x—-3+ x-3 x—3%

answer of 2, it must be 0/0 as otherwise it would be #/0 which is +/- infinity.
So,f(x) -7 - 0 and 1ir§1+f(x) =7
X
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Example 10.

- V8 —x-—2

=1 0

. (VB—x—-2)(V5—x+1)
S E o) (VEox+ 1)

(VB=x—-2)(V5—x+1)

= m G-—x—1)
i (V5—x+1)(V8—x—2)(V8—x+2)
x4 4—x(V8—x+2)

(\/ —x+1)(8—x—4)
x—>4 (4-x)(V8—x+2)

(\/ —x + 1)(H)
x4 4y (VB = x + 2)

I (\/5—x+1)
o4 (VB —x + 2)

V5 —4+1
V8 —4+2
2 1

4 2
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. 1 1
Example 11= ltl_r)lg(; + t(t—l))

_ 1(t-1) 1
B tl—r}(}(t(t—l) t(t—l))

t—1+1
1m
t—0 t(t—1)

i =D

=limt = =-1

1
t—0 0—-1
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H1. (%)

h(4h+1)
= lim
h—-0 h(1+h)

4h+1
m
h-0 1+h

H2. = lim
X—

()}

H3. (%)
— lim (x—4)(x+4)
x—4 (x—4)

) —444=38

= lim
xX—4
0 0
T 142(4) 9

H4. =0

H5. (%)

h(6+h)
m
h—0 h(1+h?)

H6. |x| =x sincex - 0%

. |x| . X
s lim —= lim -=1
x—-0t X x—-0t X
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H7. = lim DA
x—7 x—=7

=lim(x+7)=7+7 = 14

x—7
H8. (%)
e (e—=2)(x+2)
= I o2
o xl_rgx—z T 22 0
o1 1
H9. = }ll_r)r(l)(z + h(h—l))

_ 1(h-1) 1
= MG T rny

. h—1+1
= lim
h—0 h(h-1)

h
lim
h-0 h(h-1)

.1 1
=lim—=— =-1
h—-0 h—1 0-1

H10. (%)

— lim (x=3)(Vx—2+1)
T x53 (Vx—2-1)(Vx—2+1)

— lim (x=-3)(Vx—-2+1)

x-3 x—2-1

= lim(Vx — 2+ 1)

x—3

=V3—-2+1=2

CALC 1000 ACE Booklet Solutions
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H11. (%)

. (x-DH/x+1)
}cl—r}} (Vx—1)(Vx+1)

— lim (xr-D(x+1)
x—1 x—1

limHWx+1)=1+1=2

x—1
H12. = lim —¥=3)=(6x+3)
' x-0 X
_ lim —-x+3—-6x—3
o x-0 X
= lim—= = -7
x->0 X
H13. = ljm —&=2=S)
) x—0 Ve
— lim —xX+5—x-5
T x50 x
= lim_—zx = -2
x->0 X
H14 lim (V9+h-3)(W9+h+3)

h-0 h(v9+h+3)

— Jim —2h=%
h—0 h(¥V9+h+3)

h
= lim ———
h-0 h(¥9+h+3)

1 1

. 1
h_r>r(l) (Voth+3)  V9+3 6
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sin3x

H15. lim

x—0 Sindx

B 3xsin3x/3x
o0 dxsindx /4x
3. sin3x/3x

T4 x50 sindx /4x

B E}Ci_r}(l) sin3x/3x

4 lim sindx/4x
x—0

3 . ] sinx
:Z since lim—=1

x—>0 X

H16. The limit lim

x-5t X

So, therefore, f(x) - —5

(p.70 of booklet)

CALC 1000 ACE Booklet Solutions

can only equal a number if f(x)4+5 = 0

o1
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. 5x—-2
H17. lim
x——00V5x2—x3-5x+1

X2 Vx3 = x2

| W

3
2 _ 0 -0

= x_)_oo\/(g_ _x%+i3) xX—>—00 J(%_l_x%eriB) ~J(0-1-0+0)
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I. Continuity

Example 1. x> —-25=0

~ f(x) is discontinuous at x = 5, =5

Example2. a) =12-9=-8

b) = lim(x?—-9)=12-9=-8

x—-1"

) = limQx+4)=2(1)+4=6
x—-1t

d) No,since lim f(x) # lim f(x)
x—=1" x—1%

Example 3. Since the function is continuous everywhere,
f(x)is continuous at x = 3

« k(32 =3) =1+ 3k2(3)
6k = 9k% + 1
%2 —6k+1=0
Bk—1(Bk—1)=0

k=2
3
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Example 4.
lim f(x)=f(0) -~ lim Sin(3x) _ A
lim f(x) = £(0) = lim, =8
H = lim 3 cos(3x) 2
x—0%
W=a 24=3
Or use the limit lim,._, o+ o Sx) =A
, 3sin (3x)
lim,_y+ 3 - A
_ sin (3x)
3llmx_,0+ 3x =

A=3 since the limit is 1. (see p. 79 booklet)

lim () =f(0) =4 =3

. (3=vVo—x)(3+v9-x) _
,}L%‘— Bx(3+V9-x)
O-0-%) _

x—0~ Bx(3+V9—x)

3

lim ———— = 3
x—0~ Bx(3+V9—x)
1
B(3+V9) 3
1

B6)

188 =1

1
B =—
18
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11. a) =12+4=5

b) = lim(x?+4)=12+4=5

x—-1"

c) =1lim(2x+3)=2(1)+3=5
x—-1%t
d) -~ Yes,since f(1) = lim f(x) = lim f(x)
x—1" x—-1*
2. x*—-100=0
x? =100
x =10,-10

=~ f(x)is discontinuous at x = 10,—10

3. a) f(2)=22-4=0

b) lim (x?2—-4)=22-4=0

xX—2"

c) lim@x+3)=42)+3=11

x—-2t

d) - No,since lim f(x) # lim f(x)
x—-2% X2~

14. f(x) is continuous at x = 3
~k(3)?+1=403)+3
9k +1=12+3
9k = 14
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5.  lim f(x) = lir&(lnx) =In1=0
X—

x—1+
Jim 1) = Jim e* = !
- No,sincee # 0
6. f(x)is continuous at x = 2
2 4(2)2 + k(2) =2(2)3 -5k
16 + 2k =16 — 5k

7k =0
k=20
. _ . 1:.. Sin(2x)
17. xll)r(r)l+f(x) =f(0) -~ ,}L%‘+ = A
H = lim 2cos(2x)
x>0t B
M_a  .a=2

1
lim fG) = fO) =4=2

li (4—V16-x)(4+Vi6-x) _
e T Bxavie—n)

. (16—(16—x))
xll)r(r)l— Bx(4+V16—x)

2

: x .
;}Hg‘— Bx(4+V16—x)
L=
B(4+V16)

1

B(8)

16B=1 B=—
16

A
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J. Limits at Infinity

_ x2(3+%—i2
Example 2. lim X

206421
X—00 X (6+x xz)

4_5
T o S
X—00 6+E—i 6 2
x x2
; Vi6t2+t—4
Example 3. lim ——————
t—»>—oo t—4
Vi16t2+t—4
= lim L
t—>—oo ﬂ
t
_ 16t2+t—4
) t2
= lim 7
t—>—oo 1 - _
t
1 4
freriz
= lim G
t—>—o0 1 _ i
t
Vie+0+0
B 1-0
= —4

Factor out the highest power in the denominator

S7
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) x(3x—4—9)
1. = lim —/—=x
X—00 x(1—3—c)

: 3x—4—§ 0—4-0
= lim = =
X—00 1—; 1-0

= CO

2. = lim — =% =§ =3

2
3. = lim = (1)1
x—00 x2(6+-3)

= lim — = —
X—>00 6+— 6+0
X

t(t2-2
J4.  lim ( f)
t—>—oo t(Z—?

2_2
= llm ‘ t — (_00)2_0
t>—o0 2—% 2-0

= CO

CALC 1000 ACE Booklet Solutions
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J5.
9t2+t-3
. t
= lim ————
t—>—o0 t—4
t
9t2+t-3
-
= hm —4
t——o0 1 — _
t
1 3
—9+>-5
I t t
= llm
t—>—o0 1 — f

t

=—/9+0+0

1 1
J6. lim sin (—) = DNE since —1 < sin(;) <1

4 3,2 3,2
J7. lim B2 g X O g, St 4y
" x>0 x*+2x+1 X—00 x4(1+%+i4) X—00 (1+i3+i4) 1
X X X X
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K. Vertical and Horizontal Asymptotes

Example 1.

a) For VA, if you have a rational function

lLe.y = %, we check the values of x = a where the denominator

q(a) = 0and
a) if numerator p(a) # 0

- we have a VA

f@) =Zg; -
x2—=9=0

x2=9

x=3,—-3

p(3)=3+8=11%0
p(-=3)=—-3+8=5=%0

s we have2VAatx = 3,3

1
. x+3 o —*+= 040 0

HA lim = lim = =—=90
x> x2 —9 xs01 2 1-0 1

NOTE: if we do the limit as x approaches -oo, it is the same!
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x2—x—12

x—4

b) f(x) =

if p(a) = 0, then, we have to find lim f(x) to see if it is + o

xX—a

if itis + oo, there is a VA

VA

q(x)

qx) =0 x—4=0 x=4

f)

if p(4) # 0 we have a VA
p(x) = (x —4)(x +3)
butherep(4) =(4—-4)(4+3)=0

Since p(4) = 0 we have to do the limit

H—4y(x + 3
lim ( ) =443 =7+
xX—4 &H—4
NoVAatx =4
(x—4)(x+3)

factor f(x) =

with a hole at x=4!

aon X7 3 (cancel) This is really just a line

HA lim (x+3) =+ . none

X—>+oo

61



©Prepl101

CALC 1000 ACE Booklet Solutions

Example 2.
3,1 3x,1
a) lim —= lim —x—x
X—00 X V4x2+5 x—>—00x [4x245x
x x x x2
: 3+§ _ 3+%
= lim = lim =
X—00 4x<+5 X—>—00
1 2 1-— 4+x—2
1
: 3+ 3+0
= lim - T 1-/4+40
X294 a4
X
_ 3+0 . 3
T 1+V440 )
3 3 3
T 142 3 !
= 1 — -—
y =1and y = —3 are the horizontal asymptotes.
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. 22*_3%X
b) lim s
(25 =37
= lim 1
4x _ 3x
= i

m ——-
x—00 3% 4 41 . 4%
4% 3%
i 4% 4%
_,ll_f{}o% 4-4%

4x 4x

3 X
= lim —1 _ (Z)

O

3 X
(Z) — 0 asx — oo (fraction less than 1)

Final answer
_1+0 _ 1/4

T 0+4

CALC 1000 ACE Booklet Solutions

**NOTE: If itis a long answer, do the full solution we went through

in prep!!!

x—4 x—4

x2-5x—6 - (x—6)(x+1)

K1. f(x) =

VA x=6,—1
4 = 0-0
HA lim Zx— = lim 222 = =
x—00 X“—5x—-6 X—00 1—=—— 1-0-0
X x
y=0
4—x
K2. f(x) = 2x+3
VA 2x+3=0
3
X =—=
2
4 -1 o 1 1
HA lim—X=lmiz=22"=-2  .y=-2
x—00 2X+3 X—00 24— 2+0 2 2
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K3.VA 2e*—4=0

2e* =4
e* =2
Ine* =1In2
xlne =1In2
x=1In2

2X
HA  lim 2e~*1

x—o00 2e*—4

1
ezx(4+Tx
1. e

4
X—00 ex(z—gy)
1
|€x| 4+e2—x
4
X—00 ex(z—gy)
NOTE: |e*| = e* since x » o
ne*>0

Via+e—2%
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HA i 4e2x + 1
x—1>r—n00 2e* — 4

X—>— 00

\/4 lim e2¥ + 1

2 lim e*X — 4

X——00
No+l 1
o—s 2 Y

CALC 1000 ACE Booklet Solutions
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e?X+5e¥+2
K4. a. f(X) = W
VA
e?X—1=0
e’X =1

Ine?* =1n1
2xlne =1In1

2x =0

) e2X+5eX42
hnl I —
X—— 00 e2x_1

lim e?*+ lim e*+ lim 2
X—>—00 X—>—00 X—>=00

lim e?*— lim 1
X—>—00 X—>—00

0+0+2 _ 2
0-1 -1

CALC 1000 ACE Booklet Solutions
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LYy = -2
~HAaty =1,y =-2

b) g(x) = ﬁ
VA None since 2x* > 0 for all x

HA

. 2x .
= lim since x — +oo Vxt = x| =x
X—00 4
24—
X
2 2 2
= lim — =2

X—00 \/2_'_ 2 \/2+0 \/E

-'-y=%lsaHAor— V2

. 2X
lim ——
x——00 V2x%4+4
. 2X
= lim =
X—>—00
X4(2+x—4)

= lim since x| = —xasx - —o0

Xo7® (- x)/
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. -2
lim

X—>—00 , 4
2

Clim SRo 2o _Z VI 2
_x—1>r—noo 2+0_ \/E_ V2 \/E_ 2
y= -2

~HAy = +\2
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L. Squeeze Theorem

Example 2.

| 1 1

lim x2 cos (—) —1<cos(-) <1
x—0 X X

By squeeze theorem, x%(—1) < x? cos(i) < 1(x?)
lim—x?2=0& limx?=0 7 )

x—0 x—0

asx - 0 asx - 0
lim—-0 lim— 0

=~ lim x? cos G) =0

x—0
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Example 3.

3—Ccosx

lim
x—00 X+3

—1<cosx <1 multiply by —1
1> —-cosx =—1 reverse
inequalities
~—1<-cosx<1
Add 3 to each component
—1+3<3—-cosx<1+3
n2<3-—cosx<4

Divide by x + 3 since x - o0, x+3 >0

2 3—CosXx 4
< <
x+3 xX+3 x+3
2 .
lim—=0= lim —
x—oo X+ x—oo X+3

~ from squeeze theorem

. 3—CcosXx
lim =0

x—00 X+3
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Example 4.

1
—1 < sin (2020) <1 multiply by ex

X

1 1 1
11 2020 1
—ex < ex sm(T) < ex

iy () = e ===

And lim (e%) —e®=—=0

x—-0"

l below 0 - anegative number

: . 2020,
llrgl_ sm(T)ex =0 by Squeeze Theorem
X—
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Example 5.

lim g(x)
X—>—00
. 5x2+10x+15
X >—00 x<+1
10 15

5+t

= lim
X >—00 1+x—2

—2_¢g
1

lim h(x)

X—>—00

= lim (5 — 3%)

X——00

=5-3"

~ since g(x) < f(x) < h(x)
And lim g(x) = xl_i)r_noo h(x) =5

X——00

~ lim f(x) = 5 by the squeeze theorem

X——00

CALC 1000 ACE Booklet Solutions
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L1 lim x2e5"@
x—0

.1
-1< sm(;) <1
inc:
el < SNG) < ol
1 sin(®)
-<e w<e
e

sin(3)
x%e®MY < ex?

2

X

— <

e
. x2 . 2
lIim—=0 & limexc =0
x—0 € x—0

. 1
~ By squeeze Theorem, lirr(1) x2eS@ = o
X—

2
L2, lim <529

x—o00 5—2x

—1 < cos(2x) <1 -think about squaring this graph, it
would only have values from 0 to 1

divide by 5 —2x and x — o,assume 5 —2x <0

0 cos?(2x 1
.o. 2 ( ) 2
5-2x 3—-2x 5-2x

(inequalities switch because we’re dividing by a negative value)

R < cos?(2x) <0
5-2x 5-2x
xX=00 5—2x X—00
2
« by squeeze theorem  lim — 29 _ o

x—oo b5b—2x
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. 6x%-sin(2x
3. lim X —Sne0
X—00 x24+10

—1 < sin(2x) < 1 since the sine curve oscillates
between -1 and 1.

multiply by -1

1> —sin(2x) = —1 same as
—1< —sin(2x) <1

add 6x? to each term

6x*> —1 < 6x? —sin(2x) < 6x% + 1

6x%2-1 _ 6x%-sin(2x 6x%+1

x2+10 — x2+410 — x2410
2 1

. 6x2%-1 X (6_x_2)
lim — = lim —&% =
x——o00 X“+10 X——00 x2(1+—2)

X
T 140
6x%+1

6

1m =
X——00 X2+10

. 6x%—sin(2x)
lim ———=
X——00 x2+10

= 6 by the Squeeze Theorem
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M. Intermediate Value Theorem

Example 2. f(x) = 2x3 —3x%2 -3

First, always state that f(x) is continuous on [a,b] or they take off

marks: (

f(1)=2-3-3=-4<0

fB)=23)°-3(3)*-3
=54-27-3 >0 f(H<flc)<f(3)
=24>0

There is at least one c in (1,3)such that f(c) =

0 by IVT and c is aroot of

2¢3—3c2-3=0

Example 3.

flx) = %ecos(zm‘) -2 sin(% x)
f(x)is continuous on (—o0, )
f(0) =§eC°SO —2sin0=3ze'-0=3e>0
_ 1 cos2m _ .om 1 9
f(l)—ge 251n6—38 1<0
~ by IVT there is at least one ¢ in [0,1] such that f(c) =0

. 1 .
~ Cisarootof geCOS(Z”‘:) =2 sm(% c)
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Example4. IVT

f(x)= Vx—1+2x

Check £(0) = V0 -1+ 2(0)
=0-140=-1<0

f=V1-1+21) n=>4

— 142

- 1n41

—14+41=2>0 butln=1forn> 4
= f0) <fle) <f(1)

=~ is at least one c in (0,2) such that f (c) = 0.

=~ there is at least one root in (0,2). A root means there is at least one

solution

~cisarootof f(c) = VYc—1+2cbyIVT
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ML f(x)=x*+x3—x—-2
First, always state that f(x) is continuous on [a,b] or they take off

marks:(

f0)=04+0-0—-2=-2<0
f2)=164+8—-2—-2=24—-4=20>0

f0) <f(c) <f(2)

. there is at least one c in (0,2)such that f(c) =
0 and by IVT ¢ is aroot of

c*+c3—c-2=0

M2. f(x) =cosx [0,27] First, always state that f(x) is continuous
on [a,b] or they take off marks:( Note: if you used the endpoints, you

would get both are positive

f(0)=cos0=1>0

fr)=cosmt=-1<0

f(m) < f(c) <f(0)

. there is at least one c in (0, m)such that f(c) =
0 and by IVT,c is aroot of

cosc =0
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M3. f(x) =sin?x —x3 + 2 (0, 37”)

£(0)=(sin0)2—034+2=2>0

= pretty dif ficult without a calculator
try f(m) = sin®m — 3 + 2
=0-n3+2=2-(314)3% <0
f(m) < f(e) <f(0)
.. there is at least one c in (0,37”) such that f(c) =0

and by IVT c is aroot of the equation

sinfc—c3+2=0
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N. Definition of the Derivative

Example 1.

f’(a) — llmf(x) _f(a)

x—a X—aQa

— 3 3 3_
f,(3)=hmM=hmx =llmx 27=H=

x—3 x—3 x—-3 Xx-—3 x—>3 x—3

x2
= llmT = 3(3)2 =27

x—3
*here you can factor as a difference of cubes, or use L'Hospitals Rule

x3 =27 x—3)(x*+3x+9
. lim = lim( ) ) =lim(x? +3x+9) =
x-3 x—3 x—3 x—3 x—3

=324+3(3)+9 =27

Example 2.
fx)=vx+1
) = i LEHW=F)
f'(x) = lim -
— i (Vx+h+1-/x+1) (Vx+h+1+/x+1)
B hl—r>r(1) h (Wx+h+1+V/x+1)

x+h+1—-(x+1)
1m
h—0 h(Vx+h+1+V/x+1)

im x+h+1—-x-1
h—0 h(Vx+h+1+V/x+1)

h
lim
h—0 h(Vx+h+1+V/x+1)

1
= lim
h=0(Vx+h+1+Vx+1)

1 1
T Vx+i+Vx+l 2Vx+1
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Example 3.

f(x)=sinx f(x-+h)=sin(x+h)

' — i SR F(X)
£ = lim L5

Now, from identities sin(x+h)=sinxcosh + cosxsinh

sinxcosh+cosxsinh—sinx

, .
x) = lim rearrange
f'e0) = lim - g
) sinxcosh—sinx+cosxsinh . .
:}lm(l) - common factor of sinx from first two terms
_)
; ] h—-1)+ inh . ..
— lim sinx(cos )+cosxsin Sp|lt up limits
h—0 h
h—1 sinh
= lim sinx (<= limcosx(——
- lir (— )+ lim )

=sinx (0)+cosx(1) from limits you've memorized! (I hope!!) p.56
booklet

=COSX

We can see that the first limit converges to 1

N

limitas x goesto0 =1

sin(x) / x
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and the second limit converges to 0,

(1 - cos(x)) / x

§o n 21 3m
limitas x goesto 0 =0

We can plugin 1 and 0 for the limits and get cos(x)

i:-;in(.z') = cos(x)(1) — sin(z)(0)
dx

d:

—sin(x) = cos(x)

dx
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Example 4.
f(x)=(x+2)atx = 2.

fx+h) - fx)

£(x) = lim

h—0 h
oo v f@2+R)—f(2)
f'2) = lim h
v . (+h+2)P=(2+2)°
f'2) = lim h
oo (4+h)?-16
f'2) = lim h
‘) = 1 16 + 8h + h* — 16
f'(2) = lim h
, . h*+8h
f1@2) = lim—
. ~ h(h+8)
f@ = jim=—

m=8
f(x)=(x+2)atx=2.
Subst. x=2 into f(x) to find y
f2Q)=2+2)?=16
Point (2,16)

y—16 = 8(x — 2)

y—16 =8x — 16

y=8X

CALC 1000 ACE Booklet Solutions
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Example 5.

Subst. x=3 into f(x) and get f(3) = V3 + 1 = 2 Point (3,2)
V3+h+1-2)(W3+h+1+2)

m = f'(3) = lim

R0 h(V3+h+1+2)

 B+h+1-4)
m = lim
h~0h(V3+h+1+2)
T R h(B TR+ 1+ 2)
e e s
1
m=3
1 1 3
y—2=Z(x—3)ory=Zx—Z+2
1 5
y=—x+-—

4 4

CALC 1000 ACE Booklet Solutions
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Example 6.
a) Yes, f(x) is definedatx =0
f(0)=4(0)=0
b) Check differentiability
f/(a) — llmf(x) _f(a)
xs>a  X—a

x—0 X —a

li

_ f)—fO) . 4x—0
m = lim

2xsin (

CALC 1000 ACE Booklet Solutions

4x

lim — =4
x-0tT X

1)_0

x—0+ X — x-0t x—0
. fx)—=f@O)

lim = lim

x—0~ x —0 x—0~

1
2sin|—
= lim J = DNE
x—0~ 1

~ f'(0) is undefined

c)
lim 4x =4(0) =0

x—-07t

x-0%
C S 0 = i)

~ f(x) is continuous at x = 0

lim 2 sin (x—12) = 0 by Squeeze Theorem
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N1. f(x) =x
/ T f(x+h)—f(x)
fGx) = lim —=— ==
. x+h—/x
= lim
h—-0 h

(VEFR—VE) (xR

- }ll_% h(Vx+h+x)
BERT x+h—-x
= h(Vx+h+Vx)

. h . 1 1
m h(Vx+h+Vx) ;llli% Wx+h+Vx) ~ 2Vx

N2. f(x) =(x+1)?=x?+2x+1
fx+h)=x+h+1D)*=(x+h+1D)(x+h+1)
=x>+xh+x+xh+h*+h+x+h+1

= x2+2xh+2x+2h+h%+1

. x+h)—f(x
f’(x)=llmf( )—f(x)
h—0 h
. X%242xh+2x+2h+h?+1—(x%+2x+1)
= lim
h—-0 h

. 2xh+2h+h?
= llm—
h-0
. h(2x+2+h
= |jm MEx+2+h)
h—-0 h

= lim(2x + 2 + h)
h—-0

=2x+ 2
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N3. f(x) =x*—x
fix+h)=x+h?—(x+h)=x*+2xh+h*—x—h
/ T f(x+h)—f(x)

fGx) = lim —=— ==

x%+2xh+h?—x—h—(x?-x)

= lim
h-0 h
. 2xh+h%-h
= lim ——
h-0 h
— lim h(2x+h-1)
h—0 h
- (2x+h-1)
= lim
h—0 1

=2x+0—-1 =2x-1

N& f) =—  flx+h)=—

x+ x+h+3

Fe) — Tip SO0
f'(x) = lim

h
_r 1
= }lirr(l) xthts xt3  get a common denominator
_)
1(x+3) 1(x+h+3)
= lim (x+3)(x+h+3) (x+3)(x+h+3)
h—0 h
x+3—x—h-3
— lim (x+3)(x+h+3)
h—0

I ~h (l) . -1 -1
hl_r>r(1) (x+3)(x+h+3) \R/  (x+3)(x+0+#)  (x+3)2
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NS fO) == flrh) -

/ T f(x+h)—f(x)
f1Gx) = lim =— ==

1
vx +h
h

1 1

— hm Vx+h Vx
h—0 h

Vx Vx+h
= lim Vxvx+h VxVx+h

h-0 h

Vx—Vx+h)(Vx+Vx+h)
Vxvx+h (Vx+Vx+h)

= lim
h—0 h
x—(x+h)
— lim Vxvx+h(x+Vx+h
h—0 h
x—x—h
— lim Vxvx+h(/x+Vx+h)
h—-0 h
S () P S —
T o0 Vavxth(Vx+vax+h) \h) T VxVx+o(Wx+Vx+0 - Vavx(Va+vx)
-1 -1
X(Z\/E) 2x1x%
=3
-1 -1x2
=—=
2x2 2
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NG. A) Find f'(x) using the definition of the derivative if

fl) = (2x -1
fx+h)=[2(x+h)—1]*=2x+2h—1)2x+2h—1)
f(x +h) = 4x* + 4xh — 2x + 4xh + 4h? — 2h — 2x — 2h + 1
f(x+h) =4x*+8xh —4x —4h + 4h*> + 1

And

f)=2x—1)?=Qx—-1)2x—1) =4x? —4x+1

fx+h) - fx)
h

f(x) = lim

4x% + 8xh —4x —4h + 4h* + 1 — (4x* —4x + 1)

) = i

4x% +8xh —4x —4h +4h* + 1 —4x*> +4x -1

f'(x) = lim

h
ey = pi BXR = 4h+ B2

1) = Jim h

,  R(8x — 4 + 4h)

o ==

f'x) = ’lli_l;r(l)(Bx — 4 + 4h)

f'(x) =8x—4
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B) Find the equation of the tangent to f(x) at x=3.
f'(x) =8x—4

£'(3) =8(3) —4 =20

Subst. x=3 into f(x) = (2x — 3)? to find y

f(2)=9, so y=9. The point is (3,9)

So, the equation is
y—9=20x—3)ory=20x—60+90ry=20x—51
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*N7. A) Find f'(x) using the definition of the derivative if f(x) =

V2x — 4 .

A) Find f'(x) using the definition of the derivative if f(x) = V2x — 4.

fx+h) —fx)
h

f(x) = lim

V2x +2h—4—2x — 4
h

f(x) = lim

(V2x+2h—4—V2x —4)(V2x + 2h — 4 +\2x — 4)
h(V2x + 2h — 4 +/2x — 4)

f(x) = lim

2x +2h—4—-(2x—4)

S Y TE S T ERera=ry
2x +2h—4-2x+4

f'(x) = lim

“0h(V2x +2h — 4 +V2x — 4)
= 2h
= Vs oh—d+ V2= B
‘() =1li :
R Yo T N e
'(x) = -
f = = Ve
’()—#
fx S 2V2x—4)
'(x) = -
I = r=a

_ _ 1 1

The slope, m at x=7 would be m—Jm = 7o
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B). Find the equation of the tangent to f(x) at x=7.
Atx=7,f(7) = /2(7) = 5 = V/9=3
The point is (7,3)

So, the equation is

3—1( 7) 2 7+3
y =3 ory=-x-—3
1 2

wy=§x+§

N8. See example 3. Repeat for you to try it again!
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N9. Find the derivative of y=cosx using the definition of the derivative.

Using the definition of a derivative:

dy . f+h)—f@)

2 = . where h = dz
dx b0

We substitute in our function to get:

_ cos(x + h) — cos(z)
lim

h—0 h

Using the Trig identity:

cos(a + b) = cosacosb — sinasinb,

we get:
_ (cosxzcosh —sinzsinh) — cosx
lim
0 h

Factoring out the cosx term, we get:

_ cosx(cosh — 1) — sinxsinh
lim

0 h

This can be split into 2 fractions:

. cosz(cosh —1) sinzsinh
lim

ho>0 h B h

Mow comes the more difficult part: recognizing known formulas.
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The 2 which will be useful here are:

. sin . cosz — 1
lim =1land im — =0
0 H z—0 r

Since those identities rely on the variable inside the functions being the same

as the one used in the lim portion, we can only use these identities on terms
using h, since that's what our lim uses. To work these into our equation, we
first need to split our function up a bit more:

. cosz(cosh —1) sinzsinh
lim —

k0 h h

becomes:

5 cosh —1 ) sin h
im cosz| ———— | —sinz( —

lUsing the previously recognized formulas, we now have:

li 0) —sinz(1
im cos z(0) — sinz(1)

which equals:

lim ( —sinz
h >I]{ }

Since there are no more h variables, we can just drop the lfir:m ,giving us a
+0

final answer of: —sin .
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O. Evaluating Limits by recognizing them as derivatives

Example 2.

a=x=4 to find f(x) replace 4+h with an x

f(x)=Inx
£/ =

F1o0) =

N e

Example 3.

a=x=3 to find f(x) look at the first part of the limit

flx) =e*
f(x) =3e*
f'(x) = 3e°
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Example 4.

- (1+h)3-201+h)?+3(1+h) -2 %)

h—0 h

fla+h)—f(a)
- -

a=x=1

f'(a) = lim

fA+h)-fQ1)
h

f'(1) = lim
Replace 1+ h - x
o f(x) = x3 — 2x? 4+ 3x — 2 note that f(1)=0
f'(x) =3x%—4x+3
£1(1) = 3(1)2 — 4(1) + 3

=2

Ol. a+h=4+h ~a=4
To find f(x) replace 4 + h with an x
L fG) = 2%
S f(x) =2%In2
f'(4)=2%In2 =161n2
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02. x e d a oo a =§
f(x) =cosx
f'(x) = —sinx

7 5)=-sn =~

03. a+h=5+h ~a=5

To find f(x) replace 5 + h with an x
f'(x) = 3x?

f'(5) = 3(5)? = 3(25) = 75

i 1
esSinx _ _e\/§/2

04. i 2
x—gf% x—m/3

Definition f'(a) = 1imw
xX—a

xX—a

CALC 1000 ACE Booklet Solutions

s flx) = x°

sa =§ f(a) — f(g) — %e\/g/Z f(x) — pSinx

f'(x) = eS"™*(cos x)

F(/3) = esin(g) (cos(g)) =1/2 eV3/2
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Ob.
. VA
arcsinx — — ) — f(a
lim T & Definition f'(a) = lim f&)~1@
— X —= x—a X —a
2 2
1 1 !
a=z f (5) = arc Sm(z) =%

f(x) =arcsinx
1

Fe) ==
' l _ 1 _ 1 :i
f (2) \/1_(%)2 \/1_% %

. 3%h-1 e v FOrHR)—F (%)
Oe6. }ll_r)r(l) f'(x) = }ll_r)r(l) -
— ’ 1. flath)—f(a)
a=0 fila) = }ll—r>r(1) h
f(x) =3%*

£'(x) = 3%(In 3)(2)
f'(0)=3%In3)(2) =2In3=1In32=1n9
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07 lim SRGt)
h—0 h

a=m/2
f(m/2) = sin (g) =1

f(x) = sinx

f'(x) = cosx

f'(m/2) = cos(;) =0

CALC 1000 ACE Booklet Solutions

/ i f(x+h)—f(x)
f'Gx) = lim

h

/ _ 1 flath)—f(a)
f(a) = lim -
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P. Average vs. Instantaneous Velocity and Acceleration

Pl.a) s(1)=13+2(1)*+1
=1+2+1=4m

As _ (23+42(2)%+1)-4 _ 8+8+1—4
At 2-1 1

b) = 13m/s
c) s'"(t) =0 s'(t) = 3t? + 4t
d) s'(3) =3(3)%+4(3) =3(9) +12
=27 +12=39m/s
e) s(t)=6t+4
s (3) =6(3) +4=22m/s?

As _ (50-2(2)2)-(50-2(1)%)

P2. a) At 2—-1
_ (50-9)-(0-2) _42ma8 _ o
1 1
b) s'(t)=0
s'"(2) =—-4(2) = -8m/s
c)s(t) =0 50 —2t>=0
50 = 2t*
25 = t*
t =05s
d s (t) =—4 m/s?
s (3) = —4m/s? (constant acceleration)

99



©Prepl101

CALC 1000 ACE Booklet Solutions

Q. Derivative Rules

Example 1. (@) f(x) = x%(x‘L + 3x)
flx) = x% + 3x§

') = 2 x5 + 2 o3
f(x)—2x2+2x2

, _ 3(2—x)—-(-1)(1+3x)
(b) g'(x) = 220

__ 6—3x+1+4+3x
T (2-x)2
_ 7
(2-x)?

(2x+2)(x3+4)-3x2(x2+2x+2)

© f'(@) = e

_ 2x*+8x+2x3+8-3x*—6x3—6x?

(x3+4)2

_ —x*—4x3-6x2+8x+8
(x3+4)2

@Af(x)=x2—Vxx+Vx-x—x
=x?—x

Fr(x) =2x — 1

Example 2. Find the derivative of each of the following:

a) f(x) = 3%
f'(x) =3*In3

b) f(x) = 7% + 4x’

f'(x) = 7*In7 + 28x°
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c) f(x) =4e*+3x°+ 6

f'(x) = 4e* + 27x8

(d) f'(x) = 5*In5(3e* + 5x2 + 6x + 12) + 5%(3e* + 10x + 6)
= 5*[In5(3e* + 5x2 + 6x + 12) +(3e* + 10x + 6)]

3%In3(x3+4x2)-3%(3x2+8x)
(x3+4x2)2

(e) f'(x) =

() (x) = VEeT — 923 = (4e* — 9x%):2
1 -1
flx) = 2 (4 — 9x3) 2 (4e* — 27x%)

4e* — 27x* 4e* — 27x*
f'(x)
x —_ —_
2(4e" — 9x3)% 2V4e* — 9x3

Example 3. Find the derivative of each of the following using the

Product Rule.
a) f(x) = 6x7e* f'(x) =42x%e* + e*(6x7)
f'(x) = 6x%e*(7 + x)
— QX I _ QX 1 ox
b) y = 8%logsx y' =8 ln8(x)+xln5(8)

Example 4. Find the derivative of each of the following using the
Quotient Rule.

1 5 4
_lnx , _ ;(6x )—30x*(Inin x) __6x*-30x*Inx _ 6x*(1-5Inx)
flx) = 6x5 frlx) = (6x5)2 T 36x10 T 36410
_ (1 =5inx)
B 6x°
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Example 6. Find the derivative of each of the following using the Chain

Rule.

a)y=0Bx+6)* y=43Bx+6)33) =12(3x + 6)3

b) f(x) =651 f'(x) = 6°*(In 6)(8)
= (81n 6)68°1

C) y = egx_z y/ — 9e9x—2
) fC) =4ln (8x—7) () =4(-) =2
(4x-1)

— 2 r__
e) Yy = log3 (Zx X+ 5) y = (2x2%2-x+5)In3

0 f(x) =[In 2x = 5)]* f'(x) = 4[ln 2x —5) ] (sz—s)
=—[In@2x-5)7
g)f(x)=In(2x—-5)* f(x) =4In(2x —5) logrules
=) -

2X 2x-5

*Example 7. Find the derivative of each of the following:

a) f(x) =In (Inx) at x = e?
1

f (x) - Inx 1= xlnx ) )
'(p2Y) — _ _
f (e%) = e2lne?  e2(2lne)  2e2
b) y=e*lnxatx=e y’=exlnx+iex=ex(lnx +%)
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y'(e) =e® (lne +§) =e°(1 +§)

*Example 8. Find the derivative of y = In (2x* + 5e)3¢
y = 3e In (2x* + 5e)

y, _ 36( 4x ) 12ex

2x2+5e

"~ 2x2+5e

*Example 9. Find the derivative of y = [In(2x? + 5e)]3¢
y' = 3e[ln (2x* + 5e ]3¢71 (—4x )

2x2+45e
12ex
= In (2x? + 5e ]3¢ 1
2x2+5e[ ( ]

Q1. a) f'(x)=4e**
b) f'(x)=3""(In3)(—4)

c) f'(x)=3x2%(e™) + 7e”*(x3)=x2%(e”*)(3 + x)

1
(x—-5)In3

d) f'(x)=

e) f'(x)=12x% + 4e3%(3) = 12x? + 12e3*

4e**(x?)-2x(e*™) _ 2xe**(2x—1) _ 2e**(2x-1)

) f'(x)= (x2)2

x4 x3
!/ 1 __1 \/E
g f'()=eV* (Sx7 ) =2

h) f'(x)=6*""7*(In6)(2x — 7)
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2
2x—1

D) f/(0)=— =

eXt5(x+eX)—(1+e*)(e**5)

j) (="

k) f(x)=10%(x? + 3x)%
£/ (x)=10% In 10 Vx2 + 3x + % (x2 + 3%)7 (22 + 3)(10%)

D f(x)=In(x —5) —In(x —2) ..usinglogrules

M)= 1
f (X)— x—5 xX—2
m) USE LOG RULES y=3In (x? — 2x)
,_ 3(2x-2)
T x2-2x

Q2. f'(x)e* +2*(4x3 + 2)
f'(M)=e3(4 + 2) = 6e3

Therefore, answer is B).

— ()=

xIn5 2In5

Q3. f'(x)=

Therefore, answer is B).

Q4.

d d d

_ (a2logaxy — — cplogax?y — = (.2) —
&) =4 )= (%) = 2x
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Q5. f( )_(x2+2)ln3
2(1) 2
f)= T3mm3 _ 3in3

Therefore, answer is E).

Q6. f'(x)=2xInx +i(x2) =2xInx+x
f'(e?)=2e? Ine? + e = 2e%(2) + e? = 5e?

Therefore, answer is A).

(x2) 2xinx x—2elnx

Q7. f'(x)=* =
e— Zelne —-e 1

fle=2 ==

Therefore, answer is C).

Q8. f(x)=6e* —4lInx +%x‘1
frx)=6e* —4(2) +5(—x72) = 6e* =2 — —

x  4x2

Q9. f'(x)=4e[ln (3x +e) ]*¢ 1 (3x3+e)

Q10. f'(x)=6**"1(In 6 )(2)

QUL f(x) =5 — 7
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1
flx) =ze*—2x
1 2
f'(ln2) = §eln2 — 2In2 = 37 In4

d 8x”’ 8
Q12.3(10g4x8)= = =

x8In4  xina

Ql13.a) f(x) = Zex% atx=16

X) = e —X 2 = =
2 2Vx  x
4

a

e

f'(16) = 2

5

b) y = logs x at x = 27.
1

Y= xln3

1
Y@ =533

c) f(x) = xe?*

f'(x) = (e + x(2e?*) = e?*(1 + 2x)
/(1) =e?(1+2(1)) = 3e?

d) f(x) = In (Inx)

1 1
Fo)=7—06)
1 1

fie) ==

e?lne? 2e2

CALC 1000 ACE Booklet Solutions
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Q14. F'(x) = f(f(0)  f' ()
F'(4) =f(f(®) '@

=f'(3)- 12
=5-12 = 60

Q15. g'(x) = 5[f()]* - f'(x)
~g'(4) = 5[fM]* '@
=5(3)*-(2)
=5 (81)(2)
=5 (162)
= 810

Q16.

2x(2x+3)—2(x%2-4)
(2x+3)2

a) f'(x) =

_ 4x?+6x—2x%+8
o (2x+3)2

_ 2x%4+6x+8
T (2x+3)2

1(x+3)—-1(x+2)
(x+3)2

b) f'(x) =

_ x+3-x-2
T (x+43)2

CALC 1000 ACE Booklet Solutions
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_ 1
T (x+3)2

c) (x) =§ex+ 18x + 6
1

fl(0) =€ +18

d) f(x) = 3x2

fx) = 3x!n9
f'() = 3[(n 9 )x'™)

e) f(x) = x*Inx, find f'(e?).
f'(x) = 3x* Inx +%(x3) =3x%Ilnx + x*

flx) =x*(Blnx+1)
f'(e?) = (e?)?(3Ine?+1) =e*(6lne +1) = 7e*

N f(x) =3%*  f'(x) =32*(n3)(2) OR 2In3(3)%*

. . d 1 _1+40-1x"2% 1_x_2
g)fmdaln(x+3+;) = =

X434+~ x+34=
X X

Q17.a) f(x) = x*e* f'(x) = 4x3(e*) + e*(x*)
=x3e*(4 + x)

by =Bx3=5)nx y =9%%lnx +=(3x3—75)
X

Q18.

e*(x8)- 8x7(ex) x7e*(x-7) _ e*(x-8)

a) f(X) = 78 f (.X') - (x8)2 216

xg
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b) y = (4x+5) r 4(x*)—4x3(4x+5)  ax*-16x*-20x3  —12x*-20x3
Y= x4 _ (x4)2 _ x8 _ x8

_ —4x3(3x+5) _ —4(3x+5)

- x8 n x5

Q19. Find% (In(e3*+2x)atx =1

d —3e73%42
—yz—(_ ) atx =1, —=—
dx e 3%X42x dx e 342

dy  -3e 3+2
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R. Trig Derivatives

Example 1. Find the derivative of each of the following. Don't forget to
use the Product Rule, the Quotient Rule and the Chain Rule!!

a)y =2cosx y'=—-2sinx

b) f(x) = 2sin8x  f'(x) = 2(8cos8x) = 16 cos(8x)

c) f(x) = sin’x + cosx + %  f(x) = (sinx)? + cosx + e%*
f'(x) = 2(sinx)*(cos x) + (—sinx) + 8e®*

f'(x) = 2sinx cosx — sinx + 8e8*

f'(x) = sin 2x — sinx + 8e%* trig identity

d) f(x) = cot (3x) chainrule

f'(x) = =3 csc?(3x)

e) f(x) = sin3x + eV®  chain rule

() = 3cos3x + e (x7) = 3cos3x + on
f'(x) =3cos3x+e (zx ) = 3cos3x =
f) f(x) = (cosx + tanx)® chain rule

f'(x) = 6(cos x + tan x)°(— sin x + sec? x)
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tanx
(1+cosx)>

g) f(x) = quotient rule
(sec? x)(1+cos x)°>—5(1+cos x)*(—sinx) (tanx)

[(1+cos x)>]?

£/ =

(1 + cosx)* [sec? x(1 + cosx) + Ssinxtanx]
(1 + cosx)1°

f'(x) =

[sec? x(1 + cosx) + 5sinxtanx]
(1 + cosx)®

i) =

Example 2. If f(x) = sin®x, find f" (%) chain rule

f(x) = (sinx)?

f'(x) = 2(sin x)(cos x)=sin2x (easier than doing a
product rule for the second derivative)

f (x) = 2cos2x

f G) = 2 cos (%Tn) = 2005% =0

3 ,sinx

Example 3. Find the equation of the tangent of y = x°e°>""*at x = m.
y' = 3x2eSIN% 4 ¢5IM¥ (cos x) (x3)
y' () = 3m2eSNT + oSN (cos ) ()3
= 3m2(e)? + e?(—1) ()3

=3n?-n® = n?(3—-n)

3 ,sinx 3

atx=m,y = x3e =m3e =1

y—vy; = m(x —x;) becomesy — 3 =3 —m)(x — )
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Practice Exam Question on Trigonometric Derivatives

R1.a) y=2secx
y' = 2secxtanx

b) f(x) = 3cos7x
f'(x) = 3(—4sin7x) = —12sin7x

¢) f(x) = (sinx)*
f'(x) = 2(sinx)(cosx)

d) f(x) =sec (2x)
f'(x) = (2x) tan (2x)

e) f(x) = 3e*sinx
f(x) = (3e*)(sinx) + (cosx)(3e*) = 3e*(sinx + cosx)

f) f(x) =In (sinx)

f'(x) = pr— (cosx) = cotx

g) f(x) = (x + sinx)*
f'(x) = 4(x + sinx)3(1 + cosx)

h) f(x) = Stnx _ _omx sinx(cosx)

secx 1/cosx

f'(x) = (cosx)(cosx) + (—sinx)(sinx)
= cos’x — sin®x = cos?x — (1 — cos?x)
= —1+ 2cos*x

D) £(x) = sin(x?)
11
f'(x) = COS(XZ)EX_l/Z
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cos\x
24/x

j) f(x) =sin (e*)

f'(x) = cos(e*) - e*=e*cos(e¥)

HOE

. cosx .
k) y = cotxsinx = o Sinx = cosx

y' = —sinx
) y =csc (2x)
y' = —csc (2x) cot (2x) -2 = —2 csc (2x) cot (2x)

R2. f(x) = x?sinx
f'(x) = 2xsinx + x%cosx

f'(m) = 2msinm + w%cosm = —m?

R3. f(x)=(sinx)?
f'(x) = 2sinx(cosx)
" (x) = (2cosx)(cosx) + (—sinx)(2sinx) = 2cos?x — 2sin’x

f (%) = 2(cos %)2 — Z(Sin%)2

@)= - =2 o) -3

R4.a)

f(x) =sin (5x)
f'(x) =5 cos (5x)

b)
f(x) =cos Vx =cos (x%)

f'(x) = —sin (xi) (% X2)
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, -1 sinvx
[l =—%
C) .

f(x) = eSinx

f'(x) = eS"™¥ (cos x)

d)
f(x) =lnx secx
f'(x) = %sec x + (sec x tan x) In x =sec x(i +tan x In x)

e)

f(x) =sec?(2x + 1) = [sec 2x + 1) ]?

f'(x) = 2[sec 2x + 1) |* sec 2x + 1) tan (2x + 1)(2)
= 4sec?*(2x + 1) tan (2x + 1)

f) flx) =et"* [n (cosx) |
f’(x) = etanx (x) In (COS X) + Metanx

COSX
= e'%X (x) In (sin x) + et3"*
=t [(x) In (sin x) + tanx]

sinx

X) =
g) f( ) 1+cosx
f’(X) __cosx(1+cosx)—(—sinx)(sinx) __ cosx+cos®x+sinx
a (1+cosx)? - (1+cosx)?
cosx+1 .
= sincex +x =1
(1+cosx)?
. 1
"~ 1+cosx
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R5. f(x)=(cos x)?
f'(x)=2cosx (—sinx) = —2sinx cos x

Therefore, answer is C).

R6. f'(x)= cos (4x)(4)
f’(g) = 4 cos (%n) = —4

Therefore, answer is C).

R7. f'(x)=(1)sin x + (cos x )(x)
f'(m)=sint +(cost)(m)=0—m=—m7
At x=0, y=0, so the equationisy=0=-m(x — 0)or y = —m

R8. f'(x)=(2sec2xtan2x)(tan2 x) + 2sec?(2x)(sec 2x)
= 2 sec (2x) tan?(2x) + 2sec3(2x) Product rule

R9. f(x)=[csc (2x) ]?
f'(x)=2csc (2x)(— csc (2x) cot (2x)(2))
= —4 cot (2x)csc? (2x)  chainrule

R10. f'(x)=5cos x(cos (2x)) + (— sin (2x)(2)(5 sin x)  product
rule

£(0)= 5(1)(1) =0 =5
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R11. Find the slope of the tangent of f(x) = sin (2x) at x = %.
f'(x) =2 cos (2x)

T

f'(3) =2cos 5 =2(—cos ) =0
R12.
a) f(x) = 3e¥cos (6x) product rule
£/ (x) = 3e2*(2) cos(6x) + (—6 sin(6x) (3e)
= 6e2* cos(6x) — 18e2* sin(6x)
=6e2* (cos(6x) — 3 sin(6x))

b) f(x) = sinVcosx chain rule

f'(x) = cos(cosx)% : %(cos x)_Tl(—Sinx)

f’(x) _ —Sinx cosvcosx

24y/cosx

c) y = cos(e*) chainrule
y' = —sin(e*) - e* = —e* sin(e*)
d) y = cotxcscx product rule
y' = —csc?x(cscx) + cotx(—cscxcotx) = —csc3x — cot?xcscx
If the answers involve cosx/sinx:
COosS Xx 1 COoSs X
Y= sin x (sinx) - (sin x)?2

,  —sinx(sin? x)—2 sin x(cos x)(cos x)

y:

sin% x

—sin3 x—2sinx cos? x

sin x
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R13. If f(x) = x?%sinx, find f' (g) product rule
f'(x) = 2x(sinx) + (cos x)(x?)

/() - Fane @D )

=n(l)+0=m

R14. Find the slope of the tangent of y = x — cosx at x = -

y' =1+ sinx

y’(g)=1+sin%=1+%=%
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S. Derivatives of Inverse Trig

Example 1. f'(x) = (1)(arctanx) + (1+1x2) (x)

= arctanx +
1+x2

1x2 (e*) + (arctanx)(e¥)

Example 2. f'(x) = —

=e” [1-|-1x2 + arctan x] (product rule)

, . ex . ex .
vs. f'(x) = T~ Tren (chain rule)

Example 3. f'(x) = . = .
=Xample 3. T 3x/(Bx)Z-1  3xVox2—-1

Example4. f(x) = e*cos lx

! — X -1 -1 x
f'(x) = e*cos x+(m)e

= eX [cos_lx _ 1 ]
V1—x?2

Example5. f'(x) = \/;_XZ (e*) + e*sintx

— i _1

= e*( = + sin X)

| ) ex(arctanx)—igig
Example 6. f'(x) = — =
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S1. f'(x) =e*sin"lx+ (\/117) (e®)
=e* [sin_1 x + \/i_xz
S2. f'(x) =3x%sin"lx + \/__x(x3)

_ 2 [2cin-1 x]
X [351n x+\/1__x2

S3. f'(x) =0 sinceel®isa constant

S4. f'(x) =

S5. f'(x) =

S6. f'(x) = sec? x(arc cosx) +\/—(tan x)
S7. f'(x) =e*(arcsecx) + xm (e®)

1
—_ X
=e [arcsecx +
xVx?-1

7 (2%)

=)

+x2

(e®)

=x?(3tan"tx +

S9. f'(x) =

ex

V1i-e?¥

1
/1_(ex)2
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S]_O_f’(x): 3e3% _ 3e3%

1+(e3%¥)2  1+4eb*

S11. f'(x) = sec?(arcsin (e*) - ! (e¥)

— (ex)z
,. . e¥sec?(arcsin (e¥))
N
S12.
h'(1)
h(x) = tan_l(f(x))3
oo B[P (0
TS
3[F(D?- (1
(1) = [f (D] f(6)
1+ (f(D)
o 3(-1%@) 6
(1) = 1+ (—1)¢ =373
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T. Equation of a Tangent Line

Example 1. Find the slope of the tangent line to the curve f(x) =
2x3 + 5x + 4 at x=1.

slope = f'(x) = 6x?>+5
atx =1, f'(1) =6(1)2 +5 = 11

Example 2. Find the slope of the tangent line to the curve y = 42*+1 at
X=2.

y' = 4?**1(In 4)(2)
atx =2, y' =4°(n4)(2)

Example 3. Find the points on the curve f(x) = 3x3 + 9x where the

slope of the tangent is parallel to the line—18x + y — 6 = 0.
parallel .. same slope or derivative
—18x+y—-6=0.
y=18x+6 .y =18
f(x) =3x3+9x
fl(x) =9x2+9 .~ 9x2+9 =18
9x% =9
x*’=1 x=1,-1
x=1 f(1)=12 .~ (1,12)is one point

x=-1 f(—1)=-12 ~ (—1,—12) is the other point
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Example 4. Find the equation of a tangent line to f(x) = sin2x at

X = %. f'(x) = 2cos2x

) -20)-20) -1

Find the value of y, when x=%

f(x) = sin2x
T = sin2 (%) = sin® =2
f(>) = sin2 (g) =sin; =~
Vi
y —y; = m(x — x;)becomes y — - = 1(x — g)
o n B
y=XTE T2

Example5. ¢g(3) =23)?-53B3)+1=18-15+1=4, x;, =3

~yp =4
g (x)=4x-5 g3)=4(3)—-5=7

-1
 Mpormar = —

Y=y, =m(x —xq)

y=4=—;(x=3)

1 3
y—4——;x+;

1 3 28
y=—;x+;+—7

1 31
y=—;x+7

122



©Prep101 CALC 1000 ACE Booklet Solutions

Tl.y = x%e3* atx=1

y' = 2xe3* + 3e3*(x?)

y'(1) = 2e3 + 3e3 = 5e3

Find ywhenx =1

y = (1)2e3M = ¢3
y—e3=5e3(x—1)

y = 5e3x — 5e3 + e3 = 5e3x — 4e3

T2.
y =12(e3* + Dparalleltoy = 4x — 1

y' = 12(3e3*) = 36e3* parallel to y' = 4...same slopes, so we get:

4
36e3% = —
T
1
3x — _
© 79
1
o)
ne n 5
3x = In1 — [n9
3x = —In9
[n9
X =——

3
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T3. Horizontal tangent .. slope =0
f(x) =4x?>—-8x+3 —4x+ 17
f(x) = 4x% —12x + 20

f'(x) =8x—12
~0=8x—-12
123

*T8 T2

2
f(3)=4(G) —12(3)+20=4(3)-18+20=11
So, the pointis (3/2, 11).

T4, f(x) =3x3—6x atx =2

f(2) =3(2)3-6(2) =12Soy=12

fl(x) =9x% -6

f'(2) =9(2)? — 6 = 30...s0 the slope is m=30

y—y1 =m(x —x1)

y—12=30(x — 2) y = 30x — 48

T5. y=Qx—D*atx=0
y' =4Q2x —1)°(2)
Y =0 = 4(=1)3(2) = —8...s0 slope=m=-8

atx=0 y=3B0O)-D*=(-D*=1
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y—y1 =m(x—xg)

y—1=-8(x—-0) y=-8x+1

T6. f'(x)=9x%e* + e*(3x3)

F1(2)=9(2)%e? + e2(3(2)3) = 36€2 + 24e? = 602

125



©Prep101 CALC 1000 ACE Booklet Solutions

U. Second Derivatives

Example 1.

a) f(x) =e*
f'@) = 2%
f1(0) = 4e

b) f(x) = xe?*
f'(x) = (1)(e*) + (2e*)(x) = e**(1 + 2x)
f"(x) = 2e?*(1 + 2x) + (2)(e?¥) = 4xe?* + 4e?*

=4e?*(x + 1)

Example 2.

fOx) = (2x+1)°
f'(x) =302x+1)%2(2) = 6(2x + 1)?
f"(x) =12Q2x + 1)1(2) = 24(2x + 1)1=48x+24

' (x) = 48
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Ul. v=32x — 7)%(2) = 6(2x — 7)?
V'=12(2x — T)L(2) = 24(2x — 7)

y"'=24(2)=48

U2. /()= (4x = 1) 72(4) = 2(4x = 1) /2
Frx)=—1(4x — 1) /2(4) = —4(4x — 1)/

F7(x)=6(4x — 1)~ 7/2(4) = 24(4x — 1)~/

U3. If f(x) = cos2x, find f°(x).
f'(x) = —2sin 2x

f (x) = —2(cos 2x - 2) = —4 cos 2x
£3(x) = —4(—sin2x - 2) = 8sin 2x
f*(x) =16c0s2x

f5(x) = —32sin2x

fe(x) = —64 cos2x
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U4 If f(x) = (2x + 1)%, find fe(x).
f'(x) =402x +1)3(2) =8(12x + 1)3
F'(x) = 24(2x + 1)2(2) = 48(2x + 1)?
F(x) = 96(2x + 1)(2) = 192(2x + 1)
F4(x) = 192(2) = 384

fP) =f°x)=0

US. f(x) = sinx
f'(x) = cosx
f'(x) = —sinx
f3(x) = —cosx

f*(x) = sinx...keep going in this pattern... f1°(x) = —sinx
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V. Tricky Domain Questions

Example 1. x #= 12
x2—4+0 D = (—,-2)U (=2,2) U (2, )
x% + 4
Example 2. x—5>20
X =5 s D =[5, 00)
Example 3. X2 —4+#0 x2—4>0
X+ +2 x>

x=>2o0r x < -2

#D = (~00,-2) U (2,)

Example 4. x—2>0

x> 2 s~ D = (2,00)
Example 5. D of arccosx is [—1,1]
D of e*isR

So, D of f(x)is [—1,1]
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Example 6. Domain of cos™(x) is [—1,1]
Solve —1<e3*<1 but e3* >0 forallx,so
0<e3*<1
In0 <Ine3* <Inl
—00<3x<0
—o<x <0

oD = (—o0,0]

Vi x+4+2#0
X+ —2 WD = (—00,—2) U (=2, )

V2. D=[-1,1]

V3. Domain of cos™(x)is [—1,1]
Solve —-1<e*<1 bute*>0 forallx, so
0<e*<1

In0<lne*<In1l

—o0<x<0
D = (—OO, 0]
V4. x+6= 0
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V5.
y =In(x? — 4)
x2—4>0

x% >4

V6.
X Vx
[f(x) = ) Ilg(x)=m

No, they do NOT have the same domain

For I:

X

>0 and x+4+0
x+ 4

ie.x # —4

CALC 1000 ACE Booklet Solutions
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Case 1

x=>0andx+4>0,ie)x > —4

OR

Case 2

x<0andx+4<0,ie)x < —4

ax < —4

~ solution x = 0 or x < —4 (—o0,—4) U [0, o) which is not the
answer for Il below.
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For Il
D of Vx D of Vx + 4
x=0 x+4=0
X =—4
T G—
~» combined we get: = * = » * ° 2

le.) x =0or]0,)

V7.
h(x) = x(x +4)
x(x+x)=0

Casel x=>0and x+4=>0

le).x = —4

=~ both are coloured in for x = 0 ie. [0, c0)
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Case2 x<0 andx+4<0,ie.)x<—4

= both are coloured in for x < —4 ie. (— oo, —4]

~ final answer is (—oo, —4] U [0, c0)
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W. Inverse Function Theorem

Example 1.

Use the inverse function theorem to find derivative of g(x) = Vx =
1
X3
1
First, find the inverse of y=x3

1

Switch x and y: x=y3 cube both sides and get x3 = y and f(x) = x°

1
The function g(x) = x3 is the inverse of f(x) = x3

f'(x) = 3x?

F'(g@) = f' (x3) = 309)? = 325
. ’ _ 1 1

"9 =Ty T 2
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Example 2. f(x) =x ++x Find (f71)'(2)
'@ = )

Step 1. Find f'(x)

1

f(x)—1+ Sx2=1+4— \/_

Step2. Find f71(2) « f(x)is2
2=x +Vx
f)=x++Vx <trueifx=1
~fTH2) =1

Step3. (fH)'(2) = —f =T

f(x)—1+2\/_

ff=1+-F=1+-=>

241

Il
N w| =

|
winN

2
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W1.

: . : N 2
Use the inverse function theorem to find derivative of g(x) = %

x+2

Xy x=—
xy=y+?2
Xy —y =2
yx—1)=2
y=r3 f=5=2-D"
Need f'(g(x))

f100) = —2(x = 1)
Fg@) = £/ (22) = 2 [22 - 1]

X

=—2h+§—1yz
-2l 2]
_ —2x2 _ -x*
4 2
M@ﬂ&migzg
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W2.
f(x)=2x3+3x2+7x+ 4
Find (f 1)’ (4)
') = 5=,
Step 1. find f'(x)
fl(x) =6x2+6x+7
Step 2. find f71(4) 4isf(x)notx
S f(x)=2x3+3x2+7x+4
4=2x3+3x*+7x+4 «trueifx =0
“fTH ) =0

Step3. (f™1)'(4) = 5—

IO C)))

_ S
T 62 r6(0)+7 fi(x) =6x+6x+7

L F1(0) =7

Il
]
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X. Implicit Differentiation

Example 2.
y=x*
Iny =Inx”*

Iny=xInx

%% [(1) Inx + i (x)]

% =y[lnx + 1] =x*(Inx + 1)

Example 3. If y = (4x + 3)%, find > atx=1.

Iny = In(4x + 3)*
Iny =x-In(4x + 3)

4x
4x+3

ldy
;E = (1) 11'1(436 + 3) +

d 4
2 = (4x +3)* [In(4x + 3) +

4x+3
d—y|x=1 =71[ln7+3]
dx 7

Example 4. If f(x) = In(x*), find f'(x).

y =Inx* uselogrules

y=xInx notlogdiff
y' = (D)Inx +=(x)

y'=Inx+1
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Example 5. If y = (Inx)*,find f'(e).

Iny = In(Inx)*
Iny =x-In(Inx)

-2 = (1)In(nx) + (1)3)
2 _

= (Inx)* [In(nx) + ——]|
2 = (In0)* [In(inx) + ]
atx =e Z—z = (Ine)® [ln(ln e) +ﬁ]
(D¢ [n1+3
=ln1+1 =1
Example 6. If f(x) = (x + 5)*x**%, find .
y = (x + 5)*¥x**°
Iny = In[(x + 5)% - x**+]
Iny=xIn(x+5)+(x+6)Inx
1dy

1
i (D In(x +5) + ——+ (D Inx + ~(x + 6)

4y _ X xt6
E—y[ln(x+5)+x+5+l x + ]

2 = (x + 5)* 2% [In(x + 5) + =+ Inx + =2
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. L _ x%(x-6)3
Example 7. Find the derivative of y(x) = e

y=x2(x—6)*(3—x)3
Iny =1In [xz(x - 6)3(3 — x)_?l]

Iny=2Inx + 3In(x — 6) —;ln(3 — X)

=2(3)+3(%) 36

dy [2 3 1
—=yl|l=+—=+ ]

dx y X X—6 9-3x

dy  x?%(x-6)3 [2 3 1 ]
dx -3 3—x X X—6 9—-3x

Implicit Differentiation

Example 1.

x3+y%2=2

2 ay _
3x“ + 2y dx—O
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Example 3. Find the derivative x*+ 6y3 =12x+6.

3 24y _
4x°> + 18y dx—12

18y2 2 = 12 — 4x3

dy  12—4x3
dx  18y2

12-4(0) 12 2
18(1)2 18 3

dy/dx at (0,1) =

Example 4. Differentiate: x3y? —4x =3 — 2y

product rule
2 ()2 W3y a0
3x“(y*) + 2y dx(x) 4=0 de
3,4y QY _ 4 2422
2x ydx+2dx—4 3x°y
Factor % (2x3y + 2) = 4 — 3x2y?

dy _ 4-3x?%y?
dx  2x3y+2
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Example 5. Differentiate: e*” +4x =5—-Inx+y

e (WO + 2| +4=0-2+ D2

1 dy
Xy xy &Y 1LY
e*” + xe + 4 = +
y d X dx
xxyﬂ_d_yz_l_zl__yexy
dx dx X
factor
dy xy 1 x
—(xe*” —1)=—=—4—ye*V
— ( ) - y

-1 1
dy _ ——4-ye™” dy _ Hatye™”

dx ~ xeX¥-1 . = %y (f you broughtall
the terms to the opposite sides)
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Example 6. x> — 4y3 + 2y% = —1 Find y'(1,1)and y"'(1,1).

3x2 —12y%y' + 4yy' =0
y'(=12y?% + 4y) = —3x?

, —3x2
Y T T2y + 4y
_3 3 3
! 1,1 - = = —
YA =—77-5 %

d’y  (—6x)(—12y? + 4y) — (—24yy' + 4y")(—3x?)

dx? (—12y2 + 4y)?
2y (—6)(~12 + 4) — (—24(1) (2) +4 (S)) (-3)
axz D= (=12 + 4)2
18 3
i{(m) 48— (94 2)(-3) _48- (-5+3)=3)
dx 64 64
8- ()
B 64
d2y 2-2 51,1\ 51
O =2 =5 () = 13
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Example 7.

2x% +xy +2y* =4

Horizontal tangent y' = 0

Implicit
4x+1(y) +xy' +4yy' =0
y'((x+4y)=—-4x—y

4x —y
x + 4y

!/

y:

y' =0,s0 — 4x — y = 0 and make sure (x + 4y # 0)

y = —4x

Substitute into

2x% +xy + 2y =4

2x% + x(—4x) + 2(—4x)* = 4
2x% —4x% +2(16x%) =4
—2x%+32x* =4

30x% = 4
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2
T30
y = —4x
s
V30
—8
Y= 7
—2
" T30
y = —4x
i3
V30
8
Y= 70
. points are (

-8

V30’ V30

—)and (—=

8
V30’ V30

=)

CALC 1000 ACE Booklet Solutions
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Practice Exam Questions on Implicit Differentiation

X1. y=(x + 2)*
Iny = In(x + 2)*
Iny = xIn(x + 2)

%Z—i - [(1) In(x +2) + — (x)]

2= (x +2)% |In(x +2) +

dx_

%(x= 1) =31 [ln3 +§]

Therefore, answer is B).

X2. Iny = In(x + 2)"*
Iny =InxIn(x + 2)

197 1ln(x + 2) +x—J1r2(lnx)

y dx - ;

dy _ In(x+2) lnx]

dx [ X + x+2

dy _ In x [ln(x+2) lnx]
dx (x t 2) X T x+2

ay . _ 4y _ aln1[m3 , In1] g _
2 (x=1)=3"1 |24+ 22| = 3°(n3) = In3
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X3. y=(5x + 1)*
Iny =In(5x + 1)*
Iny =xIn(5x + 1)

LY — (1)In(5x + 1) + % (x)

ydx_

d
d—i:= ylln(5x+ 1) +

5x+1l

dy X
T (5x+ 1) lln(Sx +1)+ o 1]

d 5
—y(x= 1) = 6! lln6+—] = 6ln6 +5
dx 6

1/3(3x—1)3
X4.Ilny = In [M]

(3-x)3

1
Iny = Inx/3 + In(3x — 1) — In(3 — x)3

1 1
Iny = §lnx +3In(3x —1) — §ln(3 —x)

1 ,_1(1)+3( 3 ) 1 -1
yY T3\ 3x—1) 3G

x1/3(3x —1)3

9 1

r__

(3—x)3

1
Y= L l3x+3x—1+9—3x

|

CALC 1000 ACE Booklet Solutions
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X5.
y = (x + ex)lnx
Iny = In(x + e*)"*

Iny =InxIn(x + e*)

i ,_1 x (1+e¥)Inx
5y —xln(x+e )+—x+ex
i ,_1 x (1+e*)Inx
5V —xln(1+e )+—x+ex

yr — (x + ex)lnx [ln(1+e )_I_ (1+e )lnx]

X x+eX

X6.
y=(lnx)"*
Iny = In (Inx)™"*

Iny =InxIn(lnx)

lﬂ = 1 (In(Inx)) + i (l) (Inx)
ydx x Inx \x

dy _|in(nz) | nx

dx b lnx

CALC 1000 ACE Booklet Solutions

Z_ic/ = (In x)lnx [ln(ln x) In x (ln x)] (In x )lnx [ln(ln x) n x]

X X

At x=e, dy/dx=(In e)"® [‘“(‘: 2 E] ~1 (1”1 _) _1

1 1

e e
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X7.y = x®)
Iny = Inx@®)
Iny =2*Inx
1. I — 92X l X
Y =2 ln2(lnx)+x(2)
r_ x 2*
y —y[Z ln2(lnx)+x]

y = x@9 [2" In2(Inx) + %]

X8. x2+y2=2

2x +2yy' =0

2yy' = —2x

y’=_2—2yx=_7x substx =y =1
y’:—lz—l

X9. x2+y%+3x—y=5x?
2x +2yy' ' +3—-1y' = 10x
y'(2y—1) =10x — 2x — 3
y'(2y—1)=8x—3

, _ 8x-3
T 2y-1

CALC 1000 ACE Booklet Solutions
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X10. sin(x + y) = xcosy

cos(x +y) (1 +y') = (Dcosy + (x)(—siny)y’
cos(x +y) + y' cos(x + y) = cosy — xsinyy'’
y'(cos(x + y) + xsiny) = cosy — cos(x + y)

cosy — cos(x + y)

!/

Yy = (cos(x + y) + xsiny)

X11.

x3 +y3 =27
dy

3x2 4+ 3y2—==0

X<+ 3y Tx
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X12.x*+y?>=5

2x +2yy' =0
2yy' = —2x

, —2X X 1
Y=y Ty

y"' =D+ (-y 3y’ (—x) = substitute y' = —xy~!

y'"'=(=D™H + (—y ) (—xy 1 (—x).\you could leave your
answer like this!!

y" = —y 1 —x%2y73 = —y73(y? + x?) ... factor

Now, the tricky step is to substitute the original equation
inx2+y2=5

Crazy, eh?

=y E) =
y ==y =3
y3
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X14.x%y + x3 = 12

d
2x(y) + (1)d—i:x2 +3x%2=0

dy

2xy + x*— = —3x?

Xy + x I X

dy

2_=_3 2_2
X Iy X Xy
dy=—3x*—2xy —(3x+2y)
dx x2 B X
d_y(z’l)z —(3x+2y) _ _ 6+2 _ —4
dx 2

X15.e™ =4x+ 7y

e[+ Wy’ )] =4+7y
ye* + xe®y' =4+ 7y’

y' (xe™ —=7) =4 —ye*Y

,  4—ye
Y xeXy —7

X16.x%y +x3 =8+ y3

2 4

d
20 () + (1)d—i (?) +3x2 = 0+ 3y>—

d
d—i:(x2 —3y?) = —3x% — 2xy
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X17. Find y' if sin(xy) = x? + cosy + 3.

cos(xy) [1(3/) + % (x)] = 2x —siny - z—z

y cos(xy) + x cos(xy) % = 2Xx — sinyi—z
x cos(xy) % + siny% = 2x — y cos(xy)

% [x cos(xy) + siny] = 2x — y cos(xy)

dy  2x—ycos(xy)
dx x cos(xy)+siny

X18. Find y’
3x2 —4x(y) + y'(—2x%) + 6yy' =0
y'(6y — 2x2) = —3x% + 4xy

; _ —3x%+4xy , _ =3(1)%+0 _ 3
Y = Tey—ax? y'(1,0) = 0-2(1)2 2
d?y v [-6x+4y+y’(4x)][6y—2x?]-[(6y —4x)(=3x* +4xy)]
dx? =YV = (6y—2x2)2
At (1,0)

[—6+0+3(H) () |[0-2(1)?]-[6(3)-4(D)]|[-3(1)2+0]
(0-2)2

y'=

_0(=2)—(9-4)(-3)
o 4

_ =(5)(-3)
o 4

15
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Y. Related Rates

Example 1. given % = 2ft/s
find % when x =5 ft 8% = y? + 52

64 = y% + 25
y =39
X2 +y? = 8?2
x?+y? =64
dx dy
2xd5+2315—0
x y
Xa+ya—do
5(2) + \/39d—{ =0
dy _ —10 (V/39\ _ —10v39
E_x/@(\/@)_ 39 ft/s

Example 2. given % = 120cm3/s

find % whenV = 36n

|4 =§nr3
findr
4

V=—nr
377,'7"

361 = §T[T‘
36(3) _

4

r3 =27

r=3
AV _ AT a2y 47
dt 3(3r)dt

120 = 4m(3)% <

sphere

3

T'3
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dr 120 _ 120 _ 10
— = = =—cm/s
dt 41(9) 361 3
iven & = —_cg X — X
Example 3. given = 50, =
—60 km/h
find% whenx =9andy = 12 T Y
r? =92 + 122 =81 + 144 = 225
r =15

x% +y% =12

dx dy dar .
Zxd—é + Zydd—t = 2;‘ ” (divide by 2)
x y _ _.ar
YTV T T a )
9(—50) + 12(—60) = 15d—’;
dr - 4507720 _ 170 jem/h or —78 kim/h
dt 15 15
12
Example 4

15

6 km/hr-1hr =6
3km/hr-1hr =3

7,.2=92_|_122 12

r? = 81 + 144 L]

r? = 225

r =225 = 15

ré=12%4 (x + y)* r
dr dx d

2r5=0+2(x+y)(a+d—3t])

15 %=(3+6)(3+6)

15 ¥ — g1
dt

X+Y
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dar 81 27
T =B pm/hr
dt 15 5

x=3km

y=6Km
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Solve each of the following:

Y1. given % = —4 cm? /mm (melting .. decreasing)
find % whend = 1m =100cm r=50cm
A = 4mr? sphere
dA dr
E = 47'[(27') E )
—4 = 4n(2)(50)d—z

dr
—1 =mn(100) I

-1 _ dr

100 dt
dr -1 .
— = ——cm/min
dt 1007

20
Y2. given % = 3m/s

find % wheny = 10

2 20 i [
using similar A's =y X Y
2x + 2y = 20x
2y = 18x y =9
@ _ g
dt at
3=9=
dx 1dt
- = gm/s

the shadow moves at%m/s. The tip of the shadow moves at
3+1/3 m/s.
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Y3. given % =5cm3/s

find % whenV = 36n

4

=§nr3 sphere
36T =-mr3
36
Zx3=r3 r=3
ry

=713
v 4

CALC 1000 ACE Booklet Solutions

= 7T(37‘2)ﬂ substitute 5 = 4m(3)? ar
dt 3 dt dt

dr/dt = 5/36m cm/s

Y4. given % =10 ft/s

find - whenr =100 1007 = 802 + x?

x% = 3600
x?% 4 80% = r?

dx dar
2x;+ 0= ZTE

dr
6(10(10) =100~

T
a 6ft/S
Y5. given % = 3ft3/mm

find % when h = 6ft..note: h=2r and
r=1/2h

= mrzn =1z =103
V—3TL’T‘ h—gn(zh) h—3n(4h)

A
ac 12 at
_1 2y &h
TEL U
3= 97TE -'.E=§ft/mm

x = 60ft
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Y6.

given & =15km/h =2 = —1.0km/h
find % when x = 1.5km/h (2hr) = 3
y = (1.0km/Rh)(2) = 2
6-2=4 inside the triangle
X2 +y? = r?
(3)*+ (4)? =r?
r2=25 r=5
X2 +y? = r?
dx dy dar
ZXE + ZyE = 2r ”

3(1.5) + (4)(=1.0) = 5%

4.5-4=5 dr/dt
dr 05 0.1km/h
“ar T 5 o Otk

CALC 1000 ACE Booklet Solutions

Y7. let % be Cara's speed let % be Jocelyn's speed

dx ﬂ _
= 4m/s = 3m/s

find % after 5s

given

y =4m/s(5s) =20m x =3m/s(5s) = 15m

X2 + 2% = 2
20% + 152 = r?
r? =625
r =25

X2 + y% = r?

dx dy E
Zxdt +2ydt = Zrdt

15(3) + 20(4) = 25%

d 45480 —125”1
r

— 5 —_ 5‘ m/S
dt 25 S
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Y8. A =4nr? sphere
dar dA

given == —3m/s find p when r = 4m
Formula A = 4nr?
. . dA ar
derivative  — =4n(2r)—
& dt ”
substitute — = A (2)(4)(=3) - — = —96mm? /s

Y9. Sphere V = gnr3
given % = —4cm3 /min
find % when V = 36nem?® findr V = Snr3
36m = ~m(r)°
cancel m by dividing both sides by
36 = §r3 divide by 4

9 = %1‘3 multiply 9 by 3
27=13> r=3
formula V =2nr3
dv 34 dr
derivative — =-m(3r?)—
dt 3 at .
substitute —4 =4mw(3)2= . —4=36m—
dt dt
ar -1 .
— = —cm/min
dt o
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Y10.

V =nr?h (cylinder)
—36cm3/s (being drained)

find % when d = 60cm (r = 30cm)
formula V =mnr?h

lven i
9 dt

(radius is constant)

V =n(30)2h =900mh
derivative v _ 9007 [@]
dt dt
—36 = 900 L
dt
-36 _ dh
900 dt
dh  -36 -1
S— = —— = —cm/s
dt 9001 251
Y11.

given h = 2r, % = 12ft3/min
find < when h = 6 ft (r = 3ft)
formula cone V = gnrzh substitute h = 2r
we get V = %nrz(Zr)
~ V= %nr3
derivative & =2rg3r2)<
dt ~ 3 dt
= 21r° —
d

substitute 12 = Zn(B)Z%
ar _ 12

2 .
2 = 1an = 3.J t/min
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Y12. given: x =6
% =2 ft/s, x = 6ft, r = 9ft
X2 +y? =2
y2 =12 — x2
y? =81—36 =45
y =45 =35
derivative x? +y2 =92

dx dy
sz+ 2y—=20

dt
dx dy
x—+y==0
dt y dt

6(2) +3V5= =0

ay _
3@5— 12
dy _ -1z
dt 35
ﬂ_ 4

at 5

—— 0‘1‘—%g ft/s

CALC 1000 ACE Booklet Solutions

) d
Find <
dt
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Y13.

Yy =x+3
X
Given: &£ = 4 m/s
dt
Find: %at (3,6)at x=3
Area= base x height
x(x+3 1
AZ(T)ZE(x2+3x)
AG) = 232+
X) =5x"+ox
dA 1 dx 3 .dx . dx
— = (2x) (E) + - (3;) Substitute — = 4m/s and x=3:

dA_l2 3)(4 34
7 =7 +5®)

=12+ 6 = 18 m?/ second
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Y14.

building
Y

NONNN NN N

Given: & = 1.4 m/s
dt
Let y be the height of the building
. dy
Find —=when x = 12
dt

Similar Triangle’s

2y

4 16

4y = 32

y=38

In general — =X
-x 16
16—x 16

Flip the fractions:

8 1y— 16y
X =Y

Do derivative

CALC 1000 ACE Booklet Solutions
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. dr
Y15. Given: e 6 cm/s
Find: i whenr =3
dt

4
Formula: V = 5717”3

dV_4 3 Z)dr
TR T,
dV_4 2dr
ac - Tt

. d
Substitute: d—; =6,r=3

dV—4 3)2(6
- m(3)“(6)

dV—4 9)(6
2 = 4m)(®)

wv_ 216 cm3
7= cm® /s

CALC 1000 ACE Booklet Solutions
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A. L’'Hospital’s Rule

x

Example 3. lim &

o

3 —

xX—00 X o
e

3
Example 4. lim sin@?)
x—>0 2X
. cos(x®)(3x2) _ (cos0)(3(0))
H = chl_% . = > =0

. 1
Example 5. lnp_(sec X — E)

_ lim( g Slnx) _ 1 n_ (l—sinx) 0

x_)E Cos X Cos X CoOs X 0
2
T
_ cosx cosx\ _ C0S7 0 _
H_x_)_( )_hE (smx)_sing_l_o
2 2
Example 6. lim X2 2
_Lx_)oo o —2x -
— lim 3x2+2 o
x—co 4x3-2 00
H = lim 6x23
x—o00 12x4 oo
= li © 0
= lim =
x—00 24x 24 (o)
Example 7. 111(1)1 x* indeterminate 0°
X—
Let y=x* take the In of both sides NOTE: x* = e*!"¥
Iny = Inx*
Iny = xlnx log rules
1
lim In =
x—-07t x—07% x—07t ;
1 1 L /s
H = lim 2= = lim % = lim —(i) = lim(—x)=—(0)=0
x50+ —x72  xo0t x— x-0tx \ 1 x—-0%
So, limy = lim x* =e°=1
x—-07t x—07%
v lim x* =1
x—07%
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Example 8.

Lety = (x* + e3")71c...take the In of both sides
Iny = In(x* + e3x)§

Iny = iln(x4 + e3%)

lim Iny

X—00
1
= limIn (x* + e3%)x
X—00
. . In(x*+e3®) o
limilny = lim Inxre) =
X—00 X—00 X (o)
. 4x3+3e3% oo
(H)= lim &3¢y =
x—oo (x*+e3%) o)
. 12x%+9e3%
(H=lim —/————
x—oo (4x3+3e3%
. 24x+27e3%
(H=lim ———
x—o00 12x2+9e3%
. 24+81e3¥
(H=lim ——
X—00 24x+27e3%
243e3% o

x—00 24+81e3%
729e3* 729

243

818 818 818

3

=lim
x—o0 243e3%

s limy = e3

X—00

Practice Exam Questions on L’Hospital’s Rule

3
. x°+x oo
Al. lim = —
X—>0 XT—X
. 3x%41 o
H = lim —
X—00 4X3—1 (]
. 6Xx oo
H = lim —
x—o00 12x2 o0
H=Ilm—=20
x—00 24X
tan x—x
A2. 1 _
x-0 3x
2
secx—1 0 1
H= = sec?0 = (sec0)? = (—)
x—0 6x 0
. 2secx(secxtanx 2sec?0tan0 0
H = lim ( ) — =-=0
x—0 6 6 6

cosO0

2= ()7 =1

CALC 1000 ACE Booklet Solutions
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2 ZCOSX(Sinx) 2 si 2 1
. cosxtanx ; ] sinx .
A3. lim——— = lim———=£ = [im—— = lim (—) ==
x—0 4sinx x>0 4sin x x—0 4sinx x—0 \4
. sinx sinm 0 0
A4. lim = = =-=90
x—1 4+Ccosx 4+cosT 4+(-1) 3
. + _ 1
A5, lim 9n¥ = 90" =97 = =0
x—0
3
X
A6, lim 2 0
T x50 x3 0
2
H l ex+0—2—3% 1
=lim——=—-=—-o
x—-0 3x2 0
. 5x%-—x
A7. lim
x—o00 5x+15
H = [iy 10%=1 _ 1001
X—00 5 5
. sinx 0
A8. lim —— =-
x—2m 1—cosx 0
. cosx 1
H = lim =-=00
x—27 Sinx 0
. sinx sinm 0
A9. lim = =-
X217 X—2TC 2M—2T 0
. cos x COS 2T
H = lim = =1
x-2mr 1 1
. 5¥—e* -1 0
A10. lim —_— ==
x—=0 2Xx 0 0
5¥*In5-e* 5%In5-e° In5-1
H = lim = =
x—0 2 2 2
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All.

lim xV*
x—-07t

indeterminate 0°

Let y=x‘/§ take the In of both sides NOTE: xV* = eln*'* = gVxInx
Iny = InxV* log rules

Iny = Vxlnx

lim iny = xllr(r)1+ Vxlnx

x—07t
Inx

2X_ 0_ —
A13. limE=— === =2

x—0 COSX cos0 1

Al14.lim In (i) = limIn (tanx) = In(tan0*) = In(0*) = —oo from the
x—0t cotx
x—-0+

y=Inx graph
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A15. lim x sm(—)

X—00
51n.( 2)

0

=lim -

X—00 —2 0
X

1

2

()= lim <G

X— 00 (-2x73)

_ 1
= lim cos (—2>
x>0 X

1 1
Al6. lim (cosx)x lety=(cosx)x
x-0%

lim Iny = llm L In( cosx)x = lim
x-0% x-0*
1 .
—Cosxsmx

(H)= lim ——

x-0* 1

. —tanx
= lim
x-0t 1

limy=e%=1

In (cosx) 0

CALC 1000 ACE Booklet Solutions
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B. Critical Numbers

Example 1. Dy = (—o0, )

f'(x)=3x%>-3

fl(x)=0 3x2—-3=0
3x2=3
x2=1
x=1-1

Example 2. Dy = (—,»)

f@=ta-23 =0

2

- = no solution
3(x—-2)3

f'(x) isundefined at x = 2 and x = 2 is in DF

s X = 21is acritical number

Example 3. f'(x) =cosx —sinx =0

cosx _ sinx

Cosx Cosx

1 =tanx
T

X =-
4

By CAST, tan x is positive in T.
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.. m 5m
X == ~ critical number's are T a

Practice Exam Questions on Critical Numbers

B1. Df = (—,3) U (3,00)

, _ 2x(x-3)—-(1)(x2-5)
f (x) - (X—3)2

_ 2x2—6x—x%+5
(x-3)2

_ x?—6x+5
(x-3)2

ffx) =10
x2—6x+5=0
(x—-5kx-1)=0
x = 5,1 . critical numbers are 5, 1

NOTE: the derivative is undefined at x=3, but so is f(x) so since x=3 is NOT in the domain

of f(x), it is not a critical number

B2. Df = (—00, 00)
Fie) =25 @ -0+ (1) (225) = 0

x_?lE(Z—x)—Zx] =0

1
x 3=0 mnosolution

8 4
——-x—2x=
3 3

Z=Cx+2x
3 37 '3
8 = 10x

8 4
X = o= s Also, f'(x) is undefined at x=0 and x=0is in Dy
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~ 0is also a critical number. The critical numbers are 4/5 and 0.
B3. f'(x) = —4sinx +4sinx(—cosx) =0

—4sinx(1+cosx) =0

sinx =0
x=0,m2n 1+cosx=0
cosx = —1
X=m

~ critical numbers are 0, 7 and 2w

C. Maximum and Minimum

Example 1. Dy = (—o0,2) U (2, )

f)=x-2)"
fl(x) ==1(x—2)2
Fl(x) =0 (x:z)z =0 ~ no solution

f'(x)isundefined at x =2 but x = 2 isundefined in f
~ it is not a critical number

~ x = 2 is avertical asymptole

2
Test | Test
point | point
0 3
—1 | [—]

Put x = 2 in chart (critical and VA)

=~ decreasing (—o0,2) U (2, )
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Example 2. f(x) = 4x3 — 6x% — 72x
fl(x)=12x2—-12x—-72=0
12(x>—x—6) =0

12(x—3)(x+2)=0

x=3,-2
-2 3
Test point —3 Test point 0 Test point 4
+(0) + () + (+) (+)
=

Increasing (—oo0, —2) U (3, )
Decreasing (—2, 3)
Example 3.
f(x) =x3—3x%+2
fl(x)=3x*—6x=0
3x(x—2)=0
x =02 (bothin[—1,4])
flx) =x3—3x%2+2
f0)=2
F(2)=23-3(2)2+2=8-1242=-2 min
f(=1) = (-1)%=3(-1)2+2=-1-3+2=-2 min
f(4)=43-3(4)?+2=64—-48+2=18 max

s absolute minimum is — 2 and absolute maximum is 18
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Practice Exam Questions on Maximum and Minimum

Cl. f'(x) =8x3—64x=0

8x(x>?—-8)=0
8x(x —v8)(x—v8) =10
x=0 x=+8—-/8
—V/8 0 V8
-3 -1 1 test 3
point
GOOE) OO [ +O)H) [ +(HH)(H)
=] =
min max min
£(0)=0

f(V8) = 2(V8)* — 32(v/8)% = 2(8)(8) — 32(8) = 128 — 256 = —128
f(—V8) = 2(—V8)* — 32(—V/8)? = 2(8)(8) — 32(8) = —128
—V/8 = —2v2and V8 = 2V2
« local min(—2v2,—-128)and (2v2,-128), local max(0,0)
Increasing (—2v2, 0) U (2v2, «), Decreasing (—o0, —2v2) U (0,2v2)
C2. f'(x) =3x%2—12x =0
3x(x —4) = 0
x=0,4 ~ 4 isnotin [—3,2] sodon't check it
f(x)=x3—-6x2+5
f(0)=5
f(2)=23-6(2)2+5=8-24+5=-11
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f(=3)=(-3)3-6(-3)2+5=-27-54+5=-76
absolute maximum = 5 absolute minimum = -76
C3.a) a=-1 b=3

f'(x) =3x% —6x
f'(x)=0 3x2—6x=0
factor 3x(x—2)=0

x =0,2 [2isnotintheinterval - not tested in f(x)] check endpoints
and critical values in f
f(x)=x3—-3x2+4
f(-1) = (-1)* =3(-1)* +4 =0
f(0)=4
f(3)=33-3(3)2+4=4 . abs max = 4

absmin =0

b)a=0 b=4
1) = 3(x2 — 1)2(2x)
f'(x)=0 3(x2—1)2(2x) =0
3(x—1D(x+1)(2x)=0
x =01 —1lisnotin [0,4]
fOx)=(x*-1)°
f(0)=-1 < absmin = —1
f(1) =0
f(4) =153 « abs max = 153

c) f'(x) =—-8sinx+8cos2x =0
—8sinx + 8(1 — 2sin?x) =0
—8sinx + 8 —16sin’x =0

0 =16sin®?x + 8sinx — 8
0 =8(2sin*x +sinx — 1)
0=22sinx —1)(sinx + 1)

sinx = -1 sinx=%
No solution in[O,E] x==
2 6
f(0)=8

f (g) = 8c05§ + 4 sin (27”) =0 absmin
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f(%) = 8c03%+4sin(:) —£+—— 6v3 abs max

d) f(x) =x—Inx
fl)=1--=0
1 :% x =1 critical value
fH)=1-In1=1

f(6)=6—In6 =4.2
absmax (6 —1n6) absmin =1

C4. Answers vary. Two examples are given below:

J

absolute
&

/\ absolute

local min at )
x =2 min
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D. Concavity and Points of Inflection and The Second Derivative Test

Example1l. f'(x) = 6x% —24x + 18
6(x2—4x+3)=0
6(x—3)(x—1)=0

x=31
1 3
Test point 0 Test point 2 Test point 4
+((0) +( ) +(+)(+)
=
max min
local max(1,12) f(1)=2-124+184+4=12

local min(3,4) f3)=23)*-12(3)*+18(3) +4 =14

f(x)=12x—24=0

12x = 24
X =2
2
Test Test
point 0 | point 3
- +
~ POI at (2,8)

F(2)=2(2)3—12(2)*+18(2) + 4 =8

concave up (2,0) concave down (—o,2)
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Example 2. f'(x) = cosx — sinx

f (x) = —sinx — cosx

f)=0

—sinx cosx

cosx  cosx
—tanx =1
tanx = —1
From CAST, tan x is negative in C & S

. . s
From special A’s,tanx = 1 gives x = "

ax=2m-t=2_I_T¢ (C quadrant)
4 4 4 4
3
ax=m—S=2_I- (S quadrant)
4 4 4 4
3 i
4 4
Test point 0 T 21
-sinx — cosx -sin2m — cos2m
=-sin0-cos0 -sinrm -cosm =-1
-1 =1
=
[—]

. . . . 3n T
There is a point of inflection at X=—- and ”

concave up (%ﬂ,%ﬂ) concave down [0, %n) or (%n, 2]
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Example 3. f'(x) = 15x* — 15x2 = 0
15x%(x2—-1) =0
x=0,1-1
f(x) = 60x3 — 30x
f£'(0) = 0 inconclusive
f (1)=60-30=30>0 . localminat x = 1subx=1 into f(x) and
get (1,-2)

f(=1)=60(-=1)+30=-30 <0 - localmaxat x = —1subx=-1
into f(x) and get (-1,2)

Making Conclusions about Graphs Based on First or Second Derivatives

Example 4. Part (1) increasing
local max at x=0, local min at x=3,-2 N -
Increasing (—2,0) U (3, ) | /1\\ - f
Decreasing (—oo, —2) U (0,3) _,é? &

TE N
We can also tell by the slope of the tangent where it is concave o Semreaig
up and down. It is concave up if the slope is positive, ie. up and to the right. It is
concave down if the slope is down and to the right (negative). So, here it is
concave up from (—oo,—1) U (0, o0) and down for (-1,2).

_J._ 2~ Concave up

Example 5. f"(x) < 0 concave down L
f"(x) >0 concave up =
Points of Inflection — - -

e I T
occur when graph switches from concave 3\/2[‘1 \4-00110&‘76 down

a) s
up to down or concave down to concave up == concave down
(3)concave up (—o,—3) U (1,4)
concave down (—3,1) U (4, )
POlatx=-3,x=1,x=4
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b) concave up (—oo,—3) U (—3,2) U (5, )
concave down (2,5)
Points of inflection at x=-3, 2 and

f(x)

Practice Exam Questions on Concavity and Points of Inflection and The Second Derivative Test

D1. f(x) = 4x3 + 6x% — 72x
fl(x) =12x% +12x — 72
12(x>+x—6) =0

12(x+3)(x—2)=0

x =-3,2
-3 2
Test point -4 0 3
+(-)() +(H)() +(H)(+)
=]

Increasing (—oo, —3) U (2, o)

Decreasing (—3, 2)
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f'(x)=24x+12=0
24x = —12

X =—
2

POl at (=-,37)

2

(Do)

D2. f(x)=3x*—6x*>+9

f'(x) =12x3 —12x
12x(x>—-1) =0
12x(x—1D(x+1)=0

x=0,1,-1

() =43 +6(02—72(-3)

CALC 1000 ACE Booklet Solutions

-1 0

Test point -2 i

N | =

=

Increasing (—1,0) U (1, o)

Decreasing (—o,—1) U (0, 1)
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f(x)=36x2—-12=0

36x2 = 12
x2 =1
3
1 1
X=BV
-1 1
73 73
-2 0 2
=

-1
concave up (—00, —) U (

V3
d 11
concave down (. L ﬁ)
D3. f(x) = 3x + 6sinx on [0,27]

f'(x)=34+6cosx=0

6cosx =—3

coOsx = —
2

cosx isnegativeinS & T quadrants

From Special A

COSX = =

X ==

T 3n @ 2n
SXET o= o= = (S quadrant)

1

ﬁ;

)

CALC 1000 ACE Booklet Solutions
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T 31T T 41T
x=mto=—+-= — (T quadrant)
z i
3 3
Testpoint 0 s 21
34+ 6cos0 3+ 6m 3+6cosx =3
+ 6 cos?2m
=1
local max local min

Increasing (O, 2?”) U (4?”, 21m)
Decreasing (%n, 4?”)
Local maximum (2?”, 21 + 3/3)
Local minimum (4?”, 41 — 3+/3)
f(x) =3x+ 6sinx
F(E)=3(2) + sn
=21+ 6(2)
= 2m + 33
F(5)=3(5)+6sinT
= 4n + 6(-2)

=41 — 33
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D4. f(x) = 6x° — 40x3
f'(x) = 30x* — 120x2
f(x) =120x3—-240x =0
120x(x>—2) =0
120x(x —=vV2)(x +v2) =0

x =0,vV2,—V2
—/2 0 V2
-2 -1 1 2
OOG  1OOM (HOH) +(H(H)
=] =

POI at — /2,0 and /2

D5. f(x)=12x*—48=0

12x% = 48

-3 0 3

=

POl at x =2,-2
Concave up (—o, —2) U (2, )

Concave down (—2,2)
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D6. a) f(x) = 9x> — 15x3 + 9

f'(x) =45x* —45x2 =0
45x%2(x>—-1) =0

x=01-1
f(x) = 180x3 — 90x

£ (0) =0 inconclusive

CALC 1000 ACE Booklet Solutions

f(1)=90>0 - localminat x = 1f(1)=3, so the local minimum is

(1,3)

f(=1) =180(=1) —90(=1) = =90 < 0 - local maxat x = —1

f(-1)=-15, so the local maximum is (-1, 15)

b) f(x) =12x3—32x
fl(x)=36x2-32=0

36x?% =32
26 36 6 3
f(x) =16x

f (%E) =16 (?) >0 -~ localminatx =

¥ sub. into f(x) to find y

f(-4)= 16(%\/5) <0 ~localmaxat x = _n2

3
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D7.NOTE Dy = doesn’tinclude 0 D¢(—,0) U (0, )

a) f'(x)= (De'/x + e x(—x2)(x) = e /x — e Txx~1
eV%1—9=0

1-2=0
X
1==
X
x=1
Include where it is undefined
b) 0 1
-1 0.5 2
1 1 1
x 1—-— x 1—-— x 1—-—
e'/x(1-) e"x(1-) ex(1-)
1 1 1 1
Y 101 — — Yos(1 — — e/2(1—--)
el-=p e’os(l-53 2
e 1(1+1) e?(1-2)
:E [+] ==

Decreasing (0, 1) and local minimum (1,e)
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1
) f'()=ex(1—x71)
" 1 1
f)=ex(=x2)(1—x71) + (x7?)ex
1 1
=ex(—x7% +x73) + x2ex
101 1 1
melatata
11
= ex(x—3

f (x) =0 testpoints around x = 0 where the graph is undefined

l \
No solution % =0
X
no solution .. no POI
0
-1 1
11 11
ex(; ex(x—3
11 11
e—1((_1)3 el(f)
-1 -
=7 O
Concave down (—o0, 0) Concave up (0, )
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D8. f"(x)>0 concave up

concave up (—2,1) U
(3,0) concave down (—,—2) U (1,3)
POI at x = —-2,1,3

CALC 1000 ACE Booklet Solutions

f"(x) <0 concave down

!
T /<_ f'(x)>o
: N concave up
/ | \)7 2 JV.___
2 .03 1 H\Mx_\y“z x
— ‘ f"(x)<0
4 concave down
/

D9. Part (2)
localmaxat x = —2,4 localminat x = —0.25
If f'(x) <0 — decreasing

local max = increasing to decreasing
local min = decreasing to increasing

Increasing (—oo, —2) U (—0.25,4)
Decreasing (-2,-0.25) U (4, »)

D10. (4)concave up (—3,6)
concave down (—o,—3) U (6,0)
POlatx=—-3andx =6

D11.

Plot 2 f'(x) > 0 f(x) is increasing
f'(x) <0 f(x)isdecreasing

from increasing to decreasing —
local max

fromdecreasing to increasing -
local min

local max at x = —5 and 1.8 (approx..)
local minat x = —3

If f'(x) > 0 = increasing

concave down

i
|
\
! ;
oz dyf 200 5 4 4 5w
7
//. 7
i
decreasing
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E. Optimization

Example 1.
X
y
2x + 2y =128
x+y=064
y=64—x

FIND max A = xy
A =x(64—x)
A = 64x — x*

Ax)=64—-2x=0

64 = 2x
x =32
Ly =64—x
=64 — 32
= 32

~ length and width are both 32 and Areais 32 X 32 = 1024 m?.

Prove it is a maximum

A" (x) = -2 < 0,so it is a maximum
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Example 2. Let x be the number of feet that goes toward the circle

Let 4 — x be the number of feet that goes toward the square
C =2nr

X = 2nr
X

2n X A-X

Square ALTTX goes to each side (4 — x total for 4 sides)

Area = Acircie + Asquare

A=t =n (2 4 (5 (5)

2 2
X 16—8x+x
A=—4——

4{[ 161
I - —(_ —_
A —4n(2x)+16( 8+2x)=0
—8+2x _ —2x
16  4m
-8+42x _ —2x

4 s
—8m + 2nx = —8x

—8m = —8x — 2nx
8m = 8x + 2mx

8m=x(8+2m) x= ST to circle or —=
8+21 4

.. 41T . 41T 4(4+T 41T 16
for a minimum, — ft to the circle,4 — x = 4 — = Hm = to
4411 4411 4411 441 4411
the square

1

Prove it is a minimum A" = py + = (2) > 0,s0 it is a minimum

194



©Prepl101

Example 3.
Let R = radius of cylinder

h = height of cylinder

From Pythagorean Theorem:
2 2 2
r2=R?+(3h) =R*+> R =r2-"1
2 4 4

h2
Volume of cylinder V =nR*h =m (rz — —) h

h3 .
=T (rzh — 7) a function of h alone

dh 4
h= [2r2=%
3 3
212
h?2 (F) 1 2
R2=1‘2——= 2 V3 =T‘2——7"2=—7"2
4 4 3 3
2 2r

dv 3h?
—=n(r*——]=0 whenr?

CALC 1000 ACE Booklet Solutions

iy
]
R
~—~
4

3h? 412

= — h2=—

4 3
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Example 4. V=90
let x be width  3x be length  y be height

V =3x(x)(y) = 3x%y
90 = 3x2y y=—= 2]

3x2 x2
A =23x%)+ 2(xy) + 2(3xy) = 6x? + 8xy
Cost C = 10(6x?) + 5(8xy) = 60x?% + 40xy sub y 3X
C = 60x2 + 40x (3) = 60x% + =2

= 60x2% + 1200x71
C' =120x — 1200x 2
C'=0 120x—1200x"%2=0

120x = 22

X
120x3 —1200=0

120(x3=10) =0 x = /10
30

~ (3102
. . 3 3 30
dimensions are 3710 X V10 X Tror feet
2400 . . .
C'"(x) =120+ 2 > 0,since x > 0,s0 it is a minimum

Example 5.
4 =4 1
dx x

— =0whenx = Zfor minimum f (x)

dx
(1 _212 1+1_2 4+16_14
f4>_ (4)74 16 16 16 16

8

Prove Minimum f"'(x) = 4>0, so it is a minimum.
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Practice Exam Questions on Optimization

E1l. let x,y be the numbers
XxX+2y=24 x=24-2y
max = xy = (24 — 2y)y = 24y — 2y?
max f(y) = 24y — 2y?
ff(y)=24-4y =0
24=4y y===6
nx =24 —2(6) x =12
The numbers are 12 and 6.

E2. Max A = xy
A(x) = x(150 — 2x) = 150x — 2x? y + 2x = 150
A'(x)=150—-4x =0 y =150 — 2x
150 =4x x =375
~y=150—2(37.5) = 75
s~ Max A = (75)(37.5) = 2812.50 m?
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E3.
V = nr?h
1000 = tr?h
1000
T a2

MinA = 2nr? + 2nrh = 2nr? 4+ 2nr (1000)

r?
A = 2mr? +2000r1
A'(r) = 4nr — 200072

/ 2000
let A'(r)=0 4nr = =

3 2000 312000 3 /500
T = —_— r = _— e
4T 41T A

E4. Perimeteris 100...
2x + 2y =100
x+y=50 substitute y = 50 — x into equation for area
A=xy=x(50—-x)
A(x) = 50x — x?
A(x)=50—-2x=0
~50=2x x=25
y=50-25 y=25
maxA = 25(25) = 625cm?
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E5. Solveforh h?+y? = (2y)?

h? =3y? h=+/3y
mindArea = 2 — 4x = left for A
2 —4x = 6y
_ 2-4x _ 1-2x
Y= T3

A=x*+ %(base)(height)
A=x?+2(2y)(V3y)
A = x? +/3y?

3

CALC 1000 ACE Booklet Solutions

2
.-.A=x2+\/§(1 Zx) =x2+§(1—4x+4x2)

A= 2x+ 2 (~4+80) =0
2x =_T\/§(—4+8x)
18x = 43 — 8V3x
18x + 8v3x = 43

_ 43 _
x(18+8V3) =4V3 x=_—"—=

0.217 sides of square
_ 1—2(2.217) — 019
sides of A= 2y = 2(0.19) = 0.38m

E6. 4x+3y=120 y=-""

A = 2xy = 2x (F5) = £ (240x — 8x?)
A’ =2(240 - 16x) = 0

~240=16x x =15
_ 120—34(15) — 20
max area = 2xy = 2(15)(20) = 600m?

n| &

P=4x { 1 y
2y n \&Y

y ¥
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40—x

E7. square (eachjide " ) | X 1 square
2Tr = X T:E i 'CiICIGI AO_X
40—x\ [40—x x 1600—80x+x2% = mx?
A_(4)(4)+T[(§) - 16 +4n2
X
1
i
X -+ X
L
)
r— 1 1 — X
A =0 16( 80+2x)+4n(2x) =0
—40+x _ X
8  2m
—80m + 2nx = —8x
80m = x(8 + 2m) X = i’—; = 17.59 to circle

(40 — 17.59)to square

E8. Solveforh h?+y? = (2y)?
h? +y?=4y?> h?>=3y?> h=43y

Min area 20— 4x = left for equilateral A
_ 20—4x _ 10-2x

20 —4x = 6y y="—=—
A= x? +%(base)(height) =x?+ %(Zy)(\@y)
— x2 4+ /32

A= a2+ 33 () (22) = 22 + (100 - 40x + 4x?)

A'G0) = 2x + 2 (—40 + 82) = 0
V3 _
?(—40 + 8x) = —2x 2y, h 2y

—18x = —40+/3 + 8V3x
40v3 = 18x + 8/3x

40v/3=x(18 + 83) y F
__40v3 .
= Tor805 = 2.17 sides of square
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E9. 4x + 2nr =12 perimeter
2nr  12-4x o 12-4x

2T 2m 2T
. 12-4x\ ,12—4x
mind = x? + nr? =x2+n( - )(

T

A =x?+ (144 — 96x + 16x2)
A(x) = 2x + ﬁ(—% +32x) =0

—-96+32x

)

2T

= —2x

41T

—96 + 32x = —8nx

—96 = —8nx — 32x
-9 _ -4(24) _ 12
T —8m—32 —4(2m+8) T+4

) 12
~ sides of square = —
f sq v
12-4(-2 ,
r=——"3% 5 circle
21T

E10. A =120 =x?+ 4xy

_ 120—x?
T 4x
Max V=x2y=x2(
V'(x) = £ (120 — 3x2) = 0
120 = 3x%2 x? =140 x =+v40 = 2v10

_ 120-y40° _ 120-40 _ 20 _ 20 _ 10 _ 10V10 _ 10
© 4/a0 = 440 V40  2J10 V1o  Vio
~ dimensions are 210 X 2410 X 10 inches

120—x2

) = %(120x —x3)

201



©Prep101 CALC 1000 ACE Booklet Solutions

E11.
let x,y be the two numbers
xy=300[Q ~y=>>

min = x + 3y

M =x+3(Z2) = x +900x!
M' =1-900x"2=0
1 =900x"2
1=22  2x2=900 x=30
:%=%=10 “y =10

The two numbers are 30 and 10.

E12. V=120
let x be width  4x be length y be height
V = 4x(x)(y) = 4x%y
20— 42 12030
BRI AE 452 x2
A =2(4x%) + 2(xy) + 2(4xy) = 8x% + 10xy
Cost C = 5(8x?) + 3(10xy) = 40x? + 30xy sub
C = 40x2 +30x (3;) = 40x2 + 22
X X
= 40x2 + 900x~?
C' = 80x — 900x~2
C'=0 80x—900x2=0

900

80x = —

x2
80x3 —900=0
20(4x3 —45)=0 x =3/11.25
30

y= (¥11.25)2
dimensions are 4311.25 x 311.25 X

30
(V11.25)2 feet
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F. Sums and Sigma Notation

4 on

1\t _ 4 4 n(n+1)
Example 1. =~ i:1( ) = 2 (S 0) = 5 ( )

(n+1) _ 2(n+1) " :
2n(n+1 2(n+1 2
=== =2+

Example 3.
Sp = lim — YL, (% + 4i% + 61)
n—oo

_ 1 n .3 n 2 n_

n4
. [nz(n+1)2 an(n+1)(2n+1) . 6n(n+1)
L ant 6nt 2n4
(n+1)(n+1) . 4(2n%+3n+1) , 6n+6
= +
4n?2 6n3 2n3
__|3n(n*+2n+1) | 2(8n%+12n+4) , 6(6n+6)
12n3 12n3 12n3

3n34+6n%+3n = 16n%+24n+8  36n+36
12n3 12n3 12n3

Get common denominator=

S = 3n3+22n%+63n+44
n-— , 12nd
. 3n 22n 63n 44
lim ( g oen gy )
n—oo \12n3 12n3 12n3 12n3
. 1 22 63 44
=lim (z+ -+ s+ )
n—oo 12n  12n2 = 12n3
1

4

Example4. a=1 r=3 n=9

a(r™-1)
Sn = r—1
_1(3°-1) _ (3°-1)
S9 = 3-1 2
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Example 6.
a) 21233\/31—"'1
\) \)
m=3 j=i—-m+1
\) j=i—3+1
j=i—2 solve fori
i=j+2
fori=25 j=i-2
j=25-2
j =23

2.31\/3(]' +2)+1

— 23 /3]_|_7

Example 7. Suppose Yi25ar, =—8 and Yi% b, =5

Find Y125 (2ay + 3b, + 10)
125 125 125
—2 z a. +3 Z by + z 10

=2(— 8) +3(5) + 125(10) = —16 + 15+ 1250 = 1249

1

—7n + 2 (m)(n+1) izn(n+1)(2n+1) _ 2n n n+1 n 2n%+3n+1
2 n 6 1 1 6n

12n? +6n Zt+6n+2n?+3n+1 _ 20n%+9n+1

6n 6n

2
b) lim 2079+ _ im (Qn +24 i) = 00
6 6 ' 6n

n—oo n n—oo

Yk=1k’
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Practice Exam Questions on Sums and Sigma Notation

Fl. = —=Y7", (4i2 + 3i)
n2
S[AZE, i) +BXL, D] = [4"<"+16><2n+1> +3n<n+1)

_ 4n(n+1)(2n+1) 3n(n+1) _ 4(2n? +3n+1) n 3n+3

6n? 2n2 6n 2n
8n2+12n+4+9n+9 __8n?+21n+13

6n
Zk 1, + X b + X2, 10
= —20 +30+100 =110

= 4(10) — 2(15) = 40 — 30 = 10

F4. 124224324+ ..-4120%

1122 l2
F5. = YR =(2+4i+4)=-3L, (2 +4i+4)
_ _(Zl 1l +4Z 1l +Z ) [n(n+1)6(2n+1) +4n(n+1) n 471]
_ nn+1)(2n+1) n an(n+1) +8= (n+1)(2n+1) n 4(n+1) 18

3n n 3 1

2n?+3n+1 12n+12 24 2n?+15n+37
+ + ==

3 3 3 3

2

F6. =-yn, (i2+2+ )=3[2T‘ 2+ 2P iy 1

2 [n(n+1)(2n+1) 6 (n)(n+1) (n+1)(2n+1) n+1 18
== [ + - ( ) =————+6 + —

n 6 n 3

n?(2n?+3n+1) 18n2+18n 54 2n*+3n +n2+18n2+18n+54
= 2 + 2 2 = 2

3n 3n 3n 3n

2n*+3n3+19n?+18n+54 2n2

= > =— +n + + + —
3n 3

F7. =100(0.6) = 60
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F8. a) (N, 4+iX,i+3n,i?)

1 (n)(n+1) 1 n(n+1)(2n+1)
T i |
2 n 6
2n2+3n+1 2n +3n+1
[4 PR ] [4 n ]
6n 6n?
24n+3n +3n+2n2+3n+1 __29n? +6n+1
o 6n2 o 6m2
. 29n%+6n+1 29 1 1 29
c) lim ———— = lim ( + - —)=—
n—oo 6n2 n—oo 6m2 6

F9. = lim = [Z (i—Z)] = lim = [Zl 15~ ) 2]

n—>oo n n—-ocon

— lim [1 n(n+1)(2n+1 _7n ]

n-oon n2
— lim [(n+1)(2n+1) 12n2] lim 1 [2n2+3n+1—12n2]

n—-oon 6n 6en n—-oon 6en

. —10n%+3n+1 . 1 5

= lim (—) = lim (——-|-__|__) =2

n—oo 6n2 n—oo 2n 6m2 3

F10. hmn—[ nL it = llm 7[21 L2 i3]

[( n(n+1)(2n+1) ( 2(n+1) )] [ 3(n+1)(22:n-|;1)(n+1)2

= lim —
n—-oon

_ [(Zn +3n+1 (n +2n+1)]
o n—}oo 24714 1
. 11m @2n*+4n3+2n?2+3n3+6n?+3n+n?+2n+1)

24 n-oo n#

1 @n*+7n®+9n%+5n+1)

= — lim
24 n—oo n#

= lim (2424 +2+o)=—=—
n—-oo n n n n 24 12
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F11. Write the sum starting at 1: 3,3%,V/4i +5

j=i—-7+1
j=i—6 solve fori

i=j+6
fori=30 j=i—6
j=30—6=24
j =24
2,J4(+6)+5

= 324, J4j + 29

F12. Y%7, i?

m=4 j=i—-m+1
j=i—4+1
j=i—3 solve fori
i=j+3
fori=27 j=i-3

j=27-3

j =124
27 24
Dir=G+3)
=4 j=1
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G. Riemann Sums

Example 2.
b — a 12 -0
Ax = =4
n 3

Sum = Y, Axf(x;) =4f(2) +4f(6) + 4f(10)
= 4(7) + 4(39) + 4(103) = 596

Example 4.

f04x2dx

f(x)=x?

Ax = =
n

Area= hm h 1f(xl)Ax
—hm Z 1f(a + Axi)Ax

—hm S0+

i 31 ()2
-1 () 6)

b—a404
n

i=1
4 o4
[
L 3 ()
n n-oo n
i=1
16i
=2 lim
nn-oo l 1 n2
=lim >,
n—>00 n
—lim Z 64n(n+1)(2n+1)
n—-oo t=1 6n3
. 64(n+1)(2n+1)
=lim }*
n—oo Z =1 6n2
_lim Y (64n+64)(2n+1)
—n—>oo - 6n?
- lim Y7, 128n?%+128n+64n+64
n—-oo =1 6n2
128 . 192 . 64 128 64
=lim — t -t D=—=7
n_,ooz =1( 6n  6n? 6 3
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Example 5.
a) =2=2 .p—a=5

n n 5
xi=a+Axi=a+;i ~a=3
f38(x3)dx
b) Z2=2 .bh—a=7

n n 7
xi=a+Axi=a+;i ~a=0b=7

let f(x) = cos(x?)
f07 cos(x?)dx

CALC 1000 ACE Booklet Solutions

Example 6. Estimate the area under the graph of the function

f(x) = In(x? + 1)from x=0 to x=8 using four approximating rectangles and
right endpoints. Repeat using left end points and midpoints.

Ax = =2

R4 = Ax[f(2) + f(4) + f(6) + f(8)]
=2[In5+In17 +In37 + In 65]

8-0
4

L4 = Ax[f(0) + f(2) + f(4) + f(6)]
= 2[In1+In5+1In17 4+ In37]
= 2[In5+In17 + In 37]

M4=Ax[f(1) + f(3) + f(5) + f(7)]
= 2[In2 +In10 + In 26 + In 50]
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Practice Exam Questions on Reimann Sums

b—a

Gl. Ax = ~
f(x) =¢e*
xi = a+ Axi

xi=a+%i a=0,b=5

> p—a=5

fosexdx
G2. f(xi)=f(a+ilAx) = f(a+ﬂ)
b—a = 2—” ~b—a=2m
a=0 b=2m f(x) = sm(xz)
fozn sin(x?)dx
G3 Ax=%a=% b—a=1

= /sec(i) ~a=0 b=1

let f(x) = Vsecx

folx/secxdx
G4. b_—azg b—a=6
f(a+iAx)

=f(a+;l) ca=1b=7

7 6
JiIn(x)dx  or wuse fo In(1 + x)dx

G5. ff(x)dx—llmz ' f(xi)Ax
Ax=22=1 a=1 b=5
fx) =

fei)=f(1+i(3))
- rllllglo! 2 1+l( )]

G6. Ax b“:‘

n n

1
X
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xi:a+iAx=0+i(%)=%i
llmz - f(xi)Ax
tim 237, (%) -3 (%)] = 1im 2z, 25 -2

2
lim 3[27n (n+1)°  9n(n+1)

n-oon 4n3 2n
. [3@7)(n*+2n+1)  27n+27
= lim -
n—-oo L 4in
. '81n2+162n+81 27n+27
= lim > )
n-oo L 4in
) (81 = 162 81 27 _ 81 54 _ 27
i [ 0 @y w2 s
n—ooo L4 4n 4n? 2 4 4 4
G7.
b—a 8-0
Ax = = =2

Sum = Z AXf(xl) =2f(1)+2f(3) +2f(5) + 2f(7)
=201+ 1D+2(B)2+D)+2(B)2*+1)+
2((7)° +1)

=2(2) +2(28)+2(126)+2(344)=1000
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G8.

) 02 x3dx
f(x)=x3
b—a 2-0
Ax = = =
n

n B n
Area=lim S, £ (x)Ax
=lim 37, f(a + Axi)Ax
. 20 2
=lim S, £ (0+2) Q)

n

_ 2i\? /2
= 1m > (%) (7)
n—00 £ n n

l7=11
_ 8i3 /2
= lim (—)

1603
n4-

2

= lim
n—oo
i=1

n 2
_ 16[n(n-+1)]
N n1—>r£10 4 Tl4 2

=1
[nz(n+1)2]

4

16 [(n2+2n+1)]

4

.16
=lim —
n—-oon

=lim —
n—-oon

_lim 8 16n2+32n+16)
n—oo n? 4n2

. 8 4
(At )

6—2 4

GO Ax=—=-=1

R4 = Dx[f(3) + F(4) + £(5) + £(6)]
=1[In3+In4 +In5+1Iné6]
=In3+In4+In5+1In6

CALC 1000 ACE Booklet Solutions
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H. Indefinite Integrals or Antiderivatives

Example 1. Find the indefinite integral.

a) [ x%dx

d) [ 6e?*dx

662x
= +c
2

=3e?* + ¢

Example 2. Integrate each of the following:

a) [ 2sin3xdx

2cos3x
3

2
= —§c053x+c

b) fsecz4x do

2

= %fsec2 4x

_ 1tandx
T2 4

__tan 4x
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c)f%dx d) [ e”*dx
7x
= [ldx =—+c
59 x 7
=lln|x|+c
5
5 6 6
e)f%dx =§fx5dx=§x?+c =71€—8+c

f) [(2x — 1)(3x + 2)dx

3 2 2
=f(6x2+x—2)dx=%+x7—2x+c=2x3+x?—2x+c

1 6 5

X7+4x8 4 (1,5 4) 2 _1.6,2.5
g) [ — dx—f(zx + 2x% ) dx = —+—tc=5x+x"+c

Practice Exam Questions on Indefinite Integrals or Antiderivatives

H1. fzidx = %fx“‘dx

x4

H2. [ 2e7*dx

7x
:267+c

Integrate each of the following:

H3. [ sin3xdx

—Cc0S3Xx
=3+C
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sec?2x
2

dx

H4. [

_ 1tan2x
2 2

+c

1
= —tan2x +
) anzx + ¢

H5. fédx

—1l||+
=glnlxl+c

H7.f%5dx

_1x6+ x6+
=g teorgte

H8. Integrate: [ secxtanxdx=secx+c

H9. Integrate: [ — Ssinxdx=5cosx+c

3x8+2Vx

H10. Integrate: [(2sec?x +

)dx

CALC 1000 ACE Booklet Solutions
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6

3x X
:Ztanx+f7dx+j2\/7—dx

1
= 2tanx + 3 f x>dx + 2 J x zdx

1
= 2t + 3¢ + 2xz
= 2tanx + — 172

+c

6
X
=2tanx+7+4\/§+c

H11. Integrate: f%seczxdx=1/5 tanx+c

H12. Integrate: fidx = %lnlxl +c

sec4x

H13. Integrate: f%sec4xtan4xdx=%

sin8x

H14. Integrate: [ cos8xdx =

+c

H15. = 6tan " 'x + ¢

H16. fﬁdx = sin™! (g) +c
1 _ -1 f
Zf\/42—_—xzdx_25m (4)+C

H17. “a@”=5 f

CALC 1000 ACE Booklet Solutions

+c=§sec4x+c
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I. Definite Integrals and The Fundamental Theorem of Calculus

Example 4. a) a) f12x3dx

_[x4]2 2t 1t 16-1
4l 4 4 4

b) fol 3e¥dx =3[e*]} =3[el —e°] =3(e—1)

c) fol(x3 — 4x)dx

1

-2 -
- (-7)-0-0-

To solve tan~1 1:

Ask yourselftan ?=17?= % (special triangle’s)

Tosolvetan™10:

Ask yourself tan? = 0 ? = 0 (special triangle’s)

Recall, arctanx is defined in [—%,%]

15

4

y=tanx

(Y [ S S —

N[
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Example 5. Evaluate each of the following:

a) -~ (fz/n SCOSZxdx)=O since the derivative of a constant is 0
dx \“0
b) <= [ V2 + 4dt=vxZ + 4

d (5 . d x . :
c) [, sintdt = —— [ sintdt = — sinx

Example 6.
a) = (3x?) tan(x3) — tan(x)(1)
= 3x?tan(x3) — tanx
b) = X (2x) — e3*(3)
= 2xe*’ — 3e3*

Example 7.
f'(x) = [(1 + cosx)dx = x + sinx + c substitute f'(0) = 5 and get
5=0+4+sin0+c
c=5
f'(x)=x+sinx +5
2
flx) = f(x+sinx+5)dx =x?—cosx+5x+k

Substitute f(0)=0
0=0-cos 0 +0+ k
k=1

x2
f(x)= — — cosx +5x+1

Example 8.
a) 0

b) [e*]4 = e* —¢?

T
c) [sinx]n/z = sinm — sin (g) =0—-1=-1
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Example 9. ©.1)

— '
cosx >0 for0<x<m
(7/2,0)

31 +
lcosx| =cosx 0<x<m ;

3
|cosx| = —cosx 7T<x<7”

31

w

VA

T 3 T °n
= [2cosxdx + [:* —cosxdx = [sinx]} — [sinx]7
2 2

= (sing— sinO) — (sin%n— sin%) =1-0-(-1-1)=3

Example 10.

2 5 5
j 3f(x)dx = 21, j f(x)dx = 20, findf f(x)dx
2 —2 2

[ fdx =% =7

| 20

facf(x)dx = fabf(x)dx + .[bcf(x)dx
f F)dx = f f(x)dx+j5f(x)dx
20=7+ jsf(x)dx

5
jf(x)dx=20—7=13
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Example 11.

X t2
— lim2 9
x-0 3x 0
e 1
H=Ilim—=-
x—0 3 3

Example 12.

a) F'(x) = :—xfox(StS +t*—5¢3 -2 —3t—5)dt
F'(x)=5x>+x*—5x3—x?—-3x—-5
F"(x)=25x*+ 4x3 — 15x%> — 2x — 3

x5

b) F’(x);—xj (—4t — 6)2dt

x4

= (—4x> — 6)?(5x*) — (—4x* — 6)%(4x3)

Example 13.
Net Area= f_44|2x|dx = A1 - A2 g 4
= f_44 2xdx 6
= [xz]i4- 4
=16 — (—4)?
=16—-16=0 OR 2 A1
A=2=28_16 2=22-28_1¢ : :
2 2 2 2 4 2 2 4
s~ Netarea =A1—-A2=16—-16=0 A2
0 4
Total Area= [~ —2xdx + [ 2xdx o
A1+ A2 =16+16 =32 or DO
2 f: 2xdx = 2[x?]} 6
= 2[4? - 0] 84
= 32
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Example 14.
f(x) = 2x — x?
g(x) = x?
f(x)=g(x) for 0<x<1

f01(2x —x2)dx = folxzdx

Practice Exam Questions on Definite Integrals and The Fundamental Theorem of Calculus

11. =+Vx8+ 1(4x3) —Vcos2 x + 1 (—sinx)

12. =[(x?)?+x%](2x) — (x%? + x)(1)
=2x(x* +x2) — (x®* + x)or 2x5 + 2x3 —x%2 — x

3. =2 (constant) = 0
dx
4. FTC = arccosx

I5. FTC = 7tan 1+4/7x — 2tan™1+/2x

6. cosx>0for0<x<m
cosx <0 forn<x<37n
|cosx| =cosx O0<x<m
|cosx| = —cosx 7T<x<37n

- 3

= [z cosxdx + [ — cosxdx = [sinx]2 — [sinx]
0 ud 0

et

= (sing— sin 0)2— (sin%ﬂ— sin%) =1-0-(-1-1)=3

7 _[ 3% ]1_[3x ]1_ 31 30 2
" T lm3m3ly  Lan3)? 0_(1n3)2 (In3)2 ~ (In3)2
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18. f_zzf(x)dx = % =4

ch(x)dx = Lbf(x)dx + j:f(x)dx

j_szf(x)dx - f: FOdx + Lsf(x)dx

gfﬂwM=L;vwx1Eﬂww

=8—4=4
4
A
[ \
| | |
| | |
-2 2 5
\ )
|
8
19. [4tan~1(x)]} = 4tan~1(1) — 4tan1(0) = 4 G) —-0=nm
xq1 1 0
1oy [205]F _ 10t 100 9
'10. Evaluate fO 10%dx = [lmo]o " In10  In10  Inl10

111. Integrate f0ﬂ3cosxdx = [3sinx]§ = 3sinmt —3sin0 =0—-0=20

112. Suppose fis continuous on the interval [-5,4], f:f(x)dx =7 and
[* 2f(x) = 16.Find [°. 3f (x)dx.

1

[ f)=2=8
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7
A
[ |
| | |
| | |
-5 0 4
J
f
\ ? )
|
8
0
~3 d
f_sf(x) X

= dx — d
3 U_Sf(x) x jof(x) x]
=3[8-7]=3

113. Find f' (E) where f(t) = f_nn Vsintdt

2

s
d
f'(t) = j\/sintdt =0byFTC
-1

l a constant
The answer is C).
114. Evaluate ffﬁdx
[In(1+ x)]3 =In(1+3) —In(1 + 1)
=In4—In2=InQ) = In2

The answer is C).
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115. Evaluate f_lzlxldx
x| =x if x>0
=—x ifx<0
1 0 1
JoIxldx = [ —xdx + [ xdx
_x2 0 xz 1
=L+ 1E,

(0+2)+ (- 0) =243

The answer is B)

116. Integrate fOn/6 secxtanxdx = [secx]g/6 = sec (%) — sec0

V3

Using Special Triangles

Recall sec(n)— 1L =2 =2
¢ 6 _cosg_ﬁ_\@
2

117. |x—=5|=x-5 ifx—5=>0
=—(x—-5)ifx<5

= [7—(x = 5)dx + [ (x — 5)dx

= [_sz + Sx]z + [x?z— Sx]:

_ <_57 + 5(5)) — )+ (67 - 5(6)) -G -56))

=—22—5+25+18—30—22—5+25

=13
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2
2,24, = [ﬁ] _8_1_7
118. Integrate [ x?dx = 3, =333
_ /4
119. Integrate fn/4 sin8xdx=[ Cossx] SR R 422
0 0 8 8 8 8

120. Integrate [ x? (x + x%) dx=[ (x3 + i) dx = %4 + In|x| + ¢

121.1f F(x) = f; sintdt = — fsx sintdt, find F'(— %)

F'(x) = —sinx

() = s (D) =snt =

122. 2 [* tanV2tdt = tan\2x
dx 77

31

123. Integrate [ |sinx|dx
|sinx| =sinx if0<x<m
= —sinx ifn<x<37”

31T 3

= fon sinxdx + [ 2 —sinxdx = [— cos x]§ + [cos x]?
3w
= (—cosm +cos0) + (cos; — COST)

=(--D+1D+(0-(-1)) =3
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124. If f'(x) = 3e* + 2,and f(0) = 6, find f(2).

f(x) = j(3e" + 2)dx

f(x)=3e* + 2x + ¢ substitute x=0 and f(x)=6
6=3e? + 2(0) + ¢

c=6-3=3

f(x)=3e* 4+ 2x +3

f(2)=3e?2+2(2)+3=3e2+7

3 2
125. F(x)=f(3x2—6x+1)dx=3%—6%+x+c

Fix)=x3—3x%2+x+¢
-4=c
F(x)=x3—-3x%*+x—4

F(1) = 1-3+1-4=-5
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126. Total Area= f03 —(x —3)dx + fgs(x —3)dx

OR DO A—@

Total Area= A1 + A2 = % + 2(2)
4
2

+

=N | O
w

Net Signed Area= A1 — A2
_ 2 36
2 2

N |

49
2 2

N |

127. Net Area= f_zz 3xdx
2

_ [3x?
=[5,
3 3
=-(2%) —3(-2)*
=6—6=0

Total Area= 2 foz 3xdx or f_oz(—3x)dx + f02 3xdx

3x21?
—27]0
=2[2(2? - 0| =12
t2+3t—4=0
t+4)(t—-1)=0
t=1-4

CALC 1000 ACE Booklet Solutions
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©Prepl101

128.
a) s(2) —s(0) = [(t? + 3t — 4)dt
2 2
=[E+%- 4t]

2
= -+3@) ~4(2)-0 :
ro-8

I oo

b) [ lv(®)ldt = [} —v(t)dt + [ v(t)dt
= [ (—t? =3t + 4)dt + ["(¢> + 3t — 4)dt
3t?

_[_—t3—£+4t] +[—+——4t]

= (3357 )—0+[<— Py 420
—-2+4+2+6-8-2-2+4

== 4222 416814

/.

— 4(1)]
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120.If f"(x) = =+ 3 where f'(1) = 2+ f, find f'(3)
2
e = [ rrde= [ (5+3)dx

~f'(x) =2In|x|+3x+c

Substitution (1,2) 2=2In1+3(1D) +c
x, f'(x) 2=3+c¢
c=-1

~f'(x)=2In|x|+3x -1
f'(3)= 2In|3| +3(3) -1
=2In3+38
130. If f"(x) = 2e?* + 5sinx + 1,f'(0) = 1, f(0) = 2, find f(x)
f'(x) = ff”(x)dx = f(2e2x + 5sinx + 1)dx

2e2x
2

s f(x) = —5cosx+x+c=e**—-5cosx+x+c
Substitution f'(0) = 1
21=e%—5cos0+0+c

1=1-5+4c¢

c=5

“f'(x) =e** —5cosx+x+5

f(x)=jf’(x) dx = f(ezx—5c03x+x+5) dx

0 2% 2
f(x)=7—55inx+7+5x+k

Substitution f(0) = 2
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eO 02
2=?—55i1’10+7+5(0)+k

1
2=5-0+0+0+k

k=2 L
= 5=

NS

3
2

N =

2x x2

] 3
--f(X)—T—SSII’IX+7+5X+E

131. a)

fow/fl dx = [sin™" x]°
X = |SIn X|_
-1 1—X2 !

=sin™1 0 —sin~1(-1)

S0-()-3

. . . . w7
Recall, arcsin x is defined in [_E’E]

T

To solve sin™1(—1)

Ask yourself sin ? =-1

==
2

sin~1(0) = 0 sincesin0 = 0

CALC 1000 ACE Booklet Solutions
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y =sinx
L
_ 2
2 This is not in [—g,g]
bfl -1 d _[ -1 ]1
)0\/1__962 x = [cos™ x];
T s
-1 -1
=cos " 1—cosT'0=0—== —=
2 2

Tosolve cos™1 1

Ask yourself cos ? =1
?=1

To solve cos™1 0

Ask yourself cos ? =0

==
2

CALC 1000 ACE Booklet Solutions
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Recall, we draw arccos x in A,S

[0, ] Y = COS X

N8

132.If f'(x) = 3x%+ 2 and f(0) = 3,then f(1) =

f(x) = [(Bx? + 2)dx

fx)=x3+2x+c sub x=0 f(0)=3

3=0+0+c
~Cc =13
f(x)=x34+2x+3 ~f()=13+2(1)+3=6

133. A particle moves along a line so that its velocity at time t is
v(t) = t? — t — 6 in metres per second.
a) Find the net displacement of the particle from 0 to 4 seconds

s(4) —s(0) = [ (t*> — t — 6)dt

3 2 4
-[£-5-of

3 2 0

43 42
—6?—7—6(4)—0
=2 -8-24
_&_ 32
T3 1
_ &1 _ 9
T3 3
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b) Find the distance traveled during 0 to 4 seconds

t?—t—6=0
t=3)(t+2)=0
t=3-2

Llv®ldt = [ -v(®) + [, v(t)dt
= [2(=t2 +t + 6)de + [ (t2 — t — 6)dt

—t3 ¢ 3 3 42 4
=[5+ 5o +[5-5-er],

43 4

220 o] (52 o) 22 o0
=4 2+18+ - 224242418

=16=
3
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J. Substitution

2
Example 1. fgiir;: dx subst let u=x3+x du= (3x?+1)dx
. 1 _4 . u_‘3 (3473 . 1
—fu4du—fu du=—+c="— = S T
b) [(40x — 16)(5x? — 4x)® dx
=4 [u®du subst letu = 5x% — 4x
7
=4%+c du = (10x — 4)dx
2 4NT
G M 4du = (40x — 16)dx

7

dx u
c) [ T3 subst u=2x+3 du=2dx —=dx
= [(2x + 3) 8dx

= %fu‘sdu

= c = —+¢
14u’ + 14(2x+3)7 +
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d)fmdx subst u=1+Inx du=%dx
= -2 f%du
= -2 fu"?du
= —2 [u_—_ll +c
-+
_ 2
1+inx
e) [ 4xe* dx subst u=x? du=2xdx 2du=4xdx
=2 [e%du
=2e% 4+
=2 +¢

ex
Example 2. Integrate fmdx
u=e*+4 du = e*dx
1
= | g

1
uz2

1
=fuTzdu =++c=2Vutc =2Ve*+4+c
2
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Example 3. Integrate [ 2sinx(1 + cosx)>dx
u=1+cosx
du = —sinxdx
—du = sinxdx
= -2 [u’du
6
- 2[2]+

= [_?1116] +c¢ = _?1(1 + cosx)® + ¢

Example 4. Integrate [ 2tan®xsec®xdx

u=tanx du = sec?xdx

8

Example 5. Integrate |

(arctan 2x)(1+4x2)
1 2
u=arctan2x du= T (2)dx = ——dx
1 8
4du = ——— (2)dx = ———d
L T 2 D = T

= 4fldu = [4In|u]] + ¢ = 4In |arctan2x| + ¢
u
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Example 6. [ sin®*xcos3xdx Let u=sinx and du=cosx dx

= [sinxcos3xdx = [ sin®xcos?xcosxdx use the identity sinx+cos?x = 1
= jsin3x(1 — sin?x)cosxdx = f u3(1 —u?)du = J(u3 —u®)du

_ (sin*  (sinx)®

1, ,
ko= sin*x — 16 sinx + ¢

4 6 4 6
2
Example 7. Evaluate: [ —dx

u=14+x% du=2xdx
d—uzxdx
2

x=1u=1+4+1*=2

x=2 u=142%=5

e3 Inx

Example 8. Evaluate: [, —dx

subst letu=Inx du= %dx
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In2 e*

Example 9. Evaluate: [ ——dx

subst u=e*+1
du = e*dx
x=0 u=e’+1=14+1=2

x=In2 u=e"24+1=2+1=3

2 u

=[lnu]3 =In3—-1n2 = ln(g)

Example 10.

1
j 2x(x — 1)*dx
0

u=x-—1 x=0

x=u+1 u=0-1=-1

2| (u+ Du*du

-1

0
= Zf W’ +ut)du
1

ut  us]°
6 5|
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I (GG
-2(0-[57+57)

—-2(55-5)
30 30
= 2(~5;)
B 30
_ 2 1
307" 15
Practice Exam Questions on Substitution
J1. u=arctanx du = ! > dx
1+x
5 5
=fu4du=u?+c or @+c

J2. Integrate: [tanxdx tanx = % subst let u = cosx
du = —sinxdx

—du = sin xdx

sin x 1
=j dxz—j—du=—1n|u|+c=—1n|cosx|+c
cosx u

J3.

secx+tanx . . secx+tanx
= [secx (—) dx trick multiply by ———
secx+tanx secx+tanx

. fsec2x+secxtanxd

letu = secx + tanx
secx+tanx

du = (secxtanx + sec? x)dx
= f%du = In|u| + ¢ or In|secx +tanx|+c
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2
J4. Evaluate | f ()

dx

u=Inx du=-dx
X

J5. Integratef—dx

1 1

u=1x du = Ex_de 2du = —dx

==

j—dx—Zje”du=26”+c=Ze‘/§+c

J6. Integrate [ 6x%(x> + 1)*dx

u=x3+1 du = 3x%dx 2du = 6x%dx
=2fu4du:2u—5+c=2u—5+c=2m+c
5 5 5

Vs

J7. Evaluate [*tan’xsec’xdx

u=tanx du = sec?xdx
x=0 u=tan0=0

T T
x=- u=tan-=1
4 4
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X

1
0 (x2+41)% dx

J8. Integrate

x> +1 du=2xdx

u =
x=0u=1
x=1lu=2

1 2
j X J _1[ ey, =
S Y

0 1

CALC 1000 ACE Booklet Solutions

du_d
Z—xx

B 1[1]2_ 1(1 1>_ 1( 7)_7
— 6ludly, 6\8 1/ 6\ 8/ 48

2x3
dx
x%+1

J9. Integrate fol

u=x%*+1

x=0u=0+1=1

x=1lu=14+1=2

2

1
j x3 4 _1j1d B
1T T

0

1

1
= Ean = ln21/2 = ln\/z

du = 4x3dx

du
— = 2x3%dx

1[l||]2—1(l2 11)—1(12 0)
5 Linfully == (n nl) = - (In
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J10. Integrate foz dx

x2+1
u=x*+1 du=2xdx .°-dz—u=xdx
x=0 u=o*+1=1

x=2 u=2*+1=5

1p5du 1,51, _ 1 s 1 _ _1 _
—21u—2f1udu—2[lnu]1—2(ln5 In1) = -(In5— 0)
_1l5 In5
— WO 5
J11. u =1+ cosx du = —sinxdx

x=0 u=1+4+cos0=2

=
Il

wly
e
Il

1+cosE u=1+-=2
3 2 2

= [ & = [Inu] —[ln——an]

Zu

=in(3) =)

2 3x2
J12. Integrate fl (x3+1D)[In(x3+1)]*

dx

1
u=Inx*+1) du=— 2)dx
X
x=1-> u=1In2 x=2 > u=1n9
_fln9id _fln9 _4d _[u_]an_[ In9
T Jing @ AU = ) AU = n2 3udling

= [3(ln9)3 t 3(1:2)3]
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J13. Integrate fol xfil dx
u=x?+1 x=0 u=02+1=1
du=2xdx x=1 u=12+4+1=2

3du=6xdx
=3 /= =3[nul? =3(In2—In1) =3In2 - 0 = 3In2 = In2* = In8

J14. Integrate f;x\/%_xdx

u=Inx du=ldx duzldx
X X

x=2 u=In2

x=3 u=I[n3
In3
fln3 1 d ln3 — u2
In2 Ju ln2
in2

= [2v], = [2vIn3 - 2vIn2]

9(1+\/—) do

J15. Find [

1 1
u=1++x du = —x 2dx 2du =

> dx

==

x=1lu=2

x=9u=1+V9=1+3=4

9(1+\/;)3 _ * 5 B ud 4_ 44 24
dex—szu du = [_L_Z[Z_Z
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Vx
116. [ =dx

u=+x du =-x ;dx 2du = —dx

2
J17. Evaluate: fon“\/% x

subst u=1+tanx
du = sec? xdx
x=0 u=1+4+tan0=1

x=2 u=1+tan==1+1=2
4 4
1 12 2
21 2 = u2
= 1\/_Edu :flu Zdu: ?] :[2\/5]1
1

=2V2-2V1=2V2-2

J18. Evaluate [ tan®xsec?xdx

u=tanx du = sec?xdx

4 4
u tan®x

Jwidu= —+c=

4 4
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X

J19. Integrate | T dx
du
u=x%+1 du=2xdx 7=xdx
-[ x d_lj‘ 4y __1u‘3+_ 1+
G+t T2 M ETAN R T T e T

6(x%+1)3 ¢

2x3
J20. Integrate [ ——dx

du
u=x*+1 du=4x3dx - = 2x3dx

j Ly —1f1d o=t 11+
x4+1 x—2 uu—znu C—znx C

8x
x2+1

J21. Integrate [ dx

u=x>+1 du=2xdx - 4du = 8xdx

1
=4fadu=4ln|u|+c=4ln|x2+1| +c
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J22. Integrate [ 8x3Vx* + 1dx
subst u=x*+1 du=4x3dx
2du = 8x3dx
=2 [Vudu

3

1 z 2\ 3 4 3
= 2 [uzdu =2u?+c=2(§)u2+c=§(x4+1)2+c

2

2
c“(lnx) dx

J23. Integrate [ = -
subst u=Inx du= ldx Edu = —xdx
1 2
= - [ sec?udu

1
= Etanu +cC

= %tan(ln x)+c

246



©Prep101 CALC 1000 ACE Booklet Solutions

J24. Integrate fon/z cos® x dx
Substitution

u =sinx

du = cosx dx

x=0 u=sin0=20

T n_l
x—zu—smz—
Identity

sin?x 4+ cos?x =1

ncos?x=1-—sin%x

/2
j cos3 x dx
0

/2
= j cos? x cos x dx
0
/2
= f (1 — sin?x) cos x dx
0

= jl(l —u?)du

w3l
=P‘?O

1
- 1—§)—(0—0)

wlinNn -/
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J25. Evaluate: foz 6x2e*’ dx

subst u=x3 du=3x%dx 2du= 6x%dx
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K. Other Types of Integrals

Example 1. Integrate f_55 V25 — x2dx

If we write y = V25 — x% and square both sides, the square root will
disappear and we get:

y? = 25 — x? simplifying, we get...

x* + y* = 25...which we recognize as half of a circle, since originally, we only
had the positive square root of the function

This circle has centre at (0,0) and radius=5
Ao mr?  m(5%) 125
T2 T T

Example 2. Determine whether each of the following functions are odd, even, or neither.
a) f(x) =x3—x
f(=x) = (—x)° = (—x)
=—x3 +x
= —(x* —x)
=—f(x)

since in this case f(—x) = —f(x), the function is odd

b) f(x) =x*+1
f=x)=(-x)?+1
=x2+1
= f(x)

since f(—x) = f(x), the function is even

c) f(x) = 3x — x?
(=x) = 3(=x) — (—x)?
= —3x — x?
since f(—x) # f(x)and f(—x) # —f(x), this function is
neither odd or even.
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Example 3. Determine whether the following functions are odd or even:
a) f(x) = x3sinx

x3 is an odd function, since (—x)3 = —x3

sin x is an odd function, since sin(—x) = —sinx
Thus, f(x) = x3sinx
= odd X odd = even

b) f(x) = x3cosx
x3 is once again an odd function, however, this time cos x is
an even function, since cos(—x) = cos x.

thus, f(x) = x3 cosx
odd X even = odd
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L. Practice With All Types of Integration

1. Ax=22=2 .p-—a=2n
n n
f(xi) = f(a+iAx) =f(a+27ni) ~a=0,b=2m
o 02n cos xdx

2. 22_-1 .p_ag=1 a=0b=1

f(xi)n= fo+=i)=f(5i) let f(x) = Vescx

The answer is B.

—~—3S|r

13. [In(1+x)]f=In(1+4)—In(1+1)
=In5-In2=In®)
The answer is E.

4. |x|=xifx>0
=—x ifx<0
= f_oz —xdx + foz xdx
_xz 0 xz 2
=5+,

=(0+(‘22)2)+(2—0)=2+2=4

5. f'(t) = %(fgnxﬂ +costdt) =0 FTC

l a constant
The answer is C.
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6. [’ f)=%=8

=5/ f(x)dx =5(8-5) =5(3) = 15

3
\ A
( | |
| | |
| | |
-5 0 3
\ J
|
8

L7.  =sin"1/(x2 + 1)2 + 1(2x) — sin"* VxZ + 1(1)
=2xsin"!{/(x2 +1)2+ 1 —sin"?VxZ2 + 1

8. |x—5]=x—-5 ifx—5=0
=—(x—=5) ifx<5
=f_51—(x—5)dx+f56(x—5)dx

- [, [,

_ <_52—2 + 5(5)> - (— 0%y 5(—1)) + <62—2 - 5(6)) - & -505)

= -2 425+ +5+18-30 -2 +25

25 25 1 49 86 49 37
—43-2_2421_y3 2 _2_2D_%¥
2 2 2 2 2 2 2

1
~dx
1+x

x=0 u=tan"10=0
x=1 u=tan‘11=%

19. u=tan'x du=

n b4

u2 2

=2f§udu=2[7]i=2[g—0]=2i:

7'[2

32 16
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L10. = f:(cos2 V2x + sin® v/2x)dx = fos 1dx = [x]3
=5—-(0)=5

L11. V49 — x?2 % circle with radius 7

A=Zmr2 =g =2q
2 2 2

— tan—l( 4 _ (@) @xd)
L12. u=tan"'(x*) du= Tt N2 14a0

x=0 u=tan"'0=0
x=1 u=tan11=12

4

: e _ (@) :
- u- |4 4 A
= Jjudu= 3] =%--0=5

113. u=14x? du=2xdx dz—uzxdx
x=1 u=1+1%2=2
x=2 u=1+2%?=5

1,51 1 1 1 5
=5f2 ;du = E[lnu]g = E[lns —an] — Eln(E)

L14. =[tan"'x]} =tan"11 —tan"1(0) =% —0= %
L15. F'(x) = sin(0)(0) — sinx(1)
F'(x) = —sinx

F' (—%) = —sin(—%) = —(—sin%) = sin%z\/—lE

L16. u=tanx du = sec?xdx
x=0 u=tan0=0
x=2 u=tan==1

4 4
7

1 w3t 1
=7 uzdu=7[?]0=7(§—0)=§
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L17. u=Inx du=§dx
x=e u=lne=1
x=e? u=Ine®=3lne=3
3 u 32 12 8
R

L18. = cos~! \/E(AL) — cos‘1 Vx(1)

L19. V1 —x? %circle (from—1to1) y=vV1—x?
1 y2=1_x2

/\ x2+y2=1 r=1
nr?

-1 1 Between-1 and O is 1 ofthecircle A=—=
4 4

L120. u=Inx du =idx

x=1 u=In1=0
x=4 u=1In4

In 4
_ ln4 . (1n4)2_ _ (In4)?
- o [ ] 0= 2
_ -1 — — ot L
L21. u=cos ‘x du = de du — dx
x=—-1 u=cos (-1 =n

_ T
x=0 u=cos 10:5

2
T 2T ()2 T 2 2 an2 g2
O -

2 2
2

122. u=x%? du=2xdx 3du= 6xdx
x=0 u=03=0
x=2 u=2%*=4
=3f04e”du=[3eu]‘(§=3e4—360=3e4—3

GO
4 4
312
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L23. u = sinx du = cosxdx
= | ! ~du =tan"' u + ¢ = tan"(sinx) + ¢
1+u

L24. u =sinx du = cosxdx

T . I
X=—-— u=Ssn—-=-
6 6
Vs . T
x=— u=sin—-=1
2 2
1
1 u® 1 (05)° 1 1 32 1 31
= 1u4du=[—1:—— = ——— = —
= 511 5 5 5 160 160 160 160

L25. u=Inx du=idx
=1 u=In1=20
x=e u=Ilne=1

=f01u5du= [u—e] =l—0=%

=

126. u=4+¢e* du=-e*dx
1 % Zu%
= [Vudu = fuzdu=+c or “=—+c
3 2 ’
— —2(4+:x)§ +c

b3 51 51 13
L27 _ [tan 5x]4 _ tanT . tan 0 _ tanT _ tanz

1
0 5 5 5 5 5

L28. u =secx du =secxtanxdx

5 5
= [sec*xsecxtanxdx = [u*du = ”?_I_ cor X4 .
L29. = 1 lim [4n + n(nt1) + n(n+1)(2n+1)
nn-oo 2n 6n
1. an  n+l | 2n?+3n+1
=—lim |[—+ ]
Nnnoool1l 2 6
1 .. [24n+3n+3+2n%+3n+1  [2n%+30n+4
== lim [ = lim [—]
nn-oo 6 N 00 on
n—oo éen
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130, Ax=2%=-% .p_a=6

n n .
f(xi) = f(a+iAx =f(a+%)
leta=1 b—-1=6 b=7
ffx/;dx
L31. [ 22

1+x3

dx

u=1+x3
du = 3x?%dx

2du = 6x2%dx
1

Zj—duz 2In|ul + ¢
u

or2ln|1+x3|+¢

sinx
= dx

1

u=+x=xz

1 2
duzzx 2 dx

L32. [

1
2du == dx

dx

_ljsin\/}
=3 %
2

=§fsinu du

2
§[

2
= —§cos\/§+c

—cosu]+c
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M. Area Between Curves

Example 1.

b
A= f (top — bottom)dx

a

A= [5G -R)dx = [3x - 227 = (27-2(92) - (0-0) =

2 81 54
27 -2Q27) == -2=9

y=3

or use top and bottom with 0 to 9 for x-values
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Example 2.

b
A= f (top — bottom)dx

a
A= f:(sinx — 0)dx = [—cos x|

=—cosmt+cos0=1+1=2

g
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Example 3. Find the area of the region bounded by y = lnx, y = 3,the x —
axis and the y = axis.

Point of Intersection 3 =Inx x=e?3

A= f03(ey —0)dy
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Example 4.

] |:—|.—]:I
|
|

Figure 12.6-2

1
A= ZJ (x — x3)dx wusing symmetry
0
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Example 5.

x =2y%—2

-2 |0

0 |1

0 |-1

Point of intersection (Set x=x)

4y + 4 = 2y* -2

2(y? — 2y — 3) = 0 factor

=3+ =0
y=3,—-1

3 3
A= j(4y +4) — (2y? = 2)dy = f(—Zy2 + 4y + 6)dy
-1 -1
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Practice Exam Questions on Area between Curves

M1. 0.5y% . userightand left
0.5y2—1=y+3

y2-2y-8=0

(y-4)(y+2)=0

y=4, -2

a=[5|Gy*-1) - 0 +3)]dy

=% |Gy? -y —3)|dy

CALC 1000 ACE Booklet Solutions
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M?2.
Point of intersection
-D?=-y*+1

y2-2y+1=—-y*+1

2y2 =2y =0
2y(y-1) =0
y=0,1

A=l =17 = (= +Dldy = [[(7* =2y + 1+ y* = 1dy =
Jy 2% = 2y)dy

T

(0.1)

|

A=(—2/3(3*+2(3%) +6(3)) — (=2/3(-1)3 + 2(—-1)? + 6(-1))

=227 +18+18—(34+2-6)=—-Z+36-2+4=—2"+40
3 3 3 3 3

56 120 64

3 3 3
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M3. Intersection x? = 2x — x?
2x%>—=2x=0
2x(x—1)=0 x=0,1

A= fol[(Zx —x?2) — (x?)]dx
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M4.y =sec’x y=2
x=—- to -
4 4
A Vi
A= ,44 (2 —sec’x)dx or 2 /4(2 —sec? x)dx
T, 0

T

= 2[2x — tan x]g

=2 [(%” — tan %) — (2(0) — tan 0)]

=m7—2

0:-5

-1!8 -1 -0:5 0 05 1 15
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X

M5. point of intersection /x = ~

(2vVx)* = (x)?
4x = x?
0=x%—4x

0=x(x—4) x=04

3 4
xz  x? 2,3 4 16
= [?—ZL =GM@2—-7-0)=—~

4 16-12 _ 4

1 3 3
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M6.  point of intersection

0=e*Ee**-1)

e* = 0 no solution
er — 1

Ine?* = In1

x=0
1

A= fol(e3x —e¥)dx = [? — e"]o = (f — el) — (e—o —e9)

es 1 es 2

=——ee—+1=——-—e+-
3 3
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M7. point of intersection 8 =e*

A= folns(8 —e¥)dx
= [8x — e*]\n8

=(8In8—e"®) -~ (0—-e%)=8In8-8+1=8In8-7
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MB8.y=2% y=27% from —1to1l

Setuponly A=2 1(2" — 27%)dx since it is symmetrical
0
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’ 2k 3 1 1
Mo. A=f01(\/§— x%)dx = [Zx l_ x_]o — %(1) /2 — =—(0) =+

3

3 3
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M10. /
y
y=Ix]
y=x22
y = |x|
y
0 0
1 1
-1 1
2 2
y=x%-2
y
0 -2
1 -1
-1 -1
2 2

Absolute value of x is just x here since x is positive
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2
A:ZJ [x — (x? — 2)]dx
0

2
=2f (x —x2% + 2)dx
0

3 2

Y L
e

0

B 22 23
=2 7—?+2(2) -0

8
=22-3+%

259222 2() -
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M11.

2 1
A=J<\/x+2— )dx
x+1
2

(x+2) 2 — In|x + 1|]
0

UJINUJIN

|
504
= g(s) In3 —gx/§

16 2

=?—ln3—§\/§

3/2 ln3] — E (2)3/2 — lnl]
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M12.

| I:—l.—]]
|
|

Figure 12.6-2

1
A= 2[ (x — x3)dx wusing symmetry
0
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e

M13. y =cos2x, y =sinx fromx=0,z

A= | /6(cos 2x — sinx)dx + f /4 (smx — cos 2x)dx

TL' A

6 sin2x12
+ cos x] + [— Cosx — ]n
0 2 z

_ [sin 2x

6

sing . sin= T sint
=( 2 + cos )—(smO+cosO)+( cos———z)—(—cos—— 3)

2 2 4 2
V3 3 1 V3
_T+__1_E_'+\F+_

4 2 2
y = C0S 2x

X y

0 1
n cosm = —1
2
T n_O
2 cosz—
Y m 1
g COS§—E

T
Point of intersection
y =sinx

X y

0 0
n 1
2
T
c Z
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A= jtop — bottom

2
_ 2
A—L(4 x)dx

Point of intersection

A= fright— left

OR 4= fo (/5 —0)dy
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M15. Point of Intersection
2x2=—x+1
2x2+x—-1=0
2x—1Dx+1)=0
1

=1,
x 2

12 1/2

A= f top — bottom = [(—x +1) — 2x?%]dx = j (—2x% —x + 1)dx
-1

-1

(0.5.05)

279



©Prep101 CALC 1000 ACE Booklet Solutions

M16. Find the area of the region bounded by y = x? and y = x..

A= fol(x —x%)dx x — values

_[xz x3]1_1 1 3-2 1
T l2 3l 2 37 6
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M17. Find the area of the region bounded by y = Inx, y = 3, the x — axis and

the y — axis.

Point of Intersection 3 =Inx x=¢e3

A= fog(ey — 0)dy
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M18. Find the area of the region bounded by y = e* and y = e™ from

x=0tox =2.
A= foz(ex — e )dx

= [e™ + e

=(e?+e?)—(e'+¢e%

—e24+ -2

e?

" x=2
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M19. Set up the integral representing the area of the region bounded by y = x3,
y=8and x = 0.

Point of Intersection x3 =8 x=2
1
A= [} (yi—0)dy right—left

[3 118 3 8)5—0=2(16) = 12
= |—7V3 = - 3 — = — =
270~ 2® 4

OR f2(8—x3)dx= 8x —*|?=16—4=12 top— bottom
0 410 p

=8
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M?20. y=x and y?=x + 6.

X y
-6 0
-2 2
-2 -2
3 3

A=[> )~ - 6)dy=[" (=y* +y + 6)dy

find point of intersection, set x=x

y=y*—6
y:2—y—-6=0
0=0U-3)U+2)
y=3,-2
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M21. Find the area bounded by the curves x = y? + 3y and

y=x—3
X y

3 0

0 -3

y=10,-3 A= LI +3)— ?+3yldy = [ (-y? — 2y + 3)dy
Point of intersection y? + 3y =y + 3

y2+2y—3=0

y+3)y-1 =0

y=-31
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M22.

sinx = cosx

sinx _

cosx

tanx =1
X = % from special A's

A= f:(top — bottom)dx

Y

= [#(cosx — sinx)dx

CALC 1000 ACE Booklet Solutions

y=sinx |

N
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M23. It is bounded by the x-axis
y=x—6 or x=y+6
y =vx or x = y?
Point of intersection y =1y
(Vx)? = (x — 6)2
x =x%—12x + 36
0=x%—13x+36
0=x—-4)(x—-9)
x =49 y = Vi =2

_ 3[right —left 9| top — bottom
= fO [(y + 6) _yz] dy ordo fO [(\/}) _ (X _ 6)2] dy

= [J(-y* +y + 6)dy

S

II- ha =] B
LS PRRUSIPSDNS [N._SU ARSI GRS S — ¥ A s S - A N S —"
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M24.

Point of intersection
—x’+x+8=6
0=x%>—x—2
0O=((x-2)(x+1)

x=2—-1

CALC 1000 ACE Booklet Solutions

A= f_zl[(—x2 +x+8) —6]dx = f_zl(—x2 +x + 2)dx

288



©Prep101 CALC 1000 ACE Booklet Solutions

M25.
y =Inx intersects withx =3

A= ff(top — bottom)dx at In3

A= ff(lnx — 0)dx = [xInx — x]i =

(3iIn3—-3)—(n1—-1)=3In3 -2
Integration by parts would be use u=Inx and dv=dx, so that du=1/xdx and v=x

/

y=Inx

x=3

In3

You can also use right/left and get fomg(S —eY)dy = [3y — eY] 0
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M26.

Yy = COS 2x

X y

0 1
z 1/2
6
z 0
4

CALC 1000 ACE Booklet Solutions

/6
A= f (cos2x — sinx)dx
0

T

_ [sian

+ cosx]
2

0

= (—Sin(:/s) +cos™/c— (0 +1)

2

= (ﬁ (1) n «/2_5) _ 1) _ V3+2V3-4 _ 3V3-4

2 4
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N. Volume of Solids of Revolution

Example 1.

Interval=[1,4]

Thickness=Ax

Top=x? —4x + 5

Bottom=0

Volume=m ff((x2 —4x + 5)% — (0)?)dx
Vof one disc = m(x? — 4x + 5)%Ax
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Example 2.
Interval=[0,1]

Thickness=Ax

Top=§/§
Bottom=0
Volume of one disc=n(‘r§/§)2Ax
1[/s 2 1 2 5 7 1
V=m] [(\/}) — 02] dx=m [ xsdx=m [;xs‘»]o
5 5
=nlz-0[=%
1
0 1 2 3
=1
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Example 3.
Interval=[1, 2]

Thickness=Ax

Top=x3
Bottom=0
Volume of one disc=mr(x3)?Ax
2
o (2(32 A — 26_["_7]—2_7_1]
V=r[ () de=m[ x°dx=m| N
6
4
2
-2 0
-2
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Example 4.
About y-axis interval=[0,4] <« y — values

Thickness=Ay
1

Top= ys3
Bottom=10
2
Volume of one disc=rt(y3)Ay
4, 1 4 2 3 51* 3,2
V=l dy = nf)ysdy =n|lys| =m|l ()]
Example 5. Set up, but do not evaluate 7y = cosx
1

X=cos 'y
Interval=[0,1]

Thickness=Ay Y5l
Top=cos™ 1y
Bottom =0 21

Volume of one disc=mr(cos™! y)2 Ay
V= nfOl(cos‘1 y)2dy 1

23
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Washer’s Method

Example 1. y = {/x y=£ i/}=£ %=x
x3 —64x =
x(x?2—64)=0
x=0,8—-8
x 8
y=5=172

Interval=[0,2]
Thickness=Ay
Outer radius=4y
Inner radius= y3

Volume =x [ Ay)dy = m [*[(4y)? — (v*)*]dy=m [ [16y — y°]dy

Example 2.
Point of intersection x4+ 1=x+3

x>’ —x—-2=0
x—-2)x+1)=0 x=-1,.2
Interval=[—1,2]
Thickness=Ax
Outer radius= x + 3
Inner radius=x?2 + 1

V=n [l Ap)dy = [2[(x +3)? = (x* + D)?)]dx
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Example 3. Point of intersection x3 =8 x =2 o1
Interval=[0,2] =8
Thickness=Ax 11

Outer radius= 8

Inner radius= x3

_ . (2[q2 3214y — 1 (2 6 = )
V=mn/[8—*2dx=mn[ (64—x )dx—ﬂ[64x—7]0

=m[64(2) - Z_(0- 0)| = (128 - ) ==

7

7
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Example 4.
y=Inx is the same graph as x=eY

-4 +

Example 4. a) V = ﬂfoz[(ey)2 — 0%]dy

2
2 5 ezy] [e4 eo] e* 1 et-1
= y =17 |— =17T|l——— :7‘[[———]:77"
7Tfoe dy 2 1o 2 2 2 2 ( 2 )

o)V =m [* [(e¥)? — 02]dy
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Revolving About other Lines

Example 5.

Interval=[0,3]

Thickness=Ax

Outer radius=4 — (x? — 2x) = —x%* + 2x + 4

Inner radius=4 — x x> —=2x=x
x2—=3x=0
x(x—3)=0

x=0,3

V= 7Tf03[(—x2 +2x+4)? — (4 — x)?]dx

.4
e

\y=x2 "2xX

=4
y=x
inner

outer
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Practice Exam Questions on Volumes of Solids of Revolution

Find the Volume of each of the following using either the Disc method or the
Washer method.

N1. V = nfol(xz)zdx = nfol xtdx =m [x—ss](l) =1 E — 0] = %

N2. V = ﬂfol[(x)2 — (x®)?%dx = nfol(xz —xVNdx=n [x; — x?s](l)

1 1 21
=1m7|l-—-1=—
3 5 15

y
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N3. x = -1 paralleltoy — axis - y,dy X = \/;

Interval=[0,1]
Thickness=Ay
Outer radius (right-left)=\/§ +1
Inner radius= y + 1
x?=x
x> —x=0
x(x—1)=0
x=01 ~y=0,1 sincey=x

V=nf[(ﬁ+1)2—(y+1)2]dy

N4. “right — left”

inne

oute

X="
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N5. 2y = y?
0=y2—2y
0=y(y—-2) ~y=02

3 572
V= ﬂfoz[(zy)z - (}’Z)Z]dy = ﬂf02(4y2 - y4)dy =T [4% - y?]o

=n[ﬁ_£]:64n

3 5 15

Y
2__
1__outer >
inner
X
2 1 i 2 ; 4
X=2 1
y -1 X=3r2
-2+
N6. Parallel toy-axis (tox =-1) - y,dy 7
x=1 y=1=1 s
x=2 y=23=8 O
Pt of intersection 7
y=x3andx =3isy=33=27
X=r1i

V=rmnf" [(3 +1)% — (y§ + 1)2] dy

27 1 2 |
=7Tf0 (42—(y3+1))dy X73
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N7. Point of intersection y? =1y
y*=y=0
y(y-1)=0 y=0,1

3 571
V = T[fol[(Y)Z - (yZ)Z]dy = nfol(yz - y4)dy =T [y? o y?]o

1 1 2
=TT|-—-| = —
3 5 15

outer

inner
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N8. Find the area of the region bounded by the curves y = x + 2 and y = x?. Let

R be the region. Find the volume formed by revolving the region R about the x-
axis.

x+2=x?

0=x%—x-2

0=(xx—-2)(x+1) x=2,-1

V=mfl(x+2)?— ) dx =m[° (x* + 4x + 4 — x*)dx

X572

3
=n[x—+2x2+4x——] etc
3 5 -1
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N9. V = nfol [(\/E)Z — (xz)z] dx = nfol(x — x¥)dx

1

xZ x5 1 1 3
2 sl 2 5/ 10

y
ol
o
.
Bt
outer ! ]
>
inner ) «
' y‘zn .
3 2 1 1 2 3 4
X341 14 x3e
O .
N
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N1L V=mf)|(2- D) - @- 1)?|dy = f'(4 -2y +y - dy

3
=nf/(3-2/y+y)dy= n[By— 2 +7] etc
0

2

N12. V =m [(§+ 1)2 —(0+ 1)2] dx
=7tf2[(1 )(1+1) 1]dx=nf12[x‘2+2x‘1+1—1]dx
7T[—+21nx]2 —n[—+21nx]
=n|(Z+2mn2)—@+2In1)) =nC+1In4)

g
1

4
Il
I
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N13. Point of intersection x* = x
x*—x=0
x(x3—1)=0 x=0,1
y=x* +y=01

= [ 3) —(y)]dy—ﬂf [yz y?| dy

-1+

.
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N14. Point of intersection x>+ 1=2x+1
x> —=2x=0
x(x—2)=0 x=0,2
y=x*+1 ~y=0*+1=1
y=2%2+1=5

5 2 1 1\2
= B[ -
5 1 1 1
=nlly-1-Gy-3y+]ar=
5 (5 5
m (Zy _Z) dy etc..
y=xZ+1
Pt of intersection x>+ 1 =2x+1
x2=2x=0
x=0,2 substitute into either equation for y and get . b - ! ;
y=1 (x=0) and y=5 (x=2). oy
v/ ()
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In the following two questions, the region R is the region shown below.
V= 7Tf02[(x2)2 — (0)?]dx = nfoz x*dx

N15. The answer is A.
2 214
N16.V = nf04 [(2)2 - (y) ]dy = nf04(4 —y)dy=m [4y — y?]o
= [4(4) —4?] — (16 — 8) = 8

N17.
Interval=[0,1]
Thickness=Ay

Outer radius (right —left)=2 — \/y

Inner radius (right — left)=2-1 =1

A(y) = m(outer radius)? — n(inner radius)?

=2 —/y)? —n(1)*

1 2 1

v=nf[2-3) - @|dy=nfj(4— 2y +y-1)dy
1

=1, (—2y +y+3)dy

Best of luck on

exam!!
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